Merton perynspuzanuu casurom: Teopus u npuiiokeHusi. Beenenue

BBEAEHHUE

PasButue 001eit TeOpuU HEKOPPEKTHBIX 3a]1a4 HAYaJIoCh 00Jee MoayBeKa
TOMY Ha3zaJa. DTOMY CIOCOOCTBOBAIM MOTPEOHOCTH pa3IWYHBIX oOacTell ecte-
CTBO3HAHUS M TEXHUKH. DTO Pa3BUTHE HCXOJUT W3 OCHOBOIOJIATAIONINX PadoT
BBIIAIONIMXCS PYCCKUX-COBETCKUX MareMatukoB A. H. Tuxonora [102, 103],M.
M. JlaBpeutnea [46, 47],B. K. WBanosa [35, 36],a taxke co3qaHHON MU Ma-
TeMaTHIeCKOi MIKobl. OHO OMPEIETHIIO YTH Pa3BUTHS TEOPUH U METOJOB pe-
IICHUS] HEKOPPEKTHBIX 3aJ1a4 — OJJHOTO M3 CaMOTO IUIOAOTBOPHBIX HAIIPABICHHMA
COBPEMEHHOU BBIYHUCIUTEILHON MaTeMaTHKH. B qaHHON MOHOTpaduu U3ydaroT-
Csl BOTIPOCHI, CBSA3aHHBIC C METOJIOM PETYISPU3ALUYU CIBUTOM, H UX MPIIOKCHHS
B 3amauax L -mceBmooOpalueHus, CHHTYJIAPHBIX HMHTErPAIbHBIX YPABHEHUSAX
I'me0epTa HEUTPATBHOTO THUIIA M HAXOXKIEHHUS MEPUOTUICCKUX PEUICHUH CHUC-
TEM JTIMHEWHBIX TU(PepeHINATbHBIX YPaBHCHUI.

B nepBoii riiaBe McCieAyOTCS TEOPETHUECKUE OCHOBBI METOJA PETyJISIpH-
3anuu capuroM. B § 1 mpuBeneHbI OCHOBHBIC MOHSATHSI M CBOMCTBA LIMPKYJISTHT-
HBIX MaTpHILl, MaTpHIBI IEPECTAHOBOK M OBICTporo npeobpazoBanust Pypre. DH-
LUKJIOTIEANYHBI MaTepHal MO TEIUTMLIEBBIM, TaHKEIEBBIM, U, B 9aCTHOCTH, ILIUp-
KyJSIHTHBIM MaTpHLiaM, umeeTcs B pabortax B. B. BoeBonuna u E. E. TeipTeimunu-
koBa [21, 22, 54, 107]B 8§ 2 onpeneneHo MOHATHE MEPIUPKYISHTHON MaTPHIIBI
[75] u u3yuens! ee cBoiicTBa. Joka3aHO HEMOCPEICTBEHHOE UCTIONB30BAHHE METO-
Ja OercTporo npeodpasoBanust Dypbe ISl PEUICHHUs CUCTEM C MEPIUPKYITHTHBIMH
Matpunamy. [IpeuioxkeH alropurtM, MO3BOJSIIONIMN peIlaTh NMEPLHUPKYJISTHTHBIC

CHCTEMBI C 3aTpaToi O( N |Og2 N) apumetrueckux onepanumit, N — nopsimox

CHCTEMBI, KOTOpasi COBIIAIACT C aHAJIOTHIHOM 3aTpaToi Ui IMPKYISIHTHBIX CHC-
TeM. B 8§ 3 paccMarpuBaroTCs CHCTEMBI ¢ MAaTPUIIAMH HEUTPAIbHOTO THIA — CO-
CTOSIIIMMH W3 JIMHEHHBIX KOMOWHAINH IMPKYJISTHTHBIX U TIEPUUPKYISTHTHBIX MaT-
pui. [IpennoskeHHbIN alIrOpUT™M PEICHUs] CUCTEM HEUTPaIbHOTO TUIIA UCTIONB3YET
YKa3aHHOE KOJIMYECTBO apu()hMETHICCKUX ONepariii.

B § 4 ompenensieTcs peryasipusaius CABUTOM B KOHEYHOMEPHOM CiIydae,
TO €CTh JUIS PEIICHHS CHCTEM JIMHENHBIX aiaredpandeckux ypasaenuii (CJIAY)

Ax=f, (0.1)
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rac A - KBaJipaTHas MaTpulia nmopsjaka N C KOMIUICKCHBIMU 3JIEMEHTaMHU. Tak

Kak Marpuia A MOXET SBIATHCSA W BHIPOXKACHHON, TO CIIydail MPSAMOYTOIBHON
MaTpPHLIbI CBOJUTCS K SKBUBAJEHTHOMY KBaJpaTHOMY ciydyaro. Jljist aToro nocra-
TOYHO OKaHMIIATh MPSAMOYTOIBHYIO MaTPHUILy HYJIEBBIMH CTPOKaMH FIIH CTOJO-
HaMU 0 TOJY4YeHUs KBaJpaTHOW MaTpullbl. Perynspuzanueil cABUroM JaHHOU
cucremsl sBisercss CJIAY

(A+AB)x=f, (0.2)

3aBUCAMmIAs OT KOMIUIeKcHoro napamerpa A, rae B —xBagparnas matpuna mo-
panka N ¢ koMmuexkcHbIMHU 21eMeHTaMu. TpeGOBaHKs, KOTOPBIM JI0JDKHA YI0B-

JIETBOPATH MaTpuiia B, BeIpaxaroTcs B BUI€e CBONCTB, KOTOPBIMU JOJKHA 00J1a-
N
nate mapamerpuueckas CJIAY (0.2): 1) secex f OC™ u mocratouno mMansix

|/]| > (0 uMeeT eIUMHCTBEHHOE pELICHUE X, =X, ( f ) ; 2) mua eex [ R(A)
pemeHne X, CXOZMUTCSA IpH A - 0 x nexoropomy pemrennio CJIAY (0.1).Ecnu

matpuna A obparumas, o CJIAY (0.2) sBrsieTcs peryispusanueii caBurom
CJIAY (0.1).B xauectse matpuisl B MoxHO GpaTh M00YI0 MATPHILY, TOPSIOK
KOTOpO# coBnaaaet ¢ mopsimkoM A. Ecnu matpuiia A HeoOpaThmasi, TO MaTpu-
na B momkHa ymnoBneTBOpsSTH ONpeneseHHBIM YCIOBHUSM, KOTOPBIC MIPHBOASATCS
B Teopemax 4.1 — 4.3.

3amernm, ecmu B (0.2) BMECTO uyeTBEpKH (A, B, A, f) MOJIOKHUTh
(ADA, E, a, Af ) e A” — KOMIUTEKCHO-COTIPSKEHHAsT MaTPHIIA TS MaTpH-
uel A, E - eamnumunas marpuna, @ >0, To monyuaercs peryispusanus
A. H. Tuxonosa [104, 105]; npu (ADA, L, a, ADf) nonyyaercst CIIAY,
pemenue Kotopoil cxomurcss K L - mcesmopemenuro [60, 61, 63]; mpu
(A, E, a, f) ., e A=A">0, a>0, MOJTyYaeTCsl  PeryJspu3arus
M.M.JlaBpeutsesa [48, 49, 50],a ciyuaii ¢ npousBonabHOU Matpuieit A pac-
cmotpena B. H. daneesoit B [108]; mpu (A, E,ia, f), me A=A">0,

a>0, i - mEumas exunuua, nonydaercs perynspusanus A.b.bakymunckoro
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K
[7 — 11]; npu B= Z gaem, rie €, gri, m=ﬂ — OPTOHOPMHUPOBAHHBIE
m=1
Gasucel B KerA u kerA"” coorsercrseno, nonyuntca CJIAY mns Haxo-
JKICHWUs MPUOIMKEHHBIX 3HAYEHUH TOUEK BETBJICHUS HEJMHEHHBIX YpaBHEHHUIA,
n3ydennbix H. A. Cumopossim u B. A. Tpenorunsim [98 — 100, 106} uncnen-
HOTO PENIEHHUs CHHTYJIAPHBIX MHTErPANbHBIX YPABHEHUH TEOPHH YNPYTOCTH U
aspoarHaMukH, paccmotpeHHbIX H. I'. Adenmukosoii, C. M. benonepkoBckuM u
W. K. Jludanoseim [3 — 5, 13, 14, 52 — 55].
B 8 5paccmarpuBaercs perynspusanus caBuroM, korna B = E —emu-
HHYHAsA MaTpHLa

(A+AE)x=f . (0.3)

Perymspusyromee cemeiicteo CJIAY (0.3) mosmyuaercst u3 perymspH3aldi:
1) B. H. ®aneesoii [108], ecan BMECTO BEMIECTBEHHOCTH MaTpuipl A, mpaBoit
yactu f u mapamerpa perynspusauuu A npeamonaraTh UX KOMILIEKCHOCTH;
2) M. M. JlaspenrbeBa [48] u perymspuszanuu A. B. Bakymmuckoro [8], eciu B
HHX OTKa3aTbCsl OT TpeOOBaHUS CUMMETPHYHOCTH (B 00LIeM ciydae, OT TpeboBa-
HHUSI CAMOCOTPSKEHHOCTH) M TI0JIOXKHUTENBHOMN onpeseneHnoct Matpunsl A. JTo-
Ka3aH MpU3HAK, YTBepKIaroNuii, uro cemeiictBo (0.3) sBisieTcs: perynspusanueit
cusurom CJIAY (0.1) torga u ToJBKO TOrjA, KOTa anredOpandeckas KpaTHOCTh
HyJIEBOTO COOCTBEHHOTO 3HAUEHHUS MATPHILI A COBIANAET C €€ FEOMETPUYECKOM
KkpaTHOCThIO. OTCIO/a, B YaCTHOCTH, cieayeT, uto (0.3)siBrsieTcst perynspusanueis
casurom CJIAY (0.1),ecnu matpuna A sBisieTcss TUPKYJISHTHOM.

B § 6 npuBomuTcs HEOOXOAMMOE M AOCTATOYHOE YCIOBHE CXOIMMOCTH
peuienus peryispuzanun casurom (0.2) k HopmansHoMy pemennio CJIAY (0.1)
mpu A - 0. DruM ycTaHaBnIuBaeTcs NpPU3HAK, KOTAA IIPEEIbHOE 3HAYCHUE
perynspusopanHoro pemenus npu A — O He 3aBucut ot Matpuus B.

B § 7paccMaTpuBaeTcs HemmapaMeTpuuecKast PeryJsipu3alus CIBUTOM
(A+B)x=f, (0.4)

Takasi perynasipusalvs UMEeT Ba)KHOE 3HAYCHHE, TAK KaK HAJIMYWE Mapamerpa
peryispHu3anyuy HaKJIaIbIBACT ONPEACICHHBIC TPYAHOCTH, CBSI3aHHBIC C €r0 BBI-
6opom.
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._________________________________________________________________________________________________________________________]

B § 8 nonyuen mpusHaK, Mo KOTOPOMY MOYHO YCTAHOBUTH CYIIECTBOBA-
HHE IUKIMYecKoro 6asuca [25]. DTa 3amaua cBs3aHa ¢ MOHATHEM KPAaTHOIO OII-
penenutens BaumepMonia (TepMHUH «KpaTHBIH ompeaeauTeNis BanaepMonaa He
SABIISICTCSA OOUICTIPHHATHIM; OH HCIIOJIB3YETCS aBTOPaMH C IEIbI0 MPOCTOTHI M3-
JoeHuss martepuana). KpaTHelii onpepenutens BaHaepMoHIa HCTOIb3yeTCS
0Py [OCTPOEHHHM HMHTEPIONAMOHHOINO0 MHOrowieHa Opmwura [15, c¢. 163].
B § 9 ¢ moMomip0 MUKINYECKOro 0a3uca JOKa3aHo, YTO ISl MPOU3BOJIBHOM
kBaapaTHoi Matpuipl A nopsaka N ¢ pasnuuHbIME COOCTBEHHBIMU 3HaYe-
HHSAMH M IIPOU3BOIBLHOIO Habopa u3 N uwcen cymecTByeT oQHOpaHroBas Mart-
puna C taxas, uro cob6cTBeHHBIMU 3HaueHusmMu Marpuusl A+ C  apisercs
JTAHHBIA HAOOP YHCEIT.

B 8§ 10omnpenenena peryssipu3anusi CIABUIOM B OECKOHEUHOMEPHOM CITy-
Yae, TO eCTh IS penieHus obmux omeparopusix ypasuennii (0.1). Perymsapusa-
Ul B 0ECKOHCYHOMEPHOM CITy4Yae CYIISCTBCHHO OTIIMYACTCS OT KOHCUHOMEPHO-

ro ciy4as. Bo-miepBbix, 06pa3ssl R( A) u R( AD) B KOHEYHOMEPHOM IIPOCTPaH-

CTBE — 3aMKHYTHIC, a B OCCKOHEUHOMEPHOM MPOCTPAHCTBE — HE BCErna; BO-

BTOPBIX, CXOAMMOCTH PEUICHUS X/](f) ypaBuenust (0.2) B KOHEYHOMEPHOM

npoctpanctee npu A — O sBaseTcs paBHOMEpHON Ha M0OOM OrPaHMYEHHOM

MHOKECTBE Ro O R(A), TOrJa Kak CXOIMMOCTh B OECKOHEYHOMEPHOM IIPO-

CTPAHCTBE MOXKET SIBISATHCS PaBHOMEPHOH WIIM HEpaBHOMEPHOM, CHIIBHOM WIH
c1aboi; B-TPEThUX, B KOHEYHOMEPHOM MPOCTPAHCTBE sl JII000N MaTpuibl A
CyLIECTBYeT Takas Matpuia B, uro cemeiicto (0.2) sBnsieTcs perynspusanueit
caeurom OV (0.1),a B 6eCKOHEYHOMEPHOM MPOCTPAHCTBE HE VIS BCSIKOTO OIIe-
patopa A cymectyer oneparop B, mus xoroporo cemeiictBo (0.2) sBisercs
perysipuzaieii cisurom OV (0.1) u T.1. IpuBoasrtces 13 sKBHBaJEHTHBIX YC-
JIOBHH, MPU KOTOpBIX cemeiicTBo (0.2) sBsiercst perynsapusanueii capurom OY
(0.1). Tokasan npu3HaK cyliecTBOBaHus orneparopa B, rapanrupyrommuii pery-
aspusyemocts casurom OV (0.1).

B 8§ 11BBeseHO NOHATHE MOPOKAAIOIIECH YETBEPKU M PAHTOBOrO OIEpa-
TOpa — aHAJIOTHYHOE MOHATUIO MMOJMATPUIBI JaHHOW MaTpHIBI, ONPENCeIIUTENb
KOTOPOM SIBJISIETCS MaKCHMAaJIbHBIM MUHOPOM JJaHHOM MaTpullbl. JlokazaH kpure-
PHii Peryssipu3yeMOCTH CIBUTOM, CBS3aHHBIH C BBEZCHHBIMH OHSITHSIMH.
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B § 12 MPUBOJATCA ONITUMAJIbHBIC OLICHKN CKOPOCTHU CXOAUMOCTHU METOAa
peryispu3anun CABUIOM, KOT1a HCXOIHBIC TaHHBIC 3aJIaHbI HpI/I6III/DKCHHO.

Bo BTOpOIi rmaBe uccienyoTcs npsiMble U TBOWCTBEHHBIE, CTAIMOHAPHBIE
Y BapUALMOHHEIE 3a1aun L -riceBnooOpaienus.

B § 1 npuBonstcs GOpMYyIHPOBKH CTALMOHAPHOH 3amauu (S; f, g) u
BapUalMOHHON 3ajaun (V; f, g) L -nceBnoo6paienust. IlomydeHs! sBHBIE

NpECTaBICHHS PEIICHHUS a) CTAMOHAPHOI 3amaun (S; f, g) KakK IpH BBIIOJI-
HEHHH OCHOBHOTO YCJIOBHS, TAK M MPU €r0 HEBBINIOIHEHHS; 0) BapHALMOHHON

3a1a9u (V; f, g) IIpU BBITIOJIHEHUU OCHOBHOTO YyclIOBUS. JlokazaHa olleHKa
CKOPOCTH CXOJMMOCTH PEIICHUI BapHAIlMOHHOW 3a/1auu (V; f, g) K pelLIeHHUIO

CTallMOHApPHOM 3a/1a4uu (S; f, g) npu @ — 0. TTokaszano, 94TO U3 yCIOBUS B3a-
MMHOM JOMOJHUTENLHOCTH onepatopoB A um L BEITEKaeT crpaBeIMBOCTH pa-
serctea kerA() kerL ={ Q U B KOHCYHOMEPHBIX, U B OECKOHEYHOMEPHBIX
MPOCTPAHCTBAX, a 00paTHOE YTBEPXKACHUE — TOJNHFKO B KOHCYHOMEPHOM CIIydac.
Pemrenust BapualilnoHHOM 3a7auu (V; f, g) MpeJICTaBJICHbI C MOMOUIBIO OTepa-
TOPHOTO PsIa, IJIsl KOTOPOH yKa3aH TOYHBINA KPYT €ro CXOAUMOCTH.

B 8 2 omnpenenensl ABOWCTBEHHBIE 3amaud L -mceBmooOparuenus

(S*; f, g) " (V*; f, g) . TIpuBeicHEl KPHTEpHH MX ONHO3HAYHOH pa3periu-

MOCTH, YCTaHOBJIEHA CBA3b MEX/Y PEIICHUSIMH IPSAMBIX U IBOMCTBEHHBIX 3a/1a4
U UX DKBHBAJICHTHOCTH B HEKOTOPBIX CITydasX.

B 88 3 — 4dpaccmorpens 3anaun L -nceBnoobpaienust u perynspusanis
A. H. TuxoHoBa, Korza BMECTO TOYHBIX JAHHBIX U3BECTHBI UX MPHONMKEHHBIC
3HAYCHMS:

|A-Al<u, JC-tsu. [F-t]<elf]. Ja-dl<elal,

rne 4 >0, £€>0 — npousBosbHbIE, TOCTATOYHO MAJble BEJIUYMHBL. JIOKa3aHbI

ONITUMAJIBHBIC OLECHKH CXOAMMOCTHU PCHICHUA BapHAllMOHHBIX 3ajia4 C HpI/I6HI/I-

JKEHHBIMHA JAHHBIMH — )~(a (A, L, f, g) K PEIICHUIO0 CTAlMOHAPHOM 3aladm C
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TOYHBIMM JTaHHBIMUA — XO(A, L, f, g) , €CJIM CTaIlOHApHAs 3aJlada — COBMECT-

Has. [Toy4yeHHas oneHKa paclpoCTpaHeHa U ISl HECOBMECTHOTO CITydasl.
W3 Onu3KUX MO COACpKAHUIO OTMETUM paboTel b. A. Anuesa [2], B. 1.
Mernemixo [56, 57],P. A. [lladuesa [110 — 112}u ap.

TpeTps ri1aBa COAEPKUT MCCIEIOBAHHUE PA3PEIINMOCTH, B YaCTHOCTH, OJI-
HO3HAYHOW pa3pelIuMOCTH CHUHTYJSIPHBIX MHTETPANBHBIX ypaBHeHHH [winOepra
HEUTPaJLHOTO THMA M CXOAMMOCTH PEIICHUN X JTUCKPETHBIX YpaBHEHUH K pelie-
HUSM UCXOAHBIX. B 8 1 IPHBOMSITCS CHHTYJISIPHBIE W PETYIISIPHBIC WHTETPAIIbHbIE
oTiepaTopsbl, paccMatprBaeMble B pabore. B 88 2 — ducnonb3yroTest TIOHSITHS Yac-
tnuHBIX cyMM Dypre u Deliepa, MpuBeACH MPU3HAK ANMPOKCUMUAPYEMOCTH TeIb-
JIEPOBBIX (DYHKIIMH TPHTOHOMETPHIECKUMH TOJIMHOMAMH W WHBAPHAHTHOCTH Cpe-
30K psina Dypbe Gyskiun ganHoro kiacca ['énpaepa. B 88 5 — GIBHO BBIYKCIICHBI
o0pa3sl psimoB Dyphe NpH OCHCTBUM CHHTYISPHBIX WHTETPAIHHBIX ONEPaTOpPOB
T'unpbepTa ¥ ¢ UX MOMOIIBIO YCTAHOBJICHBI CBA3U MEKIY UCXOIHBIMU UHTCTPAITb-
HBIMH yPaBHCHUSMH M OECKOHEYHBIMH CHCTEMaMH JIMHEHHBIX anreOpamdecKux
ypaBHeHuit. 88 7 — 8comepikar GopMyITHPOBKHU U JIOKA3aTENbCTBA KPUTEPUS Pa3-
PEMIMMOCTH UISl CHHTYJISIPHBIX MHTETPATbHBIX YPAaBHEHHHA M YCIOBHS WX OIHO-
3HaYHOM Pa3peIlIMMOCTH IJIsl BCEX BO3MOXKHBIX 3Ha4eHHH KOA((UIMEHTOB pery-
JsipHOi Yactd. B 8 QmpuBeieHs! AUCKpETHBIE aHAIOrH ypaBHeHU ['misOepra | u
Il pona 1 ycTaHOBIICHO, YTO OHU ANMPOKCHMHUPYIOT TAHHBIC HHTECTPABHEBIC ypaB-
Henus. Ecnm ypaBaenue ['minbepra Il poma Brirouano m ypaBHenue | poma, To
JMCKPETHBIC aHAJIOTH 3THX ypaBHEHHH OTIHYaloTCs cymecTBenHo. B 88 10 — 11
JTIOKa3aHbl TEOPEMBI CXOIMMOCTH PEIICHUH TUCKPETHBIX ypaBHeHW | u |l poma
PEIICHUSM COOTBETCTBYIOINX HHTECTPATBHBIX YPABHCHUI.

B 3aBepmratorneii riaaBe 4 paccCMOTPEH BOIPOC MPHIIOKEHHUS METOJA pery-
JSIPU3AIMN CIABUTOM JJISI HAXOXKICHHS MEPHOIWIECKUX PELICHUH CUCTEM JHMHEH-
HBIX T (epeHIIMATBHBIX yPaBHEHHUI U B PETYJSIPHOM, U B PE30HAHCHOM CITyYasiX.

JlaHHast MoHOTpadusi peKOMEHIyeTcs CTyIeHTaM MaTeMaTHkKaM, a Tak-
JKE CTYAEHTaM TEXHHYECKUX CIIEIHaTbHOCTEH, 3aHUMAIOLINXCSA TEOPETHIECKUMHU
BOIIPOCAMH M MX NPHIOKEHUSIMH, acllMpaHTaM, HayYHBIM PaOOTHUKAM H TIPETo-
JaBaTesiM MaTeMaTHKH.

ABTOp BBIpa)aeT UCKPEHHIOIO MPU3HATEIbHOCTh 32 BHUMAHHUE U NOA-
JEPXKKY JOKTOpY (H3MKO-MaTeMaTHYeCKUX Hayk, mpodeccopy Hepemosenkoro
roCyIapCTBEHHOI0 YHHBepcuTeTa Brnagumupy BacunseBuuy MyxuHy U JOKTOPY

8
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¢usnko-mMatemaTnueckux Hayk, Ceprero Uropesuuy IlnckapeBy, Bemymemy

HayuHoMy coTpyaHuky HMBII[ MockoBCKOro rocy1apcTBEHHOTO YHHUBEPCHUTETA
uM. M.B. JlomoHocoBa.

Pabora BbITIONIHEHA B COOTBETCTBUH ¢ poekToM Ne 10—01-00297a-
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I'/IABA 1

1. PELIEHUME CUCTEM JUHEWHBIX AJITEBPAMYECKHAX
YPABHEHHUHU C HUPKYJISIHTHBIMUA MATPUIIAMHU

1.1. TenuiuueBbl MaTpuubl. Keagpatnas mMarpuna nopsgka N Hasbl-
BaeTCs TeNJIMUEeBOM, €CITM Ha KaXJI0W U3 JuUaroHaliel, mapauiejbHbIX TJIaBHOM,
PacroioKeHbl OJUHAKOBBIE JJEMEHTBI. DJIeMEHTaMU TEIUIMLIEBON MaTpHULbI SB-
JISIOTCS KOMIUIEKCHBIC YHCIIa, B YaCTHOCTH, M BEIICCTBCHHBIC. TeILIMIIeBa MaT-

puna nopsaka N umeer Bun

0 1 2 N-2 N-1
-1 0 1 N-3 N-2
-2 -1 0 N-4 N-3
a—N+2 a—N+3 a—N+4 a0 a1
_a—N+1 a—N+2 a—N+3 a—l a'0 i

B crenyromeM yTBep>KACHUHU IPUBOANTCS NPH3HAK TEIUTMIEBOCTH MaT-
puwbl. {51 riy6okoro u3ydeHus 3toro naparpada pekomenayem [21, 23, 52].

Teopema 1.1. Jlna mozo, umoodbl Keadpammas mampuua

A= [amn} A6NANACL MENTUYECEOIL, HEOOXO00UMO U OOCHLAMOYHO 6bINOIL-
NxN

HeHuUue pasencmea

am’ n = a'm" n"” (1'1)

onnecex 1<m,n',m",n" <N maxux, umo
m-n=m'-n". 1.2)

I[OKEBaTeJ'ILCTBO JTOHU TCOPEMBI CJICAYCT U3 TOrO0, 4YTO, €CJIU JId Hap

HHIIEKCOB (m’, n’) " (m”, n”) BBINIOJTHSAETCS paBeHCTBO (1.2), TO 3TeMEHTEI

a o B a e IPUHAIUIEKAT OJIHOW JMArOHAIH, MapaJlIeIbHOW TJIaBHOH.
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1.2. lupkynsurHas marpuna. Ksagparnas matpuna A= [amn}
NxN

Ha3bIBACTCSI MUPKYJISTHTHOIM, ecii paBeHcTBO (1.1) MMeeT MeCTo TpHu BBITIOTHE-
HHUH YCITOBUS

m -n"=m'-n" (modN). (1.3)

[upkynsataas Matpuia nopsiaka N umeer Bun

a, a a, . a,_, a,
a,, a, a .. a,_, a,,
aN—2 aN—l a'0 aN—4 aN—S
a, a, a, .. a, a

_al a2 a3 aN—l a0 i

O4eBUAHO, YTO KaXJasl CTPOKa IUPKYISTHTHOW MaTpHUIlbl, HAYWHAS CO
BTOpPOH, MOJy4yaeTcsl U3 MpeAblaylieil myTeM ee clBUra BIPaBO Ha OJHY MO3H-
IO C TIOCJIEIYIONIMM JOTIOJTHEHHEM TIOCIIEAHETO BBITECHEHHOTO 3JIeMEHTa Ha
MepPBOE MECTO.

1.3. MaTrpuna mnepecTaHOBOK. IIpOCTECHIINM IPUMEPOM IHPKYJISHT-

HOH MaTpHulbl IOpSAAKa N ABJIACTCA TaK Ha3bIBa€Mas MAaTPHUIA MEPECTAHOBOK

0i1 ... O
Q=410 1 (1.4)
10 .. 0

Ecmu  uepes En 0003HAUNTh EIMHUYHYIO MAaTpHIly TOpsaKa

n: 1<n< N, T0 MarpuIly MepeCTAHOBOK MOXKHO 3aIKCATh B OJIOYHOM BUJIE

Q= ETo I (1.5)

10
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I[J'IH CTeICHEH MaTpulbl IEPCCTAHOBOK CIIPABCAJIMBO PAaBCHCTBO

01E
k= d ] N-k
MpUYEM
QN =E, (1.7)
rne E= EN — enuuuynas Martpuia mopsaka N . Hampumep, mus crnyuas
N =4 umeem
0100 001
Q_o 010 o= 000
“lo o o 1/ 11000
1000 010
0001 100
Qg_1000Q4_010_E
010 0 001 '
0010 000

CnpaseqmuBocTs paBeHcTB (1.6)u (1.7) mpoBepsieTcsi HEOCPEACTBEHHO.

N-1 El T
Tak kak Q = £ 0 =Q , rae «I'» —omneparys MaTpUIHOTO

N-1

TPpaHCIIOHUPOBAHUA, TO CIIPABCIJIMBLI PABCHCTBA

Q'Q=E, Q" =Q™. (1.8)

1.4. PaznoxkeHne HUPKYJSTHTHBIX MaTpPUI. MHOXECTBO BCeX IMPKY-
JSTHTHBIX MaTPHIl OJHOTO IMOpsIKa 00pa3yeT JHMHEHHOE NMPOCTPAHCTBO C OOBIY-
HBIMH OTIEpPalHSIMH CIIOKECHUS IBYX MaTPHULl M YMHOKEHHSI MaTPHIIBI HA YUCIIO.

Jlemma 1.1. Cymma c®+cd YUPKYIAHMHBIX MAmpuy c

C(Z) nopaoxka N saensemcsa yupkynanmnoii mampuyeii nopaoxka N .

11
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JokasarenbcrBo. IlycTs c® =[Cr(nlﬂ u C =[Cr(n?] — IUpPKy-

) u C(Z,) _C(Z,,) ., ECIIH

m'n'

JITHTHBIE MaTpUIlbl. Toraa C(l) =C m
m-n'=m"-n"(modN), 1<m'n' m",n"<N (1.9)

m'n' m

S5

IMonoxum Cmn = Cr(]ig1 + Cr(nzrz . Torma npu BeimonHeHnu yciaosus (1.9) umeem

c. .=cW +c@® =cO 4+ —¢
mn mn mn mn mn m'n

Jlemma nokasana.
Jlemma 1.2. Ipouseedenue AC wupkynanmmuoii mampuyvr C no-

paoka N na xomnnexcnoe uucno A aensemca yupkynanmuoii mampuyei

nopaoka N .

Jloka3zaTenpcTBO JIEMMBI OYEBHIHO.
Baxknyto posb B JOKa3aTelbCTBE CHPABEIJIMBOCTU Pa3IMYHBIX CBOWCTB
IUPKYJITHTHBIX MaTPHI] UTPAET CIEAYIOIIee yTBEPKACHHUE.

Teopema 1.2. /[ns mozo, umoowt [CO C, - CN_J A6NA1ACHL NEPBOIl

cmpokoit yupkynanmuoii mampuust C | Heobdxo0umo u docmamouno évinon-
HeHue pasencmea

N-1
C=c,E+cQ+..+c, Q" *=3> "¢ Q". (1.10)
k=0

Joxkasarenbcro. Heooxomumocrn. Ilycte C — mupKynsHTHAs MaT-

pulLa ¢ IEpBOI CTPOKOH [CO C ..-C ].Toma

" UN-1
¢, C €, ... Cy, Cy,
CN—l CO C1 CN_3 CN—Z
C= Cnz Ona G0 Cnoa Cnes -
02 C3 C4 C0 Cl
L& C; G Cn-1 Co
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o O o

o » o
O o o

0

+
c, O 0
0 S | | C,
0
0
N-1 0
0 0
0 0

I'maal. 81

N-1
—_ 2 N-2 N-1 _ k
=c,E+cQ+cQ’+..+c,_ Q" ?+c Q —%ckQ .

Heob6xoanMocTh qoKa3aHa.

I[OCTaTO‘-IHOCTL. Tax kak Bce CTeCHU MaTpulbl IEPECTAHOBOK

Q°=E, Q, Q% .., Q"

SABJAIOTCA HUPKYJIAHTHBIMHA, TO AJId 3aBCPLICHHUA JOKA3aTCJIbCTBA AOCTATOYHO

npuMeHUTH JTeMMbl 1.1u 1.2.JIocTaToOYHOCTh JOKa3aHa.

Teopema gokazana.

1.5. Kpurepuii HUPKYJIAHTHOCTH MATPUIbl. C TIOMOIIBIO MaTPHIIHI
MEPECTAHOBOK MOXHO C(HOPMYIHPOBATh MPOCTONW MPU3HAK IUPKYISTHTHOCTH

MAaTpPHIIBI.

Teopema 1.3. Keadpamnaa mampuya A nopaoka N aensemca

UUPKYIAHMHOU M020a U MOJIbKO M0o20a, K020d OHA KOMMYMUpyem ¢ Mampu-

ueii nepecmanosox Q , mo ecmo

AQ=QA.

13
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HokazarenbcrBo. Heooxonumocrs. Ecin matpuna A siBisieTcst up-
KYJISSHTHOH, TO s Hee crpaBeanuBo npencraienue (1.10). Tak kak ps no6o-

ro Harypansaoro K crpaseamiso paserctso QQ = QQ, 1o
N N-1 )
AQ= 2 0Q Q= kch(Q Q)=
=0 =0

=¥ ¢, (QQ)=QX ¢ Q = QA
k “= k )

k=0

Heob6xoanMocTs qoKa3aHa.

TocraTounocts. I[Tycts A= [amn] — NMPOU3BOJIbHAS KBaJpaTHAsI MaT-

pu1a, yaosineTsopsrommas pasenctBy (1.11). lokaxeM, uto martpuna A sBiser-
Sl IUPKYJITHTHOI.
Bamumem paserctso (1.11)B Bume

A=QAQ". (1.12)

IpencraBum Matpuily A B OIIOYHOM BHJE, BBIICIHB IIEPBYIO CTPOKY U
HepBBIi cToNOC:

A El} A,

AL A

Tornma, B cuny (1.5)U (1.8),06ynem umetsb

A, A
QAQ = - (1.13)
A, | ay,
6‘21 a22 a2N
e A, [alz a]N], A, = A=
a, ay, - 8

14
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|

Ecnu Ha mepecedennn M-oif cTpokw U N-To cTONOLA B JIEBOH YacTH

paBenctBa (1.12)Hax0aUTC DIEMEHT a_ ., TO B TPABOii 4acTH OyIeT HaXOIUTh-

CsI DJICMCHT.
amﬂm1 npu m<N, n<N;
a1, mpu ~ M<N, n=N;
a mpu ~ M=N, nNn<N;
a,, npu m=N, n=N.

Marpuunoe paBeHcTBo (1.12)c yuaeToM 3THX COOTHOMICHHH TIO3JIEMEHTHO MOX-
HO 3amnucaThb OJHUM PaBEHCTBOM

a  =a (1.14)

m,n m+1,n+1 modN]’

rae [modN] — 0003HaYeHe HAMMEHBIIETO IMOJOKUTEIHHOTO BEIYETA 10 MO-

nymo N . Jlns unpexkcos u3 paserctsa (1.14) emonusercs pasenctso (1.3),
KOTOPOE SKBUBAJICHTHO HUPKYJITHTHOCTH MaTpHIbl A.
Teopema ngokazana.

1.6. CBoiicTBa UHPKYJSIHTHBIX MaTpul. [[UpKyJISHTHBIE MaTPHIIBI
00J1a/1a10T HEKOTOPBIMU CBOMCTBAMU, XaPAKTEPHBIMHU STUM MATPHUIIAM.

CaoiicTBo 1.1. Ilpoussedenue 08yx UUPKYIAHMHBIX MAMPUY A6J17-
emca YUPKYJIAHMHOU Mampuyeil.

1 2
Joxa3areancTBo. Ilycts c® u c? spumores UPKYJISTHTHBIMH

marpunamu. B cuiny Teopembl 1.3 MMEIOT MECTO paBEHCTBA C(l)Q=QC(1),

C(Z)Q = QC(Z) . [IpuHMMast 5T paBeHCTBA BO BHUMAaHHE, TIOTy4aeM
(C(l)C(Z) )Q -c (C( Z)Q) -c (QC( 2)) —

:(C(l)Q)C(Z) =(QC(]))C(2) =Q(C(])C(2)).

15
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)~ (2
Otciona no Teopeme 1.3 BbITEKaeT, 4TO Marpula C( )C( ) ABISICTCS LTUPKY-

JITHTHOM.

CaoiicTBo 1.2. Eciu yupkynianmuas mampuua HeeovlpoyicOeHHAs, Mo
o0pamnasn K Heil A6INAEMCA YUPKYTAHMHOIU.

Hokazarenberso. [lycts C sBisieTcst HEBBIPOXKICHHON [UPKYIISHTHOM

matpuueii. Ymuoxas paerctBo CQ =QC cnesa u cnipasa Ha matpuny C ™t

IOJIyYHUM
c*(cQ)ct=c(QCc)c™t = QcCc'=CcR.

Orcroza B cuity TeopeMsl 1.3nomydaeM HUPKYISTHTHOCTE 00paTHOH MaTpHIIbI c™.

CeoiictBo 1.3.IIycmo C(l) u C(z) — YUPKYJIAHMHbIE MAMPUYBL 00-

HO020 u mo2o yce nopaoka. Tozoa

cOc@ =c@cH (1.15)
JoxazaTeancTBo. CoracHo Teopeme 1.2
N-1 N-1
C(l) — ch((l)Qk' C(Z) — CI((an ,
k=0 k=0
rie CI((l), CI((Z), k=1, N — 1 — snemeHTHI, COCTABIAIONHUE HEPBLIE CTPOKH MaT-

puI C(l) u C(Z) , COOTBETCTBeHHO. Torna

clc@=Y| T ol |qK,
k=0 1<m,n<N
m+n=k(modN)

N-1
C(Z)C(l) — c Z)C(J) Qk _
m+n=k(modN)

16
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OTCIOHa B CUJTy OYCBUJIHOI'O paBCHCTBA

Y oce?= ¥ oqlq)

1<m,n<N 1<m,n<N
m+n=k(modN) m+n=k( mod\)

nosyyaeM crpaseaauocts (1.15).

1.7.CsoiicrBa kopHeii N -oii cremenn u3 exuaunbl. OTMETUM HEKO-

Topeie colictea kopHeil N -oii crenenu uz enuaunw [45, c. 127 — 129]:

.21
—“I—m

w o=e N, m=0, N-1. (1.16)

CaoiictBo 1.4./lna modozo M. M=0, N —1 cnpaseonueo paserncmeo

w. =1, m=0, N-1 1.17)
JleficTBUTEILHO,
—|2—”m N . m _
wh=le N7 =(e™)"=1"=1, m=0,N-1
m

CsoiictBo 1.5. Ina nwoovix K, m: K, m=0, N =1 capaseonuev pa-

eencmea

m k 1
JleiicTBUTEILHO,
2 k .21
K —|Wm —|ka
W =|¢e =e ,
m —|2—”k —|—”km
w'={e N =e ,
2T km 21T
km _|W —|ka
W:L =|le =e
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CaoiictBo 1.6./[na 106020 M. M=0, N —1 cnpaseonueo pasencmeo

(1.18)

= [N, ecinu m=0,
eciu m# 0.

1M

JletictBuTenbHo, ectt M=0, o W, =1 u, cnenoBareIbHO,

K _ Nk
Wy = 1"=N;
k=0

z
i

il
o

ecim 1< mM< N -1, o B cuny (1.17) Wn':‘ =1, w # 1 u, cnenoparensHO,

1W 1-1
1W

Mz
II

T

E ‘
I
o

PaBenctBo (1.18);[0Ka3aH0.

1.8. Marpuua ®@ypbe. J[151 YCTAHOBICHHUS TAIbLHCHIINX CBOWCTB LIHP-

KYJIMHTHBIX MAaTpUIl BBOAUM CJICAYIOUICC IMOHATHUC. KBaL[paTHaH MaTpuna N -ro

nopsAaka
e ]
Fo L wWowoowp W (1.19)
JN
(Waa Wi Wy oo WOo

rae wncna W, M= 0, N—1 onpenenenst B (1.16), HazpiBaeTca MaTpHueii
®ypbe (MaTpHIeil THCKPETHOro Mpeodpa3oBanus ®ypbe).

3ameuanne 1.1. Matpunia ®ypbe, onpeneseHHas HaAMH PaBEHCTBOM
(1.19) oTiyaeTcst OT aHAIOTMYHOM MATPHIIBI, IPUBEACHHOM B paboTax [21, 23].
B wux B 3anmcu Mmarpuibl ®Oypee OTCYTCTBYET HOPMHPYIOIIMM MHOKH-

TeNb 1/\/ﬁ )

JloxaxkeM 0HO BaxxHOE CBOMCTBO MaTpHLbl Dypbe.

18
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Teopema 1.4. Mampuua @ypve (1.19)a61s1emcesn ynumapnoi.

FU=F™, (1.20)
ww Wy
= — 1
O_FT = 1 Wé Wi Wh-1
20e F F \/N
—N-1 —N-1 oN-1
_WO 1 N-1_|

— KOMRJIEKCHO-CORPANCEHHAA mampuua K mampuuye F.

Joxa3zareabcTBo. [Tonoxum
s=[s ]zFDF. (1.21)
mn

[TpuanMas Bo BHMMaHue cBoiicTtBa 1.4 — 1.6 pynem nmets

1 N-1 1 N-1 K K

— M — okmy o kn —

San TN & MMT &M M T
k=0 k=0
N-1 N-1

:i W—kmwkn :_1 Wk(n—m) =

1 1 1

N k=0 N k=0

B 1{N, ecan m=n, {1, ecaIu M=n,

N |0, ecam m#n, 0, ecam M#n.
Taxum obGpasoM, nokazaHo, uro Marpuua (1.21)asnsercsa eaunuunoi: S=E.
[Moy4eHHOe PaBEHCTBO YCTaHABIMBAET cripaBeaiiuBocTh (1.20). Teopema
JIOKa3aHa.

1.9. CoGcTBeHHDBIE 3HAYEHHMSI U COOCTBEHHBIE BEKTOPHI MATPHIIbI
nepecTaHOBOK. COOCTBCHHBIC 3HAUCHWS M COOCTBEHHBIC BEKTOPBI MATPHIIBI
nepecranoBok (1.4) cszansl ¢ xopusMu N -oii crenenn u3 emununns (1.16).
JIeiCTBUTENBHO, HETOCPEACTBEHHBIM BRIYHMCICHUEM HAXOIUM XapaKTEePHUCTHUC-
CKHil MHOTOYJICH MAaTPHIIbI IEPECTAHOBOK

det(Q-4E)=(-3" (A" -1, (1.22)

19
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rac N — MOpAAOK MaTpHUIIbI Q . OTCIOZ[a CJICAYCT, YTO COOCTBEHHEIMHU 3HAYe-

HHUSIMH STOH MaTpHulbl ABJIAIOTCA YUCIa

A =w, m=0,N-1 (1.23)

m

CoOCTBEHHBIMH BEKTOPAMH, OTBEYAIOIIMMH dTUM COOCTBCHHBIM 3HAYE-
HUSM, SBJSIFOTCS BEKTOPBI:

W0
m
\Nl
m ————
e = o m=0,N-1 (1.24)
WN—2
m
WN—l
L m _

JlefCTBUTENBHO, IyCTh YKCiIa /]m U BEKTOPBI € OIpe/IeleHbl PaBeH-
creamu (1.23)u (1.24).Torga mia M=0, N — 1, umeem

0

0 1 0 .. 0 Wm
00 1.. 0w
Qe =|: : : "L
0 0 1 WN_2
m
100 .. 0 na
L m
i \I\/1 1T W1 i i W0 )
m m m
w2 w? wh
m m m
=l ¢ = =w =le
m
WN—l WN—l WN—Z
m m m
0 WN WN—l
L m _ L m _| L m .

Taxum 06pa30M, HaMH NOKa3aHO YTBCPIKACHUC.

20



Merton perynspuzanuu caBurom: Teopust U NPUIIOKEHUS ImaBal. 81

Teopema 1.5. Coocmeennvimu 3nauenusmu u coOCmMEeHHbIMU BEK-

mopamu mampuybl nePpecmano80K AGIAAIOMCA YUCIA /]m U 6eKmopul em, on-

peoenennvie ¢ (1.23)u (1.24) coomseemcmeenno.

Kopuu N -0ii cTenenn u3 eAMHMIBI PACIIONOKEHBI HA €IUHUYHON OK-
PY’KHOCTH C LIGHTPOM B Havasie koopauHaT. OHH JEJSAT 3Ty OKPY>KHOCTb Ha paB-
HBIE YacTH, MPUYEM TOYKA IEPEeceueHHs OKPYXHOCTH C BEIIECTBEHHON OCHIO
(ocw abcuucc) ABISETCS OJHON M3 TOYEK AENCHHs He3aBUCUMO OT 3Hauenui N .
BrimreckazanHoe yka3pIBacT Ha TO, YTO COOCTBCHHBIC 3HAYCHUS SBISIFOTCS pas-
muyHbIMU. ClieI0BaTeNbHO, XKOPAaHOBOM (opmoii [1, 12] MaTpHIsl IIEpecTaHo-
BOK SIBIIICTCS JAMaroHalbHAs MaTpuila. Marpuia, KOTopas MPUBOIUT MATPHUILY
MepPEeCTaHOBOK K >kKopaaHoBoil popme, sBiseTcss marpurieit @ypoe. s kpaTko-
CTH 3aITUCH BBOJAMM 0003HAYCHHUE, UCIIOIB3yEMOE B JabHEHIIICM:

alo...O

0 ... 0O
diag(al,az,...,aN): : %2 e (1.25)

CrpaBeyiiBa clieayronas

Teopema 1.6. Ilycmv Q u F — mampuyor nepecmanosox u @ypve
nopaoka N , coomeemcmeenno. Tozoa cnpaseonuso pasencmeo

FDQdeiag(wo,wl, o W ) (1.26)

TTUN-1

20e W, M=0, N —1saersomes kopuamu N -oit cmenenu us eounuypi (1.16).

Joxa3areancTBo. Tak kak

-0 -0 0 -0
WN—l 0 1 WN—Z
FEQ= 1 V—Vm Fom Fom V—Vm -
/N N-1 0 .1 N-2
—N-1  —=N-1 —N-1 —N-1
_WN—l 0 1 WN—2_
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N-1
TO
FQF =diag(w0,wl, ,WN_l)[IFDF =
=diag(w0,wl, ,WN_l)EIEz diag(w0 W, WN—l)'
Teopema ngokazana.
Caencreue 1.1. /lna moéozo K: k=0,...N—1 cnpaseonuso pa-
éencmeo

K — i k k k
FQF —dlag(w0 W ,WN_l).
1.10.CobcTBeHHBIE 3HAYEHHS] HUPKYJSTHTHONH MaTpunbl. OHUM 13
YHUKaJIBHBIX CBOHCTB IIUPKYJISIHTHBIX MATPUII SBJISIETCS TO, YTO MX COOCTBEHHBIC
3HAYEHMs SIBJIAIOTCS JTMOO MPOCTBIMH, JHOO TONynpocThiMu. Bonee Toro, Bce
UPKYISTHTHBIE MaTPHUIbI TOJO0HBI AMArOHAIBHBIM MaTPUIIAM W HPUBOAATCS K
JMaroHaJbHOU opMe oaHON MaTpHLeil — MaTpuLeil Oypse.
T_
Teopema 1.7. Ilycmp C = (Co’ Ch - CN_l) — nepeasa cmpoka
uupkynaumnoi mampuyot C . Tozoa:

1) co6cmeennvie snauenua mampuysr C

A,=#(w ),  m=0,N-1, (1.27)
20e
N-1
g(w)=> cw*; (1.28)
k=0

2) cnpaseonuevt pasencmea

FCF =diag(4,, 4, -...Ay_,). (1.29)

22
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Fe=——(A, Ay o A) - (1.30)

1
N Ay
JoxazaTeancTBo. CoracHo TeopeMe 1.2 CrpaBeIInBO Pas3I0KCHHE
N-1
C=>cQ".
&

=0

B cuny cnencteus 1.1

N-1 N-1
F'CF = Fﬂ[kz_;)cka]F = kzockFDQkF =

N-1
_ K Ko\ _
- chdlag(wo W ’WN—l) B
k=0
N-1 K N-1 K N-1 K
=diag > cw;, Y cw;, ,ZCKWN_l =
k=0 k=0 k=0

=diag(g(w,) . #(w,) . - #(w,_,)).

IJI€ MHOTOYJIEH ¢(W) ompenesen B (1.28).Pasencrsa (1.27)u (1.29)10Ka3aHbl.

PasenctBo (1.30)cOCTOUT M3 YMHOKEHHUSI MATPHIIBI HA BEKTOP.
Teopema gokazana.

1.11.BbicTpoe pelleHHe WUPKYJISHTHBIX cucTeM. PaccMorpum cuc-
TeMy JIMHEIHBIX anrebpandeckux ypasHeHuid (CJIAY)

Cx=f , (1.31)
rne C — mupkymsataas marpuna mopsgka N, focN — 3alaHHBIH, a

N .
XOC™ —wuckomblii BeKTOP.
brictpeiii anroput™ perrerus cucteMsl (1.31) cBA3aH ¢ 3aMEHOM ATOM

CHUCTCMBI HA I1BE CUCTCMBI

F'CFy=F"f (1.32)

x=Fy. (1.33)

23
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B neBoii yactu cuctembl (1.32) cogepikutcst ABOMHOE MPOU3BEACHHE
FCF. OmHako HET HEOOXOAMMOCTH €ro BHINONHATH. B cmiry Teopemsr 1.7

MaTrpuia F'CF sBusercs nmaronanbHoii. [TosToMy TpebyeTcsi BBIYHCINTD

TOJIbKO 3HAYCHUSA MHOT'OYJICHA

g(w)=c, +cw+cw’ +..+c  w' T, (1.34)
rie KO3 PUIMEeHTH CO’ Cl, CZ’ ,CN_ 4 — TepBas CTpoka LIUPKYJISHTHON Mat-
punpr C .

Ecim marpuna C  — HEBBIpOXKIEHHAs, TO BCE YHCIa ¢(Wm),

M=0, N —1 spustorcss uenynessiMu u peuienre cucrembl (1.32) maxomures

1o gopmyie

g (w,)

rie Y o [Fuf]m ABIAIOTCS M -MH KOOPAMHATAMU BEKTOPOB Y M =

, m=0,N-1, (1.35)

COOTBCTCTBCHHO.

KoopamuaTel X = HMCKOMOrO BEKTOpa X — PELICHHS CHCTEMbI (1.33)

BBIYUCIIAOTCA KaK 3HAYCHUS MHOI'OYJICHA
— 1 2 N-1
¢1(W)_W(yo+y1W+ YW Ly W ) (1.36)

mpn W=w_, m=0,N-1
Takum 00pa3oM, IO HPEITOKEHHOMY AJITOPUTMY CIIEAYET BBIUYMCIUTH
3HAYEHUS MHOTOYJICHOB ¢(W) , ¢1(W) mpu W=W_, m= 0, N =1 u onun pa3s

npousBectr cepuro aenernii (1.35).Ecnu s Beimondenus nenennii (1.35)Tpe-

6yeTcs{ N onepaunﬁ ACJICHHUA, TO HCHNOCPCACTBEHHOC BLIYMCIICHUC 3HAYCHUI

muorowreHoB (1.34) u (1.36) mpum w=w_, m=0,N—-1 tpebyer wuc-

24
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2 .
nosb3oBarnss N“ (o mopsiaky) omeparmii ymHoxeHus. OJJHAKO MPHMEHEHHE
aNropuTMa AUCKpeTHOTO mpeobpazoBanus Oypee (AI1P) mo3Bosser 3TOT MOps-

nok nonmsuts 10 Nlog ) N onepaimit ymHOKeHUSL.

2. PEHIEHUE CJIAY C HEPUUPKYJ/ISIHTHBIMH MATPULIAMUA

2.1.TankeneBbl MaTpuubl. Keagparras marpuna nopsiika N HassiBa-
ercs raHkejeBoil [25, c. 301 — 302]ecnu Ha KaXIOW W3 MUATOHANCH, mapai-
JIeJIBHBIX NTOOOYHOI TMaroHaId MaTPHIbI, PACIIONIOKEHB! OJUHAKOBBIC SIEMEHTHI.
OeMeHTaMt T'aHKeJIeBOH MaTpPHIBI SBISIOTCS KOMIUIEKCHBIE YKCIIA, B YaCTHOCTH,

u BemecTBeHnbIe. JIo0as rankenesa matpuna mopsiaka N umeer Bun

b, b .. b, b,
b, R N
N-2 a a b2N—2
L N-1 bN bZN—Z 2N-11

B crenyromem yTBepkKACHUHM NPUBOAUTCA TNPU3HAK TaHKEJIEBOCTU
MAaTpPHIIBI.

Teopema 2.1. /Jlna mozo, umobdvl Keadpamuas mampuuya

B= [bmn} AGNANACL 2AHKE1€601, HE0OX00UMO U 0O0CMAMOYUHO 6bINOJI-
NxN

HeHue pasencmea
b, =b,. (2.1)
onaecex 1<m n',m",n" <N maxux, umo

m+n=m'+n". (2.2)

JlokazaTenbCTBO ATOW TEOPEMBI CIIEAYeT W3 TOTO, YTO, €CIH IS Tap

HHICKCOB (m’, n’) " (m", n") BBITIOJTHSICTCS. PaBEHCTBO (2.2), TO 3IEMEHTHI
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a o am,,n,, MPUHAICKAT OTHOU TUATOHAJH, TapaJUIeIbHON MOOOYHOM THra-

TOHaJIM MaTpULbL.

2.2. TlepumpkyasitHTHasi ~ marpuua. KsajgpaTHas — maTpuna

B= [bmn] Ha3bIBaeTCsl MEPUUPKYJISAHTHOM, ecu paBeHCTBO (2.1) nmeer
NxN

MECTO IIPH BBITOJIHCHUH YCJIOBHUA

m+n'=m’'+n" (modN).

3ameuanne. TepMUH «ICPUUPKYISIHTHAS MATPHUIa» HE SIBISCTCS 00-
HIENpU3HaHHBIM. BriepBeie oH ObLI HMCIONB30BaH B pabore [75] u BBeneH IO
AHAJIOTUH C TEPMHUHOM <TICPCUMMETPHYCCKAs MaTPHUIIa».

IMepuupkynsaTHas Matpuia nopsaka N umeer Bun

pN—l pO pN—3 pN—Z

O4YeBHIHO, YTO KaXK[aas CTPOKA MEPIHUPKYISTHTHOW MATPHIbI, HAYHHAS
CO BTOPOH, TOJTy4aeTcsl U3 MPEenbIyIIeH IMyTeM ee CIBUTa BIEBO Ha OTHY IO3HU-
LUIO ¢ TOCIEAYIONINM JOMOJHEHUEM MEPBOIO BHITECHEHHOI'O 3JIEMEHTa Ha MO-
CIIeIIHEE MECTO.

2.3. Marpuna orpaxenusi. [IpocrefimimM npuMepoM HEpPUUPKYIISHT-

Holi MaTpuisl nopsiaka N sBjseTcs Tak Ha3biBaeMas MATPHLA OTPAKEHUsT

0 0 ... 0 1]
0o .0
R=|: . 2.3)
0 . . 0
10 .. 0 0
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Ecnu mepectaBuTh Bce CTONOUBI (CTPOKHM) MATPHULBI OTPaKCHHUS B 00-
PATHOM MOPSIIKE, TO MONYYHTCS eqUHNYHast MaTpuia mopsiaka N .
OTMETHM HEKOTOpBIE CBOHCTBA MaTPHIBI OTpakeHus. st imoboro Ha-

TypaibHoro yucia N crpaBeminBbl paBeHCTBA:

R2 =E, (2.4)
RT =R, (25)
R'=R. (2.6)

CrpaBeHBOCTE paBeHCTB (2.4)-(2.6)npoBepsercst HEMOCPEACTBEHHO.

IpousBenenre MaTpULbl OTpakeHHs R Ha IPOM3BONBHYIO KBajapar-
"y Mmatpuiy B Z[bmn} clieBa JaeT MaTpuIly, KOTOpas IONydaeTcs W3
NxN

MaTpUIbI B HepeCTaHOBKOﬁ BCEX €€ CTPOK B 06paTHOM MopsAaKe

0 .. 17b, - by ] [by, - by,
RB=[: . 1| L= L @
1 .. 0llb, ... b, | |b, . by

a CrpaBa J[aeT MATpHILy, KOTOpas Mmoiydaercss u3 Marpuisl B mepecranoskoit
BCEX ee CTOJIOIOB B 00paTHOM IMOPSIIIKE

b, . by 0 ... 17 [by - by,
BR=|: N R L @8
by, - by |l .. 0 |b, - by

2.4. Kpurtepwnii nepuupKyJSIHTHOCTH MAaTpUIbI. C IIOMOIIBIO MaTpH-
bl OTPAXKEHUS MOXKHO C(OPMYJIHPOBATE MIPOCTO MPU3HAK HEePLUUPKYITHTHOCTH
MatpuLsl. 13 onpeneneHus NepuUUpKyISHTHON MaTpHLbl, paBeHCTB (2.7)u (2.8)
HOJTy4aeM CleqyIomee YTBepKICHHE.

Teopema 2.2. Keaopamnas mampuya P nopaoxa N saensemca nep-
WUPKYIAHMHONI M020a U MOAbKO noz2da, Kozda obas uz mampuy RP unu
PR saensemea yupkynanmnoi.
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3amerum, uto mMatpunsl RP u PR sBustores wnu we ssnsorest uup-
KYJISIHTHBIMH OJIHOBPEMEHHO.
K Teopeme 2.2 MOKHO H00ABUTH CICAYIOIIEE YTBEPKIACHHE:

Teopema 2.3. Keadpamnaa mampuya C nopadka N sensemcs
WUPKYIAHMHOU Mo20a U moavko mozoa, kozoa awéaa uz mampuy RC unu

CR saenaemca nepyupkynanmnoii.

Teopembl 2.2 1 2.3 MOKA3bIBAIOT, YTO YMHOKECHHE Ha MATPHILy OTPaXKe-
HUSI €CTh B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXIYy MHOMKECTBAMHU IHPKY-
JSTHTHBIX M TIEPIUPKYIITHTHBIX MATPHI] OJTHOTO M TOTO K€ MOPSIKA.

2.5.CaoiicTBa nepuUUPKyJISHTHBIX MATPHUL. [lepeurciuM HEKOTOphIE
CBOJCTBA MEPIMPKYISTHTHBIX MATPHII.

CaoiicTBo 2.1. Cymma P +p NepUUPKYIAHMHBIX MAMPUY, p®

u P(Z) nopaoxka N saensemca nepyupkynanmnoii mampuueit nopaoxa N .

JlokasaTeabcTBO. B cumy Teopemsl 2.2 Kaxaas U3 MATPUIL RPY

RP® gpusercs IUPKYISHTHOM. Torga ux cymma
RPY + rp(? = R( p( 4 pl 2))

SBJIICTCSl LUPKYISIHTHO#M Matpuieil. Otciona U u3 Teopembl 2.3 BBITEKAeT, 4TO

MaTpHIa P(l) + P(z) SBIISIETCSI IEPIMPKYIIHTHON. UTO M TpeOoBaIoch T0Ka3aTh.

CgoiictBo 2.2. Paznocmo P(l) - P(Z) REPUUPKYIAHMHBIX Mampuy

P , p( nopaoka N aensemca nepuupkynanmnoit mampuueii nopsaoxa N .

CoiictBo 2.3. IIpouseedenue AP nepyupxynanmnoii mampuust P
nopaoka N u xomnnexcnozo wucna A aensemca nepuupKyIAHmMHONL Mam-

puueii nopaoxka N .
DTH CBOMCTBA JOKA3BIBAIOTCS aHAJOTHYHO CBOWCTRY 2.1.

CoiictBo 2.4. IIpoussedenue 08yx nepuyupKyaissHmMHbIX MAMPUY G-
aaemca yupKyJIAHMHOU mMampuyeil.
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JokasarenabcTBo. [Tyctn PO 4 p@ — NEPUUPKYJISTHTHEIE MATPHILBL.

1 2
B cuny Teopemsl 2.2 Kaxaas U3 MaTpPUII POR u RP® spnsercs LUPKYJISHT-
HoH. Tak Kak IPOM3BEACHNE ABYX IMUPKYJISHTHBIX MATPHIL BISCTCS IUPKYJITHT-

HOiT Marpunel (cBoiictBo 1.1), 170 MaTpuia PORMRP( _ uupkynsaTHAsS. OT-
CIOJIa B CUIY paBeHCTBa (2.4)moiydaeM, 4To MaTpuLa

PORMRP( = pOR2p(2 = p(AEp(2 = p(3p( 2
ABJIAETCA IUPKYIAHTHOH. UTO U TpeboBanoch 10Ka3aTh.

Ceroiicro 2.5. ITycmv P — nepyupxynanmnaa u C — yupkynanm-
naa mampuust. Tozoa kaxcooe uz npousseoenuii PC u CP aensemca nep-

UYUPKYTIAHMHOU Mampuyeil.

JokasareabcTBo. B cumy Teopemsr 2.2 matpuna RP sBnsietcs uupky-
nsuaTHOM. Torma mpomssenenue aAByx mMpkynsHTHeIX Matpun, RP [C saensercs

UPKYJITHTHON Matpuieil. B cuiry Teopemsr 2.3 mMaTpuia
R{RPT)=R*PC=EPC=PC

ABJAETCS MEPUUPKYISHTHOM.
Tak kak PR — nupkynsantaas matpuia, o CPR takke mupkymnsut-

Has MaTpuua. Toraa maTpuna
(CPR)[R=CP[R? =CPE=CP
SBJISIETCS NEPUMPKYISTHTHOW. UTO M TpeboBasoch T0Ka3aTh.

CaoiicTBo 2.6. Eciu nepyupKyisaumuas Mampuya HegolpoicoeHHas,
Mo 00pamnan A611emca REPUUPKYIAHMHOIU.

JokasareabcTBo. Ilycte P — HeBBIpOXIeHHAs NepUUPKYISIHTHAS

matpuna. Torma marpuna RP sensercs wupkynsuthoii. B cuny csoiicta 1.2

obpaTHast MaTpuIa (RP)_l SIBIIIETCS ITUPKYITHTHONW. OTCIOa U TaK KaKk
(RP) T =P*R*=P'R,

_1 v
TO B CHIIy TeOopembl 2.2 MaTpuia P~ sBnsercs nepumpKynasaTHONW. UTO M Tpe-
0OBaJIOCH 0KA3aTh.
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2.6. IlpeodpasoBanne ®ypbe mMaTpuubl oTpaskeHus. J[yckpeTHoe
npeobpazoBanue Pypbe Hax MaTpHUICH OTPAKCHUS SBISIETCS BaKHBIM MOMEH-
TOM Pa3pabOTKH OBICTPOTO aNrOpUTMa PEIICHHsS CHCTEM C MEPLUUPKYITHTHBIMH
Marpunamu. Beenem obo3Hauenue:

Hy ! 0 0
0 0

pd(luo, 'ul’ "uN—l): i 'ul (2.9)
0 i’uN—l 0

Teopema 2.4. Ilycms R — mampuua ompascenua (2.3)u F —mam-
puua @ypoe (1.18)nopaoka N . Tozoa cnpasednuso pasencmeo

F'RF = pd(wo, W, ... ,WN_l), (2.10)
20e
Lon -
wo=e N, k=0, N-1 2.11)

Jlokasarenbcrso. [lonoxus F ‘RF = [Smn] , OyZIeM UMETh

3

1 N -
mn:_z W1k
N o

Z||—\

_iN —kmn—l—
_NZ::

N-
z m+n —

B Wlm, ecin m+n=0(modN),
0, ecmm m+nz0(modN),

_[w,, ecru m+n=0(modN),
10, ecim m+nz0(modN),

4TO U Tpe6OBaJ'IOCL J10Ka3aTh.
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2.7. lIpeodpazoBanne ®ypbe NePUUPKYJIAHTHOH MaTtpuubl. /s
pa3paboTku OBICTPBIX anropuT™MoB penrenns CJIAY ¢ nmepuupKyJISHTHBIMH MaT-
punamu TpedyeTcsl BHIIOJHEHHE JAUCKPETHOTO npeoOpasoBanus Pypbe Haj Ta-
KAMH MaTpullamu. Pe3ynpTar Takoro mpeoOpa3oBaHus cHoOpMyIHMpOBaH B clie-
JYIOIEM YTBEPXKICHHH.

Teopema 2.5. Eciu (po, Py - pN_l) — nepeas cmpoxa nepyup-

Kyaaumnoii mampuyst P, mo cnpaseonuso pasencmeo

FIPF = pd(w (w,) wy (w) o _pr(w, ). @12)

20e

(W)= Py W, (2.13)
k

a mampuua pd(. . ) —onpedenena 6 (2.9).

Joxka3zareabcTBo. B cuny paBenctsa (2.4)

F'PF =F"PR°F =F"(PR)F [F RF . (2.14)
Marpuua PR SBJIIETCS LHUPKYISHTHOU c mepBOH  CTpOKOIl
(pN_l, Py_gr ==+ Py po) . ITo Teopeme 1.7

FO(PR)F =diag(w(wy) ¢(w,) . ...(w,_,)). (2.15)

/i€ MHOTOYJIEH l//(W) ompenenen B (2.13).IToxacrasmss (2.10)u (2.15)s (2.14),

nonyqaem (2.12).
Teopema gokazana.

2.8. bricTpoe penieHHe NEPUHUPKYJSIHTHBIX cHcTeM. PaccMorpum
CJIAY

Px=f, (2.16)

rae P — nepumpkynsuraas martpuua nopsaka N, f OCN — sapannsii, a
xOCN - nckomsiii BekTOpEL.
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BeICTpBIii anroput™ peleHusi cucteMsl (2.16) cBsi3aH ¢ 3aMeHO# AToH
CHCTEMBI Ha JIBE CHCTEMBI

FPFy=F"f (2.17)
u X=Fy. (2.18)

B neBoit yactu cuctembl (2.17) cogepKUTCsl ABOMHOE IPOU3BEIECHHE
FPF . Onnako Her HEOGXOAMMOCTH €ro BLIMOMHATh. B cuiy Teopembl 2.5
matpuna FPF  seasercs pd(...) -marpuneii Buzga (2.9). Ilootomy Tpebyercs

TOJIBKO BBIYHUCIIUTH 3HAYCHUA MHOI'OYJICHA

— 2 N-2 N-1
W(W) =P+ Py WHP W . HpW CHpW T, (2.19)
rae kodpduumentst Py, Py, ...y Py_gy Py, Py, COCTABIAIOT IEPBYIO

CTPOKY MEPIUPKYJIAHTHON MaTpuipl P .

Ecnu marpuna P - HEBBIPOXKIACHHASA, TO BCE YHCIA ngl/ (Wm),

m=0, N —1 asnsorcst HeHyNEBBIMU U penieHre cucteMsl (2.17)naxoaures mo

dhopmymam

|
T
O
—
L1
o
|

O
_Lilltm m=1N-1,  (2.20)

WOl/I(WO); ym Wml//(wm) |

rie Y o [Fuf]m ABIAIOTCS M -MH KOOPAMHATAMU BEKTOPOB Y M =

COOTBETCTBEHHO.
Koopznuater X~ MCKOMOro BeKTOpa X — PeIUCHHS CHCTEMBI (2.18)

BBIYHUCIIIOTCA KaK 3HAYCHUS MHOTOYJICHA
- 1 2 N-1
‘/fl(W)‘W(yoerlWJ’ YW LYW ) (2.21)

npu W=W_, m=0,N -1 —xopusx N -oii crenenu us exunuuer (2.11).
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TakuMm 06pa3soM, IO IPEMIOKEHHOMY AITOPUTMY TpeOyeTcs BhIYMCIE-
HHUE 3HAYEHUS MHOTOYJICHOB ¢(W) u ¢1(W) mpp W=W_, M= ON-1, u

OJIMH pa3 mpousBecTH cepuro nenennii (2.20). Eciu 1yis BBINONHEHUS IeIEHUH

(2.20) tpebyetcss N omepanmii neneHus, TO HEMOCPEACTBEHHOE BBHIYUCICHUE

sHaueHuit Muorowrenos (2.19) n (2.21) mpu w=w_, m=0, N —1 rpebyer

2 .
ucnionpzoBanus N (o nopsaky) onepaimit ymHokeHust. OHAKO MPUMEHEHUE
JITOPUTMA JTUCKPETHOTO Mpeobpa3oBanus Dypbe MO3BONISET ITOT MOPSIOK I10-

nusuth 10 Nlog , N onepaumii ymuosxeHus.

3.PEHIEHUE CUCTEM HEMATPAJILHOI'O THUIIA

3.1. OdocHoBanHe Mpeodpa3oBaHUsl NMEPUUPKYJISIHTHOW MaTPHIIbI
MeTo0M ObICTPOro mpeodpazoBanus ®Dypbe. Kak ObUIO OTMEYCHO BBIIIC
(reopema 2.2),ecnin P — nepuupkynsutHas marpuna, To Mmarpuna PR ssiser-

ca mupKynsHTHOM. Ilostomy pemennme CJIAY Px=f ¢ mepuupkynsnTHOiM
matpuneii P cBomures x pemennto CJIAY Cy = ¢ ¢ HupKyIsSHTHON MaTpuiei

C . IIpu stom umpkynsatHas matpuna C mnomyuaercs U3 NEPUMPKYJISHTHOM
marpunsl P myrem mepecranoBku ee cros6mos B o6paraom nopsaake: C = PR,
roe R — marpuna orpaxenns (3.3). AHAIOTHYHON MEPECTAHOBKON KOOPAMHAT
nostyyaetcs Bektop § m3 3amanHoro sektopa f : g =Rf . Takum o6pasom,
€CITi po0JIeMa COCTOUT TOJIBKO M3 PELICHHs MEPIUPKYIISIHTHOH CUCTEMBI, TO HE
ObUTO OBl HEOOXOIMMOCTH B pa3paboTKe COOCTBEHHOTO METOJla PEIICHHS Tep-
LUPKYJISIHTHBIX CHCTEM, KOTOpBIH pa3paboTaH W TMPHBEICH B IPEABIIyLIEM
nyHKTe. BBUTIO GBI JI0CTATOYHO HCIOIB30BATh METOJ, pa3pabOTaHHBINA B MYHKTE
1, 1utst UMPKYJISTHTHON CUCTEMBI.

Paccmotpum CJIAY AX=f , rne marpuma A coctouT W3 cymMmsl
uupkyasatHoi Matpunsl C u neprupkynsataol Matpunst P: A=C+ P

IMepecraBnss cTonbIBl MAaTpULBI P B 0GpaTHOM MOPSAAKE IPEBPATHM
ee B IMPKYJISIHTHYIO MaTpHily. B To ke Bpems 3To JIeifcTBHE HpeBpalaer nup-
KyIsHTHYI0 Matpuiy C B NEpUUPKYIAHTHYIO. I109TOMY NPHBEIEHHOE BBIIIE

3aMeyaHHe He MO3BOJIAeT paszpaborats ObicTpoe pemenne CJIAY Cx+Px=f |
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MCXOAS TOJIBKO M3 TUCKPETHOTO npeobpa3zoBanus Pypbe HUPKYISTHTHONW MaTpH-
pl. Bce 3TO ykaspiBaeT Ha Ba)KHOCTh HEIOCPEACTBEHHOTO HpeoOpa3oBaHMS
HNepUUPKYIIHTHON MaTpubl MeTogoM JI1D.

3.2. IIpeodpa3oBanue @ypbe MaTpHIbI HelTpaJbLHOro THNa. Keamx-
paTHyI0 MaTpHlly Ha30BEM MAaTpHIeld HeWTPaJbHOr0 THIA, €CIM OHA €CTh
CyMMa IIUPKYJISSHTHOM U nepuupKy/saTHOW Matpull. Eciu C — uupkynssaTHAs.
a P — mepuupkynsuraas marpuna, to marpuria A=C+ P — marpuna neit-

TpanbHoro Thma. Ecnn A m A, — jiBe MaTpHuB! HeHTpaTbHOTO THNA, TO MX
cymma A +A,, pasnocts A — A, u npoussenenue A LA, Taxke sBiores
MaTpULAMH HEUTPATIHLHOTO TUIIA.

3ameuanne. TepMuH «MaTpuIia HEUTPATHFHOTO THIIA» HE SIBISETCS 00-
mienpu3HanibM. OH BBEJIEeH HaMU 10 aHAJIOTHH C TEPMUHOM <«CHHTYJISIPHOE MH-
TerpajgbHOe ypaBHeHHUE [ nipOepTa HEUTPATLHOTO THITA.

PaccMOTpUM LUPKYISHTHYIO U neprupkyasatayio Matpuiasl C u P ¢

MIePBBIMH CTPOKAMU

(co, Cpr - ’CN—l) u (po, [P pN_l), (3.1)
COOTBETCTBEHHO. [TomoKKuM:
n-1 _
g(w)=> cwk, )Im=¢(wm), m=0,N-1, (3.2)
k=0

n-1
gw)=w) p,, W 4 =¢(w ), m=0,N-1  (33)
k=0

Teopema 3.1.Iycmbs C u P —uyupkynanmnas u nepyupkynanmnas
mampuypt, ¢ nepevimu cmpoxamu (3.1), coomeemcmeenno. Tozoa cnpasednu-
60 pasencmeo

FY(C+P)F :diag()lo,/ll, ,An_1)+ p(ﬁ,u0 7 ...,un_J),

20e /]m u [ onpedenensi ¢ (3.2)u (3.3).

34



Merton perynspuzanuu caBurom: Teopust U NPUIIOKEHUS ImaBal. 83

Joka3aTeJbCTBO YTBEPXKICHHUS TEOPEMBI CIeAyeT u3 paBeHCTB (1.28)u
(2.12).

OTMETUM CTPYKTYpy MaTpuibl F D(C + P) F B 3aBucumoctu or uer-

HOCTHU XU HEYECTHOCTH MMOPAIKA dTUX MATPHII.

Ecimu N =2M +1 —HeueTHOE uncno, TO
FY(C+P)F =

A+ u,

eciu N =2M —uertHoe uncno, To

FY(C+P)F =
s _
/]1 'ul
— /]M—l ’uM—l
AM +’uM
Hyy AM+1
L ’uZM—l AZM—l_

B obeux MaTpuiax HCHYJICBBIC 3JICMCHTBI PACIOJIOKCHBI HAa ABYX AUa-
TOHAJIAX, KOTOPEIC 0003HAYCHBI MHOT'OTOYHEM, a4 BCC OCTAJIBHBIC DJICMCHTHI paB-
HbI HYJIIO.
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3.3. beicTpoe penienne HEHTPaJABHBIX CHCTeM. AJITOPUTM OBICTPOTO
pemenus CJIIAY

AX=Db, (3.9

rne A=C+ P — marpuna meitrpansaoro tuna nopsimka N, ocHoBaHa Ha yT-
BepxaeHud Teopemsl 2.1, Jlis otoro 3amernm CJIAY (3.4)Ha 1Be cUCTEMBI

FY(C+P)Fy=F (3.5)
- x=Fy. (3.6)

Cucrema (3.5) paciamaercs Ha OTIEIBHBIC CHCTEMBI BTOPOTO TIOPSIIKA 1
OJIHO WJIM JIBa YPaBHEHUS C OJHUM HEH3BECTHBIM. JTO 3aBHCUT OT YETHOCTU U

HedeTHocTH uncaa N .

Ecim N =2M +1 — 10 ecth nHewerno, To cucrema (3.5) pacnagaercs
Ha OJHO YPaBHEHHE C OJHUM HEM3BECTHBIM:

(/10+,uo)y0:[FEb]o
u M CUCTEM BTOPOTO nopﬂzuca:
AYe * H Yo [Fcb] (=T -
AN—kyk Y :[Fcb]w—k’

ecm ke N =2M —To0 ecTh werHo, TO cuctema (3.5)pacnanaercs Ha Ba ypas-
HEHHMS C OJJHUM HEM3BECTHBIM!

(A 145) o= Fb] .
(Aw + )y =[F D],

una M —1 cucrem Broporo nopsuka
AY * Ha = Fo,

k=1 M -1.
AoV * HyoYno =LFB]

k'
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31eCh UCIIOJIH30BaHbl 0003HAYECHU:

Y=(Yor Yy oo Vo)

Fo=([Fb) [Fb],..[Fb] )"

CriezioBaTesbHO, HE3aBHCUMO OT 4YeTHOCTH Wid HedeTHoctdn N s
pemtenus cucremsl (3.5) Gyzner ucnonszosano ~ Nlog ) N onepanuit ymuosxe-
Hus. HaxoxxaeHue uckoMoit Hen3BecTHOH X W3 cucteMsl (3.6) mcnonb3yer Ta-

KOE K€ KOJIMYECTBO YMHOXKEHHH (IO MOPSIKY).
TakuMm obpasom, mis pemenuss CJIAY (3.4) MeToaoM GbICTpOro mpeos-

pasosanus ®ypwe 6yner ucnosszosano ~ Nlog , N onepauuii ymuo)eHHs.

4. METOJ PEI'YJSAPU3ALIIMU CABUT"OM
BBIPOXXIEHHBIX CJIAY

4.1. OnpeneneHne MeToAa PeryJjsipu3aliué CABUTOM. Brime Obun
paccmotpensl HeBbIpoxkneHHbie CJIAY. Ilpexne geM paccMaTpuBaTh BBIPOXK-
nensele CJIAY, BBeieM NOHATHE PETYISIPU3ALUY CABUTOM.

Paccmotpum CJIAY

Ax=f, (4.1)

rae A — nponssonbHas kBajpatHas matpuna nopsaka N, f OCN — sanan-

uptit, XOC" — ncxomstit Bexroper, C" ects N -Meproe koMIUIekcHOE mpo-
crpanctBo. Hapsiny ¢ CJIAY (4.1)6ynem paccMmatpuBath cemeiicteo CJIAY

(A+AB)x=f, (4.2)
rne B — mexoropas xBagparnas marpuna nopsaka N, a A0C — kommexc-

HBII TapameTp.
Bynem roeoputh, uto cemeiictBo CIJIAY (4.2) sBnsietcs peryaasipusa-

nueii casurom CJIAY (4.1), ecu, Bo-nepBbix, CJIAY (4.2) nna seex f ocN
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MMECT CIMHCTBCHHOE PEIICHHE X, TPH JOCTATOYHO MAayibiX |A | >0 wu, Bo-

BTOPEIX, PElICHHEe X, CXOIUTCA NpH A 5 0 & nexoropomy pemenuto CJTAY

(4.1),ecmn f OR(A).
U3BecTHO, uTo ecnm Mmatpuma A obpatuma, To u Matpuna A+ AB
obparuma st mo6oi MaTpuisl B npu mocrarouno maneix |/1 | 20. Ecim Xy —

pemenne CJIAY (4.1),To cnipaBejiuBa OllCHKA
Hx/] —x0“=0(/1). (4.3)

Takum oGpasom, ecmu A sBisieTcss oOparumoii Matpuueid, to CJIAY
(4.2) ssieTcs perymspusanueii casurom CJIAY (4.1) mis ar060i KBaapaTHOR
matpunpl B mopsnka N .

Ecnm e matpuna A meobparuma, 10, Bo-niepBbix, CJIAY (4.1) e npu

n v
seex f OC" spnsercs paspemnmoil 1, BO-BTOPBIX, Jake B Cllydae pPa3pelinMo-

ctu CJIAY (4.1) u ognosnaunoii paspemumoctd CJIAY (4.2) MOKET HE UMETh
MecTo omnenka (4.3). [TooToMy TpencTaBisieT WHTEpeC BHIACIECHHE Kilacca map

(A, B) marpuny A u B, nna xotopeix cemeiictBo CJIAY (4.2) sBnsieTcs pery-
aspusauueit capurom CJIAY (4.1).

3ameruM, eciu B (4.2) BMECTO 4YeTBEPKH (A, B, A, f ) MOJIOKHUTh
(ADA, E, a, Af ) , TIIe A" — KOMIUIEKCHO-COTIPSDKEHHAS MATPUIIA IS MATPH-
uel A, E - eamnununas marpuna, @ >0, To monyuaercs peryispusanus
A. H. Tuxonosa [104, 105], npu (ADA, LL, a, ADf) nonydaercss CJIAY,
pemenue Kotopoil cxomutcss K L - mcesmopemenmio [60, 61, 63], mpu
(A, E,a,f ) ., e A=A">0, a>0, MOJTyYaeTCsl  PeryJspu3arus
M.M.JIaBpeutseBa [48 — 50],a cnyuail ¢ nmpousBonbHON Matpuieii A paccMoT-
pen B. H. ®aneesoii B [108]; mpu (A, E,ia, f), e A=A”>0, >0, i -

MHHMasi eJUHHLA, MonydaeTcs perymspusauus A.b.bakymmuckoro [7 — 11]);

k J—
mpu B= z giem, rue em, gE}, mM=1K - oproHopmupoBaHHbIE Ga3HChI
m=1
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B kerA u kerA"” cooTBeTcTBeHHO, Tosryautcst CJIAY nmist HaxoKIeHUs TIpH-
ONMVKEHHBIX 3HAYCHUI TOUYCK BETBJICHUS HEIMHCHHBIX ypaBHCHUH, W3YUCHHBIX
H. A. Cunopossim u B. A. Tperorunbiv [98 — 100, 106} unciieHHOro perreHus
CUHTYJISIPHBIX WHTETPANBHBIX YPABHCHHU TCOPUH YIPYTOCTH M adPOIMHAMHKH,
paccmotpensbix H. I'. Adbenmukosoii, C. M. benonepkosckum u U. K. JIudano-
BeiM [3 — 5, 13, 14, 52 — 55].

4.2. O603HaYeHHs] M OCHOBHBIE Pe3yJbTaThl. Himke MCIONB3yeM ciie-
JyIOIIHe 0003HAYCHUS A* —1ceBnoobparHas MaTpuia s matpunsl A [12, 22,
25]; Q =E - A" A — oproronaisHsiii mpoextop Ha Ke€rA — siapo marpumsr A
P=E-AA" — oproronamnsii mnpoeckrop Ha kerA”; F =PBQ;
T =(F+B— E)A+ : /\0 ={ZD(C: O<| Z| <,00} , P, — HEKOTOpoE JoCTa-
TOYHO MAJIOE TIOJIOKHTENHHOE YHCIIO, A(/\) = det(A+ A B) )

OCHOBHBIMHU pe3yJIbTaTaMH JAaHHOTO ITyHKTa SBISIIOTCSI CIEAYIOLIHE
YTBEPIKIACHHS.

Teopema 4.1. /lna mozo umoowvt cemeiicmeo CJIAY (4.2) aenanoce
pezyapuzayuen cosuzom CHAAY (4.1), neobx00umo u docmamouno 6vinoJi-
HeHue yciosust.

(A) cymecmeyem /10 OC makoe, umo A(/\O) Z0 u umeem mecmo

pasencmeo
R(A)NR(BQ)={0} . (4.4)
JlokazaTenbcTBO TeopeMbl 4.1 npuBoauTcs B 11. 4.4.

Hapsny ¢ ycnoBueM (A) pacCMOTPUM CIIEAYIONIHE YCIOBHS:
(B) wuMeeT MecTO PaBEHCTBO

F'F=Q; (4.5)
(B) wuMeeT MecTO paBEHCTBO

FF* =P; (4.6)

(I  cropaBeMTMBO pa3IOKEHHUE B MATPHYHBIN ST
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(A+/]B)_1=/1‘1F++i/1m(TB)mT(BF+—E), 4.7)

m=0

rne AOC, O<|/1| < p_l, 0= p(TB) — CIEKTPANbHBIA PAagnyC MATpPHUILIbI-
omeparopa 1B ;

()  mmeer MecTo oneHKa
(A+AB)7=0(|A™"), A0A,; (4.8)
(E) mMeer MecTo omeHKa
)I(A+)IB)_1Hsconst, AONA; (4.9)
(OK)  umeer mecTo otenKa

/1(A+/lB)_1BHsconst, AOA,; (4.10)

(3) uMeer MecTO OlLIEHKA
A+AB) " Al<const, A0A_: 4.11)
H( ) 0

() wMeer MECTO PAaBEHCTBO
R(A)+R(BQ)=C"; (4.12)
(K) HMeeT MEcTO HepaBEHCTBO
AM(0)z0, (4.13)
rne K=n-r,ar =rankA —panr marpuue A.

Cas3b chopmymupoBanbix ycinosuit (B)-(K) ¢ yeinosuem (A), npuse-
JEHHBIM B TeopeMe 4.1, yCTaHABIMBAETCS B CIIEAYIONIEM YTBEPKICHHUH.

Teopema 4.2. Kasicooe u3z ycnoeuii (A)-(K) aensemcea neooxooumvim

U 00CmMaAmMoOUHbIM 0J17 71100020 U3 OCMATILHBIX.

JlokazarenbpcTBO TeopeMbl 4.2 npuBeeHo B 1. 4.3.

40



Merton perynspuzanuu caBurom: Teopust U NPUIIOKEHUS ImaBal. §4

U3 teopemsr 4.2 cienyert, 4to B (opMyaHpoBKe TeopeMbl 4.1 ycioBue
(A) MOXxHO 3aMeHUTH JTH00BIM 13 yeiosuii (B)-(K).

K nepeuncnenubiM ycnoBusiM (A)-(K) MokHO 106aBUTSH etie oaHO. s

aToro npeactasuM Matpunsl A u B B 6mounom Buze

A= Al.l A12 B= Bll BlZ (4.14)
A21 A22 le Bz
rae A_Ll u Bll — KBaJpaTHEIE MaTpPUIEI mopsaaka [, a I = rankA.
Teopema 4.3. Ilycms mampuyor A, B npedcmaenenvt ¢ onounom

euoe, A11 — Keadpamnasn mampuya nopaoka [, 20e T =rankA, npuuem

detAu;t 0. Tozoa CIIAY (4.2) asnsemca pezynapusayueii cosuzom CJIAY

(4.1)mozoa u monvko mozoa, Kozoa 6bINOJIHEHO HEPABEHCHIGO

-1 -1
det( B, ~AALB L, BLATA LS

-1 -1
*ALALB ATA, )% 0. (@15
JlokazarenbcTBo Teopembl 4.3 npuBeeHo B 1. 4.4,

4.3. loxa3aTeJbCTBO TeopeMbl 4.2. B Havane KaXI0Tro MyHKTA, €CIU
€CTh B 9TOM HEOOXOAMMOCTb, TPHUBOASATCS HEOOXOANMBIE ONPECICHUS U JI0Ka-
3BIBAIOTCS] COOTBETCTBYIOIUE BCIIOMOTATEIILHBIC YTBEPKIACHUS.

4.3.1. JlokasarenbcTBo 3KkBuBajeHTHOCTH (A) < (B). Ilycts
M:CN - CN spusercs marpuueii-onepatopom n c,u CN' - nexoropoe

HOIIPOCTPaHCTBO. Matpuia-oneparop Il HasbiBaeTcs MPOEKTOPOM Ha MOJ-

npoctpanctso C , ecrmu:
1) I_IXD(CO uts mo6oro XICN: 2) Mx =X mna modoro XD(CO.

o
Yepes C ) 06o3HaunM OpTOroHANLHOE JONONHEHHE K MOAIPOCTPAHCT-
By C o - [Ipoexrop N maseiBaeTcs oproronasbubiM, ecn [1X =0 s mo6o-

TO XDCE.
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.~N N
Jemma 4.1 Hyemsy M1,1,:C" - C” - opmozonansnsie npoex-
moput na noonpocmpancmeo C o - Ansa mozo umoosl umeno mecmo paserncm-
6o Tl 1= M 2 Heo0xXo0umMo u O0OCMAMOYHO  6LINOJIHEHUE  YCIO06US

kerf, = ke, z0e
ke, ={x0C" N x=¢, k=1, 2

IlOKaSﬂTeJILCTBO. HeO6XOZ[I/IMOCTL O4CBHIHA. ﬂOKa)KeM J0CTaroy-
HOCTB.

Iycts kerll 1= kerl , = C o+ Kaxprit snement XxOCN onno3Hau-

HO TpeACTaBuM B Buae X=X +X,, rae X D(CO, XZD(C%. Tak kaxk oprToro-

HAJBHBIN POEKTOP Ha OPTOTOHAIBHOM JOIIOJHEHHWH K CBOEMY SApY HAeHCTBYET
TOXKJIECTBEHHO, TO CIIPABEAIUBbHI PAaBEHCTBA

I'le:I'lelzx1 u I'sz:I'szlle.

Takum o6paszom, [1 X= M X s moGoro xOCN | 1o ects |'|1 =1 5

Jlemma nokasana.
Jlemma 4.2. Iycms C 1 C 5~ 06a HOONPOCMPAHCMEA RPOCMPAHCHI-

éa CN u evinonnenvi pasencmea
c,NC,={0¢, dimC,+dimC,=N. (4.16)
Toz0a umerom mecmo pasencmea
c,nc,={g, (4.17)
c,/och=c". (4.18)
Joka3zarenbcTBo. 13 (4.16)BeITeKaeT paBEeHCTBO

c,oc,=c". (4.19)
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Ecnu ZDC?HCD, TO ZD((ClD(CZ)D. U3z (4.19) monydaem

(Cl oc Z)D Z{O} . Otcrona cnenyer, utro Z=0. Pasencrso (4.17) nokasaHo.
B cBoto ouepens, u3 (4.17)u paBeHcTBa

dimC, =N-dimC,, k=1, 2
cnenyet cooTHotenue (4.19).Jlemma nokasana.

JokaszatenbcrBo ummnkanuu (A) = (B). B cuny nemmsr 4.1 s

YCTAHOBJICHUS CTpaBeIUBOCTH paBeHctBa (B) mocrarouHo mokasarh, dTO

kerQ = kerF *F . Jlnst mokasaTescTBa 9TOr0 paBeHCTBA JOCTATOYHO MOKA3aTh
cripasemBocts Brmouenns KerF *F [ kerQ , tak kak o6paTHOe BKIIOUCHHE
ouesugHo. Jleiictutensno, nycts zkerF F . Torma Fz= = PBQz=0,
to ectb Qz[JkerPB = R( A) . U3 sroro BriroueHust U pasercrsa (4.4) nomy-
gaeM, uto BQz=0. Tak xax AQz=0, 10 (A+ A B) Qz=0 pgna moboro
AOC. Us A(/]O) = det(A+ /]OB) # 0 (ycnosus (A)) crenyer, uto Qz=0,
to ects Z1kerQ . Ummmuxamus (A) = (B) noxasana.

JokaszareabcrBo ummaukamuu (B) = (A). Brauasne mokaxem crpa-

BEIUTUBOCTh paBeHCTBA (4.4).

Iycts Y[ R( BQ) N R( A) . Torma cymectyer z(JCN rakoe, uro
y=BQz[O R(A) =kerP . Tostomy Py =PBQz=0. U3 pasencrsa (4.5) n
nsemmel 4.1 Berrekaer, uto Qz=0. Torma Y=BQz=0 wu, crenosarensno,
R(BQ)NR(A) ={0} . Pasencrso (4.4) noxazaro.

Tokaxem cymectsosarne A LC Takoro, uro A(AO) # 0. Tpearno-
noxwum ripotusHoe. [Tycts st Becex A 1C onpenenurens

A(A)=det(A+1B)=0.

Torna omHoposoe ypasernne (A+AB)X=0 mnmeer HeTpuBHATbHOE pelieHne

X, . Iycts (A+/]B)XA =0mu HXAH =1 nms Beex |/\| # 1. Tak Kak IPOCTPaHCTBO
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KOHEYHOMEPHOE, TO CYIIECTBYET HEHyJeBas IOCIEIOBATEIBHOCTD /1k - 0 mpm

K — oo Takas, uro XA - XO npu K- oo, HXOH =1.Ilepexons B paBEHCTBE
k

(A+4,B)x, =0, k=12.., (4.20)

K mpefeny mpu K — 0o, momyumm AXO =0 wu, cremoBarensHo, X, OkerA.

Tax kak PA=0, 1o u3 pasencrsa (4.20)nonyyaem
P(A+AB)x, =4,PBx, =0.

Tak kak /]k # 0, To n3 nonyuennoro Hepasencrsa Oyzaem umers PBX, =0.
k

IMepexons K Mpejeny B 3TOM PaBeHCTBE U K — 00, TIOTyduM PBx, =0. Or-
cionia 1 Tak kak QX = X, Berrexator pasencrsa 0= PBx; = PBQX, =Fx, n,
cinenosarensro, F +FX0 =0.

Orcroga u n3 (4.5)monyqaem: F +FXO = QX0 =X, = 0. Ionyuennoe paBeHCTBO

NPOTHBOPEUT HOPMUPOBAHHOCTH X HXOH =1. Ummimkanus (B) = (A).

OksuBaneHuus (A) < (B) nokasana.

4.3.2 JlokazarenncTBo 3kBuBajienTHocTH (B) < (B).
JokaszareabcrBo ummumukanuu (B) = (B). U3 nemmsr 4.1u paBeHCT-
Ba (4.5) cnenyer, uto KerQ = kerF . Tak kak Q u F — ksagparusie matpu-

11bI, TO OTCIO/IA CIIEYET, YTO
dimkerQ = dimkeF = dimkeF".
C nmpyroii cropons, dimkerQ = dimkeP , mostromy umeem
dimkerP = dimkeQB"P .
Ortciona, Tak kak kerP O kerQB™P = ke, crenyer cnpasemmsocts pa-

erctea KerP = kerF". Us storo cootHomenus n nemmer 4.1 clienyeT cmupa-

BeIMBOCTH paBencTsa (4.6). Ummukanus (b)) = (B) mokasana.
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JokazarenbcrBo ummnkanun (B) = (B). U3 nemmsr 4.1u paBeHcT-

Ba (4.6)cnenyer, uto kerP = kerF". Tak kax P u F" — ksagparHbie matpu-

IIbI, TO IMOJTy4YacM paBCHCTBO

dimkerP = dimkerF .

C apyroii cropousr, dimkerP = dimkelQ , nosromy umeem
dimkerQ = dimkePBQ.

Orcrona, B cuny Bemouenns KerQ [0 kerPBQ, cnenyer cnipasemmusocTs pa-
senctea kerQ = kerF . Us sroro cootnomenus u nemmsr 4.1 monyuaem crpa-
BeIUTMBOCTH paBeHcTBa (4.5). Ummukarms (B) = (B) mokasana.

OksusanentHocts (B) = (B) mokaszana.

4.3.3. lIoka3zareabcTBo sxBuBajenuuu (B) < (I'). B srom nyHkTe

OyZeM UCIOJIb30BaTh CICIYIOIIEEe YTBEPIKICHHE.
Jlemma 4.3. Ilycmo évinoaneno ycirosue (B). Tozoa cnpasednuent pa-

6encmaea.
AF* =0, (4.23)
AT =-AA". (4.24)
AT(BF"-E)+BF ' =E, (4.25)
PBT =0. (4.26)

JokasareancrBo. Tak kak AQ=0, F' =F D( FF D)+ u
FY=(PBQ) =Q"B"P"=QB"P,
10 AF* = AFT(FFY)" = AQB™P(FFY)" =o0.
Pasencrro (4.23)n0ka3ano. 3 10Kka3aHHOrO PaBEHCTBA HMEEM:
AT =A(F'B-E)A" = AF"BA" - AA" =—AA"
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PaBenctBo (4.24)nokazano. Otcroaa u u3 (4.23)nonyqaem:

AT(BF"-E)+BF " =-AA"(BF " -E)+BF =

=(E-AA")BF" + AA" = PBQF ' + AA" =FF " -Q+E=E.
PaBencteo (4.25)noka3ano. 13 paseHctsa (4.6) umeem

PBT =PB(F"B-E)A" = PBF 'BA" - PBA" =

= PBQF 'BA" -PBA" =(FF" -P)BA" =0.

Pasenctso (4.26)10ka3ano. JleMMa 10KasaHa.
Jlokasatennerso mvmmkanuu (B) = (). Hetpyamo Bisets, 4o
(A+/]B)(/]‘1F+ + i A"‘(TB)”‘T(BF+ - E)J =
m=0
=A'AF* +(AT(BF+ -E)+ BF+)+
+i/1m(AT+E)(BT)m(BF+—E). (4.27)
m=1

Otcrona, B cuity JieMMbl 4.3,

(A+AB)(/1_1F+ + f‘/l’“(TB)’“T(BF+ - E)} =E. (4.28)
m=0

[NonyyeHHOE paBEeHCTBO PaBHOCHIBHO paBeHCTBY (4.7). Ummmukamus (B) = ()

JIOKa3aHa.

JokazareabcrBo umminkanuu (I)) = (B). [lycte umeer mecto pas-

noxenne (4.7),KOTopoe paBHOCHIBHO paBeHCTBY (4.28).JIeBble YacTH paBeHCTB
(4.27) u (4.28) cocTosIT U3 OJHOTO U TOTO XK€ BhIpakeHHs. CleoBaTeNbHO, Y
HUX paBHBI M TIPaBble YacTH. DTO PABHOCWIBHO PAaBEHCTBAM KO3 PHUIMEHTOB
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Ipyu OJAWHAKOBBLIX CTCHCHAX /‘ . OTCIO,Ha, B YaCTHOCTH, CpaBHUBAA CBO60L[HI>I€

YJIEHBI, [TOJTy9AEM CIIPABEIMBOCTL PABEHCTBA
AT(BF'-E)+BF " =E. (4.29)
IIpeoGpasyeMm JeBYIO YacTh STOro paBeHcTBa. B cuny (4.24),umeem

AT(BF*-E)+BF*=-AA"(BF"-E)+BF "=
=-AA'BF " +AA" +BF ' =(E- AA")BF(FFT) + A" =
=PBQBP(FF")" + AA* =PBQ?BP(FF") + AA" =
=FFY(FFY) + AA" =FF* + A" =E.

Tax kak P = E — AA", To 13 no/ry4eHHOro paBeHCTBA ClIEAYeT PaBeH-
ctBO (4.6). Ummmkanus (I') = (B) moxazana.

OkeupaneHuus (B) < (I) nokasana.

4.3.4. loka3zatesibcTBO SKBHBaJeHTHOCTH yeaoBmii (1), (E), (OK) u
(3). Hoxa3aTenpCTBO paBHOCHIBHOCTH Kaxaoro u3 yciosuit (1)-(3) ¢ mobbmMu
u3 ycnouii (A)-(I') mpoBemem Mo clienyromieii cxeme:

H@ = (B)

2) K) = (3);

3) M) = (E);

4) (E) = (XK);

5) B) = (A).

Bo BceX IepeurClIeHHBIX YCIOBHAX IPUCYTCTBYET OOpaTHas MaTpHIA
-1
(A+/]B) . Ecom marpuma A — BeIpoXkI€HHas, TO oOpaTHas MaTpHIa
-1 .
(A+AB) ABIAETCA HEOTPAHWYEHHOH IIpH |/\| — 0. B ycnosuu (E) yrsep-

. -1
JKIaeTcs, 9TO CeMEHCTBO MaTPHII {/] (A+/] B) } ABIIAETCA PABHOMEPHO OTpa-
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HUYCHHBIM IMPH JOCTATOYHO MAJIBIX HEHYJCBBIX |/]| . Otcroma crienyert, 4To mMpu
paccMaTpUBacMbIX  3HAYCHHAX  IapaMeTpa A oOpatHast  MaTpula
(A+AB) "~ AL

BBoanMm o00o3HaueHHUE: CDmn (/\) — anrebpandecKkoe TOTOTHEHHE dJie-

menta @+ /]bmn marpuiel A+ AB . Torna o6parras MaTpuna 3anuchIBaeTCs

[, (4) @, (1)
A(A) A(A)
(A+AB) ™ = :
@, (1) @\ (4)
| () A(A)

IMycTs CDmn(/])/A(/])N/]_Sm”, TOorJa (A+/]B)_1~/l_s, rie

S= max S . Ecmu matpuna A sBusercs BeIpoxaeHHOM, To S=1. [losro-
1<m,n<N mn

_1 _1
My YyCJIOBHE (A+ A B) ~ A™" Brmonnsercs He Beerga. OTBET Ha BOMPOC!
KOT/1a IMEET MECTO 3TO YCIOBHE? —IIPUBOJIHUTCS B CICAYIONINX YTBEPKIACHHSIX.

Jlemma 4.4. Ilyemv A, B — npouseonvnvie keadopamusie mampuyot
nopaoka N u K=N-r,20e r =rankA. Tozoa

A(0)=A'(0)=..=88Y (9= C (4.30)
HoxazaTeabcTBo. Uepes A(/\; jl,...,jm) , m=1_,k 0003HauMM oIIpe-
nenurens nopaaka N, monmydaromuiics u3 onpenenuTens A()I) ITyTeM 3aMeHbI

+/lbij Ha cTonoer bij (i =1,_n,s=1,_m).

ero j_-ro cronbua a.
s ij s

S

Hepr,HHO 3aMCTUTh, 4YTO MJIA MPOU3BOAHBIX OMPECACIUTEIIA A(A)

CIIPAaBCAJINBO PABECHCTBO

A ) =m Y A(A i) (4.31)

I<j<.<j,sn
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JlokazarenscTBo paseHcTs (4.30)npoBoaum vuayKuued mo I . Tak kak
MaTpuIa A BBIpOXKIEHHAs, TO I <N.

IMycte ' =N —-1. Torna k=1 u (4.30) Gyner cocToATh U3 OMHOTO
paBeHCTBa A(O) = 0, cpaBeaIMBOCTL KOTOPOI'O OYEBH/IHA! A(O) =detA= 0.

Iycts Temepr F=N-—-2. Torma k=2 wu (4.30) nmpumer Bug

A(O) = A'(O) = 0. BeInosiHenue MepBoro paBeHCTBA OUEBUIHO. JOKaKeM BTO-

poe paBeHcTBO. 13 (4.31)monyunm

N(0)= > A(0;]). (4.32)

I<j<n

31mech A(O; J) — onpenenutens N -ro mopsaxa, IMOIydYarIMHACsS U3 OIPENEH-

Telass Matpuubl A 3amMeHON ero j-ro cronbua Ha | -if cronbern MaTpHLbI
B (J =1, N) . Pasnoxum onpenemntens A(0; j) mo snementam j -ro cronbua:
. n i+
BO)=39" 0,8,
i=

rae A”. — MHHODBI (N —1) -ro HOpsAIKa OIpPENeIUTEN MaTpULBl A, COOTBET-

CTBYIOIIUEC DJICMCHTaAM a.”, a b” — COOTBETCTBYIOIIUC DTUM 3BJICMCHTAM 3JIC-

MEHTBI Marpunsl B (i, j =1,N). Tak xak ' =N-—2, To Bce MHHOPBI

(N —1) -ro mopsaKa MaTpuLbl A paBHEI HYJIO; AIj =0 anaseex i, j=1,N.

Orcrona u u3 (4.32)cnenyeT cnpaBeIMBOCTb BTOPOTO PABEHCTBA.

ITycts, Hakoner, I = o < N —2. Torma K> 2 u Bce MunOpBI IOpsIKA

Bbiie I Marpuisl A paBHBI HYIIO. [ToKakeM, U4TO
A™(0)=0, m=1k-1 (4.33)
U3 (4.31)6ynem umeTh

AM©)=m > A0, )

1gj,<..<j,=n
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Jloka>keM,  4TO A(O; jl,...,jm) =0 im  Becex m=1L,k-1 wu

1<j,<..<]_<N. Cnpasemmsocts 51oro pasencrsa npu M=0, K~ 2 srrre-
KaeT U3 MPebIAYLIEro ara MHAYKIHU. JJOKaKeM PaBeHCTBO
A0 =(k-0 Y A0, ,)= O
1< <. <) =N
IIpoussenem pazioxeHue KaXXJI0TO u3 omnpeaenuTeneu
A(O; i 1""'jk—1) . BHauase pasosKuM 3TH ONpeAeIUTeNd IO SIEMEHTaM | Lo

CTOJIONLA, TO €CTh IO MEPBOMY CTOINOILY, COCTOAIEMY M3 cTonba Marpunsl B . B

pe3yibpTaTe NOIy4YUM CyMMY ONpeAenuTeneit (N —1) -ro MOpsiAKA, COAEPIKALIIX
nmo K—2 cronbua marpunsr B. 3arem mpomssenem pasnoxkenue Kakmoro us

ITUX onpeuenHTeneﬁ 10 3JICMCHTaM CTOJ'I6IIa j2, TO €CTb OIISITh MO MECPBOMY

cronbiry, cocrosmeMy U3 cToibua matpuisl B . B pesynbrate momydum cymmy

oTpeIeTuTeNNeH (N - 2) -ro mopsxka, cogepxamux o K —3 cTon6na MaTpuIm!
B. Drot nponecc OymeM nmpomomKars 10 TEX IOP, MOKa HE OYAyT MCUEPIAHBI
Bce cronbusl Matpunsl B, Bxomsmue B Ak (0) Torma A(k_l)(O) Oyzmer
COCTOSITh W3 CYMMBI OIpeenuTeneii (r +1) -r0 MOpSIKa, KOTOpBIE SIBIISIOTCS
muHopamu Matpuisl A. Ho Bce MUHOpEI (r +1) -ro mopsjka Matpunsl A pas-

HBI HYII0, Tak kak FankA =r . Pasenctso (4.33)10Ka3aHo.
JlemMa noka3zaHa.

O603HaYNM quepe3 q)” (/]) anre6pa1/1qec1<oe JOMOJIHCHUEC K J3JICMCHTY

ai]. +/]bij matpunmsl A+ AB.
Jlemma 4.5. Iycms r =rank A u K=N —r . Toz0a

®, (0)=9 (0)=..=0?(0=0, i j= IN. (4.34)

Hokaszarenbcro. 3ametum, uto npu K=0 u K =1 coornHomenwue
(4.34) He conepuT HU OJHOTO ycloBus. [103TOMY H0Ka3aTENbCTBO JIEMMBI Clie-

ayet nposoauTk pu K = 2. D1o cooTsercTByeT yenosuio I <N-—1.
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Iycts k=2. Jlokaxem paBeHCTBO CD”. (O)=O. 3aMeTuM, 4YTO
CD”. (O) SIBISIETCS.  MHUHOPOM (N —1) -ro mopsiaka Marpursl  A. Tak kak

r =N —k, 1o Bce munopsi mopsaka N —K+1,...,N pasusr nymo.
JlokaeM paBeHCTBO CD'”. (0) = 0. Ananoruuno pasenctsy (4.31)umeem
*(N= ¥ |9, (/])l !
1<17]<N

rie [CD”. (/1)] HOJIyJaeTcsl M3 OIpeaeuTeNs A(/\) IyTeM 3a4epKUBAHUA | -i
|
CTpokH, | -ro cronbua u 3ameHoll | -ro cronbua a”. +/]bi]. Ha crojberr bij :

Kaxnpiii u3 omnpenenuteneit [CD”. (O)] Pa3’IoXKUM TIO DIIEMEHTaM CTOJIOIIA,
|

COCTOSIIIIETO U3 bij . [lonyuyum cymmy ormnpenenurenen (N —2) -TO TIOpsJIKa,

SBIAIOIMXCA MUHOPaMH onpesenures Matpuisl A. Ho Bce OHM paBHBI HYJIIO.

CrnenoBarenbHo, CD'”. (O) =0.

JlanpHeiee 10Ka3aTebCTBO MOBTOPSIET PACCYKISCHHUE, PUBEICHHOE B
IIOKa3aTelnbCTBE JIEMMEI 4.4.
JlemMa noka3zaHa.

3ameuanne. EcrectBenHo, uto paBeHcTBa (4.30)BiekyT 3a coOo BbI-
nonHeHue paBeHcTs (4.34)u 6e3 npeanonoxenns, uto K=N—r, r =rankA.

Onnako ecnu K me cBszano ¢ panrom [ : K=N —r, To pasenctsa (4.34)mo-

T'YT He cien0Bath u3 paseHcTB (4.30).Hanpumep, mis Matpuig

1 1 0O 210
1 1 0O 320
A= , B=
0 011 0 0 2
0 0 01 0 0 3
AMeeM:
r=rankA=2, k=n-r=2, A(A)=2".
CrenoBaTenpHO,
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Opnako He 1yist Beex |, | =1,4 BbITONHAETCS PABEHCTBO <D'i'j (O) = 0. Hanpu-

mep, st | = | =1 umeem

1+ 24 0 0
1+20 1A |=2%+)2
+3 1+ 2A

<Dll(/1) =l 0
0
H OYEBHIHO CDM(O) =0, qJ'll(O) =0, o qJ'il(O) Zz 0.

Takum o6paszom, TpeboBanne. K =N —r, rme r =rank A B ycnosun

j1eMMBI 4.5, aBisteTcst HEOOXOUMBIM.
4.3.4.1. loka3areabcTBo 3xkBuBaieHTHOCTH ([I) = (E). PaBHOCHIIB-

Hocth yerouit (1) u (E) cnenyer u3 paBeHCTBa

[A(a+28) =121 |(A+28) ], ADA,.

4.3.4.2. NokaszareabcrBo sxBuBajeHuun (JK) < (3). Ilepexoms k
HOpMaM B TOKIECTBE
A(A+AB)"B=E-(A+AB) A ADA,,
HOIYYHM

AOA,.

A(A+1B) 78| <[E|+|(A+1B)" A
Orcrona cnenyet cnpaBeanuBocts umiuukamun (K) = (3), a u3 HepaBeHcTBa

AOA,

(A+4B) " Al<|E|+[(A+1B) "B

—ummutikanuu (3) = (0K).
4.3.4.3. loka3areabcro ummuimkamuu (I) = (E). Eciu napamerp

AOC wmmensercss B mpomexytke 0<|A| <p?t e p=p(TB) - crek-

TPANBHBIN PaiyC MaTpUIlb-oneparopa 1B, To MAaTpHYHBIH P

iAm(TB)mT(BP—E)

m=0
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cxoautes. Toraa u3 npeacrasieHus (4.7)0yneM UMeTh

H(A+AB)“1HS|/1|'1HF+ +

f‘/l’“(TB)’“T(BF+ -E)|=0(A™).

Nmrmumukanus (I) = (E) moka3sana.
4.3.4.4 lokazareancrBo ummiukanuu (E) = (0K). Tak kak
|A(a+28)7 | <|2(A+2B) ).
TO0 U3 HepaseHnctra (4.9)cnenyer cnpaBeauBoCTh orienku (4.10).
Nmmukanus (E) = (0K) nokasana.

4.3.4.5lokazarenbcrBo nmMiumnkamun (3) = (A). Ilycte umeer me-
cro yciosue (3). ITokaxxem BbimoaHeHHe ycinoBus (A). B KauecTBe HCKOMOIO

nmapamerpa A, moxHO 6patk mo6oit snement A LA . Tokaxem cripaBei-

BOCTh paseHcTBa (4.4). Ilycts WL R(A) N R( BQ) . Torga cymecTByroT 31€-
mentel X JKerA u yUOkerA rakue, uto AX=W u BQy=Ww. Ionaras
z, = AX—Y wu yuuteiBas pasenctBa QX=0, Ay=0, Oymem wumers
(A+ A BQ) z, =0 nns moGoro AOC . Otcrona momyuuM NpecTaBIeHHE
(A+4B)z, =(A+1ABQ)z, -AB(Q-E)z,. (4.35)

Taxk xak

(Q-E)z, =(E-A"A-E)z, =-A"A(Ax-y) =-x,
TO, 0Oparias paseHcTBo (4.35),0y1eM UMETH

z, =-A(A+AB) " B(Q-E)z, =A*(A+AB) ' Bx.

Tlepexons B 3ToM paseHcTie K npeneny npu A — O u yuntsisas ycnosus (0K),

MOJTyIUM Z/] - 0. Tak kak ZA :)Ix—y, TO M3 MOJIYYCHHOTO IIPEACILHOTO
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cootnommenus umeeM Y = 0. Takum o6pazom, W= BQY =0. Cnpasennusocts

paeeHcTBa (4.4)ycranosnena. Ummnukanus (3) = (A) nokasaHa.

4.3.5. JokaszareabcTBo HkBuBajeHuud (A) < (H). Ilomoxum

r =rankA. Torra dimR(A) =r, dimkerA=N-r, dimR(Q)=N-r.

JokazarenbcrBo umminkamun (A) = (M). Tak kak uMeeT MecTo pa-

BeHCTBO (4.4),T0 11 JoKa3aTenbCTBa paBeHcTBa (4.12)10CTaTOYHO YCTAHOBUTH

CIIPABCAJIMBOCTb COOTHOMICHUA

dimR(A)+dimR(BQ)=N.

IMoxaxkeM, dTO dimR( BQ) =N —r. IIpeamonoxuM HPOTHBHOE.
Iycts  dim R( BQ) <N-r. Torma cymecTByeT HEHYJIEBON DIEMEHT

z[ R(Q) =kerA, ynosnersopsromuii paeactsy Bz=0 u, cnemosarensho,

(A+AOB) z=0, rne A, —umcno, yuactsyromee B ycnosuu (A). Tak Kak of1-
HOPOJHOE ypaBHEHHE MMEET HEeTPUBHANLHOE PElIeHHE, TO OMpeAeiuTeNb CHC-
TeMBI PaBeH HYIIO: det(A+ /\OB) = 0. Ho 3To IpOTUBOPEYUT IEPBOIl YacTu

ycmoBus (A). TlomydeHHOE POTHBOPEYHE 3aBEPLIACT TOKA3ATEIBCTBO HMMILIH-
kauuu (A) = (M).

JokazareabcrBo ummmkamun (M) = (A). IIycts uMeer Mecto pa-

BercTBO (4.12).Tak xak dIMR(Q)=N~-r, 10
dimR(BQ)<N-r. (4.36)
U3 pasenctsa (4.12)BbITexaer, 4o
dimR(A) +dimR(BQ)= N.
Torza
dimR(BQ)= N -dimR(A)=N-r.

U3 storo HepaBeHcTBa U (4.36)cnenyeT paBeHcTBO (4.4).
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Hoxaxem Teneph cymecrsoparne mnapamerpa A LJC  Takoro, wro
det(A+ /]OB) # 0. Mpeanonoxkum npotnsroe. Ilyers det{A+AB) =0 m
Bcex A JC . Torma oy mo6oii moce0BaTeIbHOCTH /\k -0 (k - 00) CYILECT-

BYCT 0CJIE/I0BATEILHOCTS HOPMUPOBAHHBIX 3JIEMEHTOB X, gcM TAKUX, YTO
(A+AB)x =0, k=12 ..

TpesicTaBuB sneMenT X, B Buxe X, =Y, +2Z ,T1e Y, OkerA, z, OkerA,
HOIYYHM AZk +/\kByk +/\kBZk =0, k=1, 2,... Tak kax Y, 1 Z,

OrpaHUYCHHBIC TOCJICAOBATCIbHOCTH, TO H3 MOJYUCHHOI'O pPAaBCHCTBA 6y;[eM
HUMCETH

Az =-A By, -A4Bz -0 mpu k- .
Otcroa ¥ U3 yCIOBUS OPTOTOHANBHOCTU Z [OkerA sritekaer mpejenbHoe
COOTHOIIICHHUEC

z -0 mpu K > o0

W OTPAaHMYEHHOCTH IOCIICIOBATEIHHOCTH Zk/ /]k. [Tostomy, 6e3 orpaHHdYeHHS

06H1HOCTI/I, MOXXHO CUHUTATh, UTO

i
- L, w Yo = Yo k - o0,

Ol
Ak
pUYeM

w, OkerA, y OkerA, |y)=1

Bexkropsl W, 1 Y, yaosietsopsior pasenctsy AW, + By = 0. Orcrona cre-

JYET, 4TO (A+ BQ)(W0 + yo) = AWO + By0 =0, To ecTb

w, +y,Oker(A+BQ). (4.37)
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IMoxaxxeM, uTO
ker(A+BQ)={0. (4.38)
Iycs y[IkerA u zOkerA — npoussonbhbie snemenThl. Torma, monaras
X=Yy+Z, Oynem umersb (A+ BQ) X = Az+ BQYy . Orcrona u u3 (4.12)cnenyer
PaBEeHCTBO R( A+ BQ) =CN, kotopoe ycranapnmeaer cipaseumBocTs (4.38).
U3 pasencts (4.38)u (4.37)nony4yaem, 410 W, tYy, = 0. Orcrona n u3

YCJIOBUSI OPTOTOHAJIBHOCTH W0 O y0 BBITEKAIOT PABEHCTBA W0 =0 wu y0 =0.

DTO TPOTHUBOPEYUT HOPMHUPOBAHHOCTH DJIEMEHTA yO: HyOH =1. Tonyuennoe

NPOTUBOPEYHE  O3HAYaeT  CYIIECTBOBaHHE /10 ac TaKoro,  4TO

det( A+ OB) # 0. Ummuukanus (M) = (A) nokasaua.

Oxsusanennus (M) < (A) mokasana.

4.3.6. JokazaTenbcrBo 3xBuBajienunn (E) = (K). [Ins nposenenus

HTOTO JIOKA3ATENBCTBA TIOHANOOSITCS HEKOTOPBIE BCIOMOTATENLHBIE YTBEPIKICHHS.
Jemma 4.6. yems F u G,, AUN, sensiomes xeadpammuvimu
mampuyamu 00H020 ROPAOKA U CEMeliCmEo {G /]} PAGHOMEPHO 02PAHUYEHO:
HGA H <M, =constnpu A0 N, - Toz0a ons pasnomepnoii ozpanuyennocmu
5 -1
cemeiicmea (F + G A) He00X00UMO U OOCHIAMOUHO GbINOIHEHUE Hepa-
sencmea detF # 0.

HoxazateabcTso. Heobxomumocts. ITycts npu A D/\0 CEeMEMCTBO

-1
MaTpHIl { ( F+AG y ) } SIBIISICTCS PaBHOMEPHO OTpPaHUYCHHBIM:

H(F +16,)™

<M 5= const. TlokaxkeMm CHOpPaBEIIHBOCTH  HEPABEHCTBA

detF # 0. Ipexmonoxum npotusroe. Ilycts detF = 0. Torma Haiinercs
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. N _ N _
HOPMHPOBAHHBIH d7EMEHT X aoch, HXOH =1, takoii, 9TO FX0 =0. Jlua sToro

QJICMCHTA CIPaBCAJIMBO MPEACTABICHUC

x,=(F +1G,) " (F +1G,)x,=(F+4G,) " AG,x,, DA,

[lepexozst K HOpMaM B 3TOM paBEHCTBE, IIOIYIUM

12| < l|(F +4,)”

|G,|<lAMM, ~ 0 npn A - 0.

IMonydeHHOE IIPOTHBOPEYNE YCTAHABIUBAET CIPABELIMBOCTE HEPABEH-
crea detF # 0. Heo6xonuMocTh f0Ka3aHa.

Hocratounocts. ITycts detF # 0. TloxaxeMm paBHOMEpPHYIO OIpaHH-

-1
YEHHOCTh  CeMeEHCTBa {(F +AG/]) } Ecau  BBINIONHEHO  yCIIOBHUE

_qn\t _
|/]| < (I\/I 2“F 1”) , TO HAGA F 1” <1 u no’TOMY CNPABEINBO PA3JIOKEHHE B

MaTPHUYHBINA s

R L R CI LS
-1
Iepexois K HOPMaM B 3TOM PaBEHCTBE MIPH | /1| < (ZM , H F —1”) e R—

H(F +16,)™

<|F S <F Y X =2,
m=0 m=0

JlocTaTogHOCTH JO0Ka3aHa. JleMMa mokaszaHa.
Jlerko nokasbpiBaeTcs cienyromas semma (cpasuu [29], ctp. 255).

K K

Jlemma 4.7. IIycmos K Z{Kll Klz} u K, xeaopamnvie mampu-

21 22

uvl, npuyem de'[K1 1¢ 0. Toz0a ona evinonnenus ycnosus detkK £ 0 neod-
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xXo0umo u oocmamouno 6blNOJIHCHUE Hepasencmea

det K,,K _1K12— K 22) % 0. Ilpuuem, ecnu K — odpamumaa mampuua, mo
11

K1z Yll Y12
Y21 Y22
_-1 -1 -
20e Y, =K -KK YK KL Y KK Y,
-1 — _
Y Y0K21K11’ Yzz_ Yo Yo_( 21 ﬂ( 2)2
Jloka3zareabcTBo. [Tomoxum
K 0
L=l * (detl = dek,, # (.
K E 11
21
I/I3 MpCACTaBJICHUSA
E K K.,
K=L .
0 K _K21K11K

HNMECM.

— -1
detk = dek,, defK,,~K KK ).

Otcrona U U3 yCloBUs de'(Kll #Z 0 cnemyer crpaBeMBOCTE TIEPBON

YaCTH YTBEPIKACHUS JICMMBL.
[IpoBepka MpaBUIBHOCTH HAXOXKICHHUS 00paTHOW MaTPHUIIBI IPOBOIAUTCS
HENOCPEACTBEHHBIM BBIYUCIICHHEM. JleMMa Joka3aHa.

Jlemma 4.8.Iycmb mampuua A npeocmaenena ¢ 610unom suoe, zoe

A_Ll — Keaopamunasa mampuuya nopaoxka 1 , npuuem de'[ALl %z 0. Ina mozo
Umoovl uMeno mMecmo pageHcmeo I = rank A, neoéxooumo u docmamouno

1
svinonnenue pasencmea A,, = A21A11A14
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Jloka3aTeabCTBO CIPaBeUIMBOCTH ITOM JIEMMBI CIIEyeT U3 PAaBEHCTBA
Ao {An } I~
“AAL ELAn Al [0 AL-AALA

Jlemma 4.9. Ilycmy mampuyvr A u B npeocmaenenvt ¢ onounom
suoe (4.14) , 20e All u B11 — KeadpamHbvle mampuuvl nopaoka I,
r =rankA, npuuen detA  # 0. Toda ona pasnomepnoii ocpanuuennocmu
cemeiicmea mampuy {A(A+AB)_1} npu O<|/]| <A, meo6xooumo u doc-
mamouno evinoinenue nepasencmea (4.15).

Joka3aTesbCTBO. Heo0xoaumocTs. Iycts CEeMEHNCTBO

{/\ ( A+ A B) _1} SBJIIETCS PABHOMEPHO OIPaHUYCHHBIM:

HA(A+AB)'1“ <M, =const, &J[A[<A,.

Ipencrasum matpuny A+ AB B 6109HOM BUnE

A+ AB= Cll C12
C 1

21 C22

rae C

,=C, (A)=A,+1B, i j=12

)

OO0paTHyro MaTpHIry (A+AB)_1, B CHIIy JIeMMBI 4.7, TIpH OCTaTOYHO MAaJTBIX

|/1| >0 MOXHO 3anucaTb B BUJC

A A
(A+)IB)_1:L221§A; Ej /]ﬂ (4.39)
rae D11()|) C, 1_Cliclz( 2‘5:_1]1C 15 C 2;\&_1(: g_i

D12(/1) 11 12( 2911 12 )_l’
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D21(/]):(C C..C _ng_lcz _11:’

21711712

D,,(1)=—(C,C;c,,~C,)

21711712

U3 paBencta (4.39) BoITeKkaeT paBHOMEpHAsl OTPaHUYCHHOCTb CEMEHCTBA MaT-

p {AD, (1)}, i.j=12
3aMCTHM CIIPABEIHBEOCTS IPEICTABICHH
AD,,(A)=[F +AG(A)] ",
rae F= A21A1_1181f6‘_11A12_A 2‘16‘_11P 17 B ﬁ_i'i“ 3B .
G(4)= _'6‘21('6‘114-)“311)_1 B.AB 1’15‘_1l 17
+A, (A, +2B,) "B AR +

+821(A11+/1811)_181{A‘_111A12_B Z(A 11”‘8 J)l_lB T

[oatomy u3 nemmsl 4.6 cienyet HepaBeHcTBO (4.15).Heob6x0oaumMocTh foka3aHa.

Jocrarounocts. 13 ycinosuii detAl 7 O u (4.15),B cuiy neMMEI
4.6, BBITEKaeT paBHOMEPHAs OrPaHMYEHHOCTh CEMEICTB { AD, l(/1 )} u
{/\ D, (A )} . PaBHOMepHAas OrpaHHYEHHOCTH CEMEWCTB { AD,, (A )} u

{/\ D21(/1 )} BBITEKAET U3 OLICHOK:
1o, (] =[ee.Ap AN <[e e e )]

|10, ()= D (A)e L3 <D e e
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Octaercs OTMCTUTD, 4qTo paBHOMCEpHAaA OrpaHNYCHHOCTDH ceMercTBa

A(A+AB JKBUBAJICHTHA PaBHOMEPHON OTPaHUYEHHOCTH CEMENCTB
p p p

{/\ Dij (/\ )} , 1, ] =1, 2. NocraTounocts jokasaHa.

Jlemma okazaHa.

Hokazarenbcrso ummmukamuu (E) = (K). IIycts matpunsr A u B
npencraeieHsl B 610uHoM Buae (4.14).I1oxoxum

Ay E
Tpencrasus matpuny A+ AB B Buse

-1 -1

A+AB:,%[ E+AA11 11 ALALTAALB 12]
_l —_

A(B 1T AALB ( 2 ANB 1l

OynemM uMeTh
A(A)=det(A+AB) =

E+A AlA +AATB
=detA0 [de ) Al.l _]il 11" 12 11° 12
A(B A, A, (

2171 2 AN 1? 1l
E+AA B, AL A +AA/B
— 9k 1711 Ratvy 12
= detALlEUe{

11
-1
B, mAAB, B AN 1? 1

3nece K=N—r. Orciona s npoussoguoii K -ro mopsaka mpu A =0 mo-
Tyaum

-1 -1
B,y AA LB, B AN

A*(0) =k!/1"detA11de{ : A J
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Taxk xak
-1
E Arhn | E o
B 21

-1 -1 _ -1
B, AALB B A AAuBy B

-1
E ALA,

-1 -1 -1 -1
0 B, AABL B AASFAABAA

TO OKOHYATCIbHO NUMEEM:

X

A*(0) =kl detA , x

Xdet(B _A21AIiBlZ_BZiA1 AL 1? f fA‘ ) (4.41)

. -1
Tak Kak cemeicTBO {A(A+AB) } PaBHOMEPHO OTPAHMYEHO, TO IO

nemme 4.9 BeimosHseTcs HepaBeHcTBO (4.15). Orcroma u u3 (4.40) BeITeKaer
CIpaBeIMBOCT HepaBeHcTBa (4.13).
Wmmvkanus (E) = (K) mokasana.

JokaszareabcrBo umminkamun (K) = (E). Ilycte umeer mMecto He-

paseHctBo (4.13). U3 (4.40) monyuaem crpaBeTHBOCTh HepaBeHcTBa (4.15),a
no semme 4.9 crmemyer paBHOMEpHas —OrPaHMYCHHOCTH — CeMeEicTBa

{/] (A+ A B)_l} . Ummmuxanus (K) = (E) noxaszana.
Teopema 4.2 nokazaHa.

4.4. oka3areabcTBo TeopeMbl 4.1. Heooxomumocts. Ilycte CIIAY
(4.2) ssisieres perymsipusanueii capurom CJIAY (4.1). Torma, BO-IIEpBBIX, IPH

BCEX JOCTATOYHO MAaJIbIX |/1| >0 CJIAY (4.2) uMeeT €MHCTBEHHOE PEIICHUE
X, . CmenoBatenbho, juis otnx suauenmii A matpuna A+AB CIIAY (4.2)
ABJISIETCS. 0OpaTUMOi. BO-BTOpBIX, pH 5THX 3HaueHusx A pemenne X , —pas-
HOMEpPHO orpaHudeHo. Ilo3ToMy paBHOMEPHO OrpaHMYEHO M CEMEHCTBO

{(A+AB)_1 f} . Tak xax f [ R(A) — NIPOM3BOJIBHEIN 3JIEMEHT, TO TIPU pac-
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CMaTpHUBACMbIX 3HAYCHUAX /‘ OrpaHUYCHHBIM SABJISACTCS CEeMEHCTBO MaTpuI

{(a+2B) 4.

Takum obpa3om fokaszaHo, uto eciu CIJIAY (4.2) sBusiercst perynsipu-
sanueit casurom CJIAY (4.1), To umeer mecto yeiosue (E). Orcroma u u3 Teo-
pemsl 4.2 crienyeT cripaBeUTHBOCTh yeinoBus (A). Heo6xoanmocTs qoka3aHa.

Hocrarounocts. ITycts uMeer mecto yeaosue (A). Torma mo teopeme
4.2 cipaBemuBo Jro6oe u3 yeiosuit (B)-(K), B yacTHOCTH, UMEET MECTO yCIo-
sue (). U3 paznoxenus (4.7)noxyuaem

(A+AB) ™ f = A7F +f:/1m(TB)mT(BF+ -E)f.
0
Taxxax f OR(A), 10 Pf =0 , cregoaremso,
F*f =(F°F) F9 =(FF) QB"Pf =0.
IosTomy npu focTatouro Mambix |A| >0 sextop
x, =(A+AB) " f =—i)|m(TB)mTf
m=0

SIBJISIETCS €AMHCTBEHHBIM U orpanuueHHbIM pemenreM CJIAY (4.2).Bonee Toro,

MMEET MECTO IIPEAEIBHOE COOTHOIIEHNE X H X0 npu Ao oo, IIpu sTom
x,=-Tf = A"f —~F"BA"f

sistercs perrearem CJIAY (4.1).

Takum obpazom nokazano, 4to CJIAY (4.2) sersietcs perynspusannei
casurom CJIAY (4.1).JlocTaTouHOCTh J0Ka3aHa.

Teopema 4.1 nokazaHa.

JokaszareabcTBo Teopembl 4.3. Heooxoaumocts. Ilycte CIIAY (4.2)
sBisiercst perynspusaiueii casurom CJIAY (4.1). Torga B cuiny Teopemsl 4.1
nmeeT mecto ycaosue (E), a B cuny nemmsr 4.9 —Hepasenctso (4.15). Heo6xo-
JMMOCTh JOKa3aHa.
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HocraTounoctb. Ilycth mMeer Mecto HepaBeHcTBO (4.15). Torma B

cuny nemMbl (4.9) cemeiicTBO {/\ (A+/\B)_l} SIBIISICTCS. OTPAHUYCHHBIM TIPU

JIOCTaTO4YHO MaJIbIX |/]| >0. Orcrona cnenyer Boinonuenue yenosus (E), a us

TeopeMbl 4.2 —BoinosHenne yeiaosus (A). Torna us TeopeMsl 4.1 BHITEKAET, UTO
CJIAY (4.2) sBastercs peryaspusanuein capurom CJIAY (4.1). JlocTaTo4HOCTH
JIOKa3aHa.

Teopema 4.3 nokazaHa.

5.METO/ PETYJISIPU3ALIUU M. M. IABPEHTBEBA

B mHacrosimieM myHKTE H3ydaeTcsl BOIIPOC PETYISPH3aldU COBMECTHOMN
CIIAY

Ax=f (5.1)

cemetictBom CJIAY

(A+AE)x=f, (5.2)

rae A — mpousBoJbHAs BBIPOKIAEHHAS KBaApaTHas mMatpuia, E — exunnunas
N . N .
matpuna nopsaka N, fOC" — sagammeni, X(OC" — uckomblii BEKTOPHI,

AOC —mnapamerp perynspusarym.

Perynspmsyromiee cemeiicteo CJIAY (5.2) monyyaeTcst U3 peryisipu3aliu:
1) B. H. ®aneepoii [108], ecimu BMECTO BELIECTBEHHOCTU MaTpuibl A, mpaBoii gac-
™ f umnapamerpa perynspusaiun A npeanonarate ux KOMILIEKCHOCTH, 2) M. M.
JlaBpentbeBa [48] u perymsipusanmu A. b. BakymiHckoro [8], ecnu B HUX 0TKa3aTh-
st OT TpeOOBaHMs CUMMETPUYHOCTH (B OOIIEM Cllydae, OT TpeOOBaHMs CAMOCOIIPSI-
JKEHHOCTH) U TIOJIOKHUTENHHOM OTPEIETEHHOCTH MaTpHIsl A

Hame#t ocHOBHOH II€NIbIO SIBJIIETCS BBISBJICHHE HanOoJee ITUPOKOTO
knacca matpur; A, st kotopeix CJIAY (5.2) sBnsietcs perynspusanueil ciu-
rom CJIAY (5.1),u u3yueHHe aHAJOTHYHOW MPOOIEMBI, KOTAa BMECTO MaTPHI[BI

A 3agana nupkynsataas marpuna C .

Kpatnocts  kopHs A 2/10 XapaKTepPUCTUYECKOTO  ypaBHEHHs

det( A= AE) = O naspiBactcs anre6pamueckoii KpaTHOCTBIO COGCTBEHHOTO
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._________________________________________________________________________________________________________________________]
3HaueHus A =/]O. Pa3MepHOCTh TOAMPOCTPAHCTBA, COCTOSIIETO M3 COOCTBEH-
HEIX BEKTOPOB, OTBEYAIOIIMX COOCTBEHHOMY 3HAa4cHHIO A =/10, Ha3bIBACTCS
reoMeTpHueckoii KpaTHOCTBIO COOCTBEHHOrO 3HaueHus A = /\0. CobOcTBeHHOE
sHauenme A = /10 Ha3bIBACTCS MPOCTHIM, CCIIU €ro anredpanveckas KpaTHOCTh
paBua 1. CobctBenHOe 3Hadenue A =/\0 Ha3bIBACTCS MOJYNPOCTBHIM, €CIIH
PaBHBI ero anreOpanyeckasi 1 TeOMETpHUYecKast KpaTHOCTH U OoJbime 1.

Teopema 5.1, /[na mozo umoovt CJIAY (5.2) aénanace pezyrapuzayu-
eii cosuzom CIIAY (5.1), neobxoouma u docmamouna noIynpocmoma HyJeeo-
20 cobcmeennozo snavenun mampuust A.

Joka3zateabcTBo Teopembl 5.1. loctatouHocThb. [lycTh anredpaunue-
CKas ¥ TeOMeTpHYECcKast KpaTHOCTH cobcTBeHHoro 3HaueHus A =0 marpumsr A
paBHBI U paBHEL K .

Yepes U 0603raunM MaTpuily, NpuBOAsILy0 A K )KOpAaHOBO# Gopme

J(A).HyCTB
J 10
J(A)=UT'AU = %0

o I |

rae J o — HyJIeBas MaTPHIA MOpsI/IKa k,a Jl — 00beanHeHne 0JJOKOB, COOTBET-

CTBYIOIMX HEHYJIEBBIM COOCTBEHHBIM 3HAUCHUAM MaTpHIBl A.
Ipencrasum CJIAY (5.1)B Bune

U '1AUy =g, (5.4)
rne Y=U “Ix ,g=uU 1t Torma u3 copmectHoctu CJIAY (5.1) BeITeKaeT, 4T0

T
IIEPBEIE k KOOpAMHAT BEKTOpa { paBHBI HYJIIO, TO €CTh J = (go, gl) , Toe
9,= 0 —nynesoii BekTop pasmeproctr K, a 9, - HEKOTOPBIA BEKTOP pa3Mep-

noctu N —K. TIpeactaBum anamoruunelM oOpasoM M Bektop Y

T
y= (yo, yl) , T7Ie Y, — MCKOMBIi BEKTOP Pa3sMEpHOCTH k,a Y, — HCKOMBIii
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BekTop pasmepHocty N —K. B 6mounom Buge CJIAY (5.4) 3anmceiBaeTcs

B BHUJIE
E vy =0,
k7o (5.5)
J1y1 =0y
Sanumem CJIAY (5.2)B Buze:
(UAU +2E)y=g. (5.6)
B 6109HOM BHIE 3Ty CHCTEMY MOYKHO 3aIHCaTh CICTYIOIIUM 00pa3oM
AE y =0,
KO 5.7)

+ =
(Jl AEN—k)yl gl'
ManI/Iua Jl — JuaroHajibHasi C HCHYJICBBIMU JUATOHAJbHBIMU 3JIEMCHTAMU

/]k+1, ,/]N . Tpu

o<[Al<min{|A_ |, ... JA, ]} (5.8)

-
CJIAY (5.7) uMeeT eOWHCTBEHHOE pEILICHHE Y, =(yM, ym) , TIpUYeM
Yo, = O st Bcex BO3MOXKHBIX 3HaueHuil A, a Yy, = Yy, TPH A - 0, npu-

4eM MpE/CNbHOC 3HAYCHHE Y, o SBISETCS PEIICHHEM BTOPOTO  ypaBHCHH

CJIAY (5.5).
Takum o6pazom, CJIAY (5.6) s Bcex A, yIOBIETBOPAIOIIMX YCIOBHIO

(5.8), nmeet emuHCTBEHHOE pelieHre Y | » exoznseecs pu A - 0. Torzaa Bextop

X, =Uy , — CAMHCTBEHHOE pelIeHHe CJIAY (5.2). Oto pmokassiBaet, uto CJIAY

(5.2) sBnsiercst perynspusarmeii capurom CJIAY (5.1). JocTaTouHOCTh A0Ka3aHa.

Heo6xoaumocts. ITycte CJIAY (5.2) sBisieTcst peryaspusanueil csu-
rom CJIAY (5.1). JlokaxkeM, 4TO HYJIEBOE COOCTBEHHOE 3HAYCHHE MATPUIBl A
SIBIIICTCSI TIOMYNPOCTHIM. [IpenosnoxumM mpotiBHOe. [lycTh anrebpanveckas u
reoMeTpHYecKass KpaTHOCTH HYJIEBOTO COOCTBEHHOTO 3HAYEHHs MaTpuisl A He
paeHbI. Toraa cyiiecTByeT )KOpAAHOB OJIOK STOH MaTPHIIBI BUAA
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rae mopsuok storo 6ioka paBeH K= 2. CooTBeTcTByromuil 610K MaTpHIlB!

A+ AE umeer Bug

JD+/1E: 1

A

Yepes A 0603HAYUM ONPEAETUTENL MATPHULIBI JD+/] E,auepes A, —anre6-

panyeckoe JIONONHEHHE 3JIEMEHTa, PaclojIoKeHHOro B K -0if cTpoke u mepsoM

CTOJIOTIEC ATOM MaTpHIbl. Tak Kak

Az/lk, Alkz(_l)k+l,

TO OJIEMEHTOM TMepBOd cTpoku u K -ro cronbua oOpaTHOM MaTpHIBI

-1 +
(J ot A E) SBISACTCS Alk [A= (—1)k LAk, CrenoBarenbHO, CEMENCTBO

-1
MaTpHIl [/1 (JD +A E) } HE SIBIIIETCSI PABHOMEPHO OrpaHuYeHHBIM. [lo3aToMy,

B cuny TeopeM 4.1u 4.2, CJIAY (5.2) He sBIseTcs peryispusaiyeii CIBUroM
CJIAY (5.1).lonyueHHOE TPOTHBOPEYHE JAOKA3BIBACT MOJYIPOCTOTY HYJIEBOTO
coOCcTBEHHOTO 3HaueHus Matpunsl A . HeoOXoauMocTh 10Ka3aHa.

Teopema 5.1 nokazana.

ITycte C — npowusBonbHas nMpKyisHTHas matpura nopsaka N . Pac-
cMoTpuM coBMecTHYI0 CJIAY

Cx=f (5.9)

H CEMEHCTBO

(C+AE)x=f. (5.10)
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Cnencreue 5.1. CVIAY (5.10) seasnemca pezynapuzayuei cosuzom
CJIAY (5.9).

CripaBeIJIMBOCTh 3TOTO YTBEP)KACHHUS CIIEIyeT U3 TOrO, YTO BCe cOOCT-
BCHHBIC 3HAYCHISI LIUPKYJSTHTHON MaTPHLIBI SIBILIFOTCS [TOIYIPOCTHIMH.
Hapsiny ¢ CJIAY (5.10)paccmotpum cemeiicteo CJIAY

(C+ac,)x=f, (5.11)
rne Co — UPKyNAHTHAs MaTpuna nopsaka N .

Teopema 5.2. /lnsn mozo umoowvt CJIAY (5.11) aensnace pezynspusa-
uueit cosuzom CIIAY (5.9) neobxoduma u docmamouna HeewvlpoIHcOCHHOCHD

mampuyp C .

JokaszareabcrBo. Heodxomumocts. Ilycts CJIAY (5.11) sBastercs
perymsipusanuei casurom CJIAY (5.9). Marpuiia ®ypre F  sBusercs marpu-

uei, npuBosmen marpuisl C n Co K AuaroHajibHoMy Buay. [lycTte

FCF =diag(4,.4,. ... A_,).

YIN-1

FCF =diag(4, g Ag - A gy )

rie /]m u /10 o M= 0, N — 1 — HexoTOpBIE KOMIITIEKCHEIE YHCIIA.

Bamumem CJIAY (5.9)u (5.10)8 Buze

—ru
{FDCFy—F f, 5.12)
X=Fy,
—r4d
) (FCF+AFTCF)y=F"f, 5.13)
X=Fy.

3ameruM, uto B nepBoit u3 CJIAY (5.12)B Tex ypaBHEHHUSX, B KOTOPBIX /1m =0,

COOTBCTCTBYIOIIUC TIIpaBbI€ YaCTU TaAKKE PaBHbBI HYJIIO. 910 CJICAYCT Wu3
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coBmectHOCTH CJIAY (5.9).1109TOMY COOTBETCTBYIOLIME 3THM HHIACKCAM KOOD-
IMHATH BekTopa Y octafotcst cBoGomubivu. M3 CIIAY (5.13) mis stux Koop-

IUHAT BEKTOpa Y ToNydaTcs HyJIeBble 3HaueHHA. IS OCTaNbHBIX HEHYJIEBBIX
/]m COOTBETCTBYIOIINE KOOPIMHATHI BEKTOpa Y OIPENeNsSioTCs OJHO3HAYHO W3

CJIAY (5.12)u CJIAY (5.13).

JocTraTouHoCcTh. J[0Ka3aTENBECTBO JAOCTATOYHOCTH IMONyYaeTCs U3 JI0-
Ka3aTeJIbCTBA HEOOXOANMOCTH, €CIIM UATU OT KOHIIA K Hadaly.
Teopema 5.2 mokazana.

6. CXOAUMOCTD PEI'YJISIPU30BAHHbIX CABUT'OM
PEIIEHWUA K HOPMAJIbHOMY PEIIEHUIO

Merton peryssipu3aniu CIBUTOM, PACCMOTPEHHbIN B § 4, siBisieTcst noc-
TaTOYHO OOLIMM. YCIIOBHS, NpHUBEACHHbIE B Teopemax 4.1 — 4.3 BBINOIHAIOTCA
It wrpokoro knacca Matpuir A u B. Ecnu M3BecTHBI HEKOTOpPBIEC JOTOJIHH-
TenpHble cBodcTBa Matpul A u B, To MoxHO monyunTh Goiiee KOHKPETHBIC
npuMepsl. B yacTHOCTH, NMpPUBOAMTCS HEOOXOAMMOE W JOCTATOYHOE YCIIOBHE

cxogumoctu pemenns CJIAY (A+/\B)X=f K HOPMAJIbHOMY PEIIEeHHIO

X, = A'f CIAY AX=1f npu A - 0, To ecTb npeaenbHOE 3HAYCHHE PETy-

nspuzosannoro pemenns npu A — O He 3aBucuT oT MaTpuEl B.
Teopema 6.1.Iycmp ona mampuy A u B evinoansiomcesa pasencmea
R(B) =kerA”, (6.1)
kerB=R(A"). (6.2)

Tozoa onsa eécex nenynegvoix A 1C mampuya A+ AB saenaemca oopamumoii
U umMeem Mecmo paseHcmeo

(A+AB) " =A7'B* + A*, (6.3)

TlokaszateancTso. U3 pasenctsa (6.1) nonyuaem, uto A“B=B"A=0.

+ +
Iosromy umeem A"B =B"A=0 u, cnenosarensHo,
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(1B +A")(A+1B)=1"'B"A+A"A+B B+ AA'B=

=A"A+B'B. (6.4)

U3 pasenctsa (6.2) cnenyet, 4To

(kerB)" = kerA, (6.5)

O
rue (kerB) — OpPTOTOHANBHOE JIOTIOJIHEHKE K NoAnpocTpancTey KerB .
O
Marpuia BB siBisiercs OpTOroHanbHbIM IPOESKTOPOM Ha (kerB) ,

a matpuna E— A"A —na kerA. Ilostomy u3 pasercrsa (6.5) nonyuaem pa-

BercTBo tux Matpuy B'B=E - A"A, to ectv A"A+B*B=E . Orcrona un
u3 (6.4) BBITEKACT CIpaBeAIMBOCTh paBeHcTBa (6.3).
Teopema gokazana.

CaencrBue 6.1. Ilycms evinonnenst yciosus meopemwvt 6.1. Tozoa
CIIAY (4.2) aensemca pezynapusayueii cosuzom CIHAY (4.1) u ona ecex
A £ 0 cnpaseonueo pagencmeo

X, =X, (6.6)

20e X, =(A+AB)_1 f — pewmenue CJIAY (4.2), X, = A" f — nopmansnoe
pewenue CJIIAY (4.1).

3ameruM, uyTo M nonydenus perrenus CJIAY (4.1) u3 pemenuit
CJIAY (4.2), BooOme roBops, HeoOxoauM npeaensHslil nepexox mpu A — 0.
Ecnu BBIIONMHEHBI ycIoBHs TeopeMsbl 6.1, To Takol mepexo] K mpezpeiry Heobsi3a-
TEJICH, TaK Kak B 3ToM ciydae peueHus CJIAY (4.2) ToxIeCTBEHHO COBMANAIOT
¢ HopmManbHbIM pemtenrem CITAY (4.1) uns Bcex A 0.

Pasencrea (6.1) u (6.2) ABISIOTCS JOCTATOYHBIMH YCIOBHSAMH TSI TOXK-
JIECTBEHHOI'O COBIAJIEHHS PETYIISIPU30BaHHBIX casuroM pemenuit CJIAY (4.2) ¢
HopMmasbHbIM penieHreM CJIAY (4.1). EctecTBeHeH BONPOC O TOM, KOIa pery-
asipuzoBanHble caBuroM pemienus CJIAY (4.2) cxomarcs K HOpMaIbHOMY pellie-
Huo CJIAY (4.1). OTBeT Ha TOCTAaBICHHBINA BOIIPOC MPUBOAUTCS B CICAYIOLIEM
YTBEPKICHHU.
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Teopema 6.2. [ns mozo umoowl pezyiapu3oeannvle cO8U20M peuie-
nusa CIIAY (4.2) cxoounucov k nopmansnomy pewenuro CJIIAY (4.1), neooxo-
OUMO U OOCHAMOUHO GLINOJIHEHUE PABCHCMEA

F'B=Q. (6.7)

Joka3zareancrBo. Heooxoqumocts. [Tycts CJIIAY (4.2) sBisieTcs pe-
rymsipusarueii casurom CJIAY (4.1). Torma B cuiny TeopeM 4.1u 4.2 umeer Me-

cro marpuuHoe pasnoxenue (4.7).Orcrona ipu A - O monyunm
_ -1 + +
X, =(A+AB) " f - x —~F'BA"f, (6.8)

rae X, = A" f — nopmanshoe pemenne CJIAY (4.1). [To yCloBHIO TeOpeMsI
X, = X, mpn A — 0. Iosromy F'BA"f =0. Tak kak f OR(A) —npowus-

. + +
BOJILHBIH JJIEMEHT, TO M3 Mocieanero pasencrsa nonydum F BA"A=0. Ilpe-

00pa3yeM MOy4CHHOE PAaBCHCTBO
0=F"BA'A=F'B(E-(E-A"A))=F'B(E-Q)=

=F'B-F'BQ=F'B-F'PBQ=F'B-F'F=F'B-0Q.

PagenctBo (6.7) mokazano. Heo6x0uMOCTh JOKa3aHa.

Jocrarounocts. PerymspusoBannbie capurom pemenuss CIIAY (4.2)
cxomsrest k amementy AT f —F BA'f mpu A - 0. Orcrona B cuiy paBeHcT-

Ba (6.7)momyunm F "BA"f = QA" f =0. Jlocrarounocts nokasana.

Teopema gokazana.

0
Ecnu u3BecTHHI opToHOpMHpoBaHHEIE 6asucel B KerA u kerA-, to
Matpuily B MOXHO KOHCTpYHpPOBATh 10 BEKTOPAM THX GA3HCOB.

ITycts el, e2, ...,ek " gl, gz, ...,gk 00pa3yroT OpTOHOPMHUPOBAHHEIE

6asucei B KerA u kerA”, coorsercrpenno. TTonoxnm

Kk

B=>g.e, (6.9)

m=1
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0 .
rme €. - BEKTOP-CTOJIOET], KOTOPBIH TIOMy4daeTcsl W3 BEKTOpPa-CTONOIa

e ,m=1,K tpancrnonupoBanueM U onepanueil KOMIUIEKCHOTO COHPSKEHUS
Ka)k10i ero koopauHathel. U3 (6.9)crienyeT paBeHCTBO

k
8= (x &9,
m=1
rue ( g [) — ckasnspaoe npoussenenue B C

CnpasenBa

Teopema 6.3. ITlycmbs mampuua B onpedenena pasencmeom (6.9)
Toz0a onsa écex A #0 cnpasednueo pasencmeo

(A+1B)” —/l'lZeg +A". (6.10)
m=1

MIPOBEPSICTCS HEIIOCPECACTBECHHO!

k k
(/l eg + A*j(A+AZ gmeSJ =A*A+
m=1 m=1

+AA Zg e+ 1Ze gDA+ZZe 9.9 €
m=1

Joxka3zatenbcTBo. CpaBeUIMBOCTh CIEAYIOIICH [EMOYKH PaBEHCTB

m=1n=1
= A"A+A(AA) zk:(Ang)enD1 +A-1§em(Aﬂgm)D+
m=1 m=1

m=1n=1

+zze (g g )e =A" A+Ze e’ (6.11)

TToxaxxeMm, 4To

k
Yee =E-AA.
m m
m=1
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K
Iycts zOkerA. Torma z= Z:Zhen , TAE Z_ — Kod(DQULHMEHTbI PasioKeHns
n=1

BeKTOpa Z 1o 6asucy el, ez, ...,ek . Umeem

k k k
zlemerizz zzzn (en’ em)em = szem =Z.
m:

m=1n=1 m=1
o_ O
Ilycte Teneps Z[] (kerA) = R(A ) . Torma cymecTByer BeKTOp

yOCN raxoif, uto z= Ay u

i:emeiz: Zk::(em, z)em = i(em, ADy)em = i(Aem, y)em =0.

m=1 m=1

k
(]
CJ'ICL[OBaTeJ'ILHO, CyMMa zemem SABJIACTCS OPTOTOHAJIBHBIM MPOCKTOPOM Ha
m=1

k
kerA. ITostomy Zemeri =E - A"A. U3 sroro pasercrea u (6.11) cienyer
m=1

CrpaBeNIMBOCTG paBeHcTBa (6.10).

Teopema ngokazana.

7. HEITAPAMETPHYECKAS PETI'YJIAPU3ALUA CABATOM

7.1. ®opMyJIHPOBKA OCHOBHBIX pe3yabTaToB. llpnm mpakTHIecKOM
MPUMEHCHUU TEOPHH PETYIISIPU3AIMY B PEIICHUU TOW WM WHOM 3a7a4H, B 4acT-
HocTH, npu pemeHnn CJIAY, BaXHBIM MOMEHTOM SIBJISIETCSI BBIOOp TapameTpa
perymsapuzanuu. Kak mpaBuiio, 3TOT BEIOOP COMPOBOKAAETCS OONBIIMMHU TPYI-
HocTssMH. PaccMoTpuM Bompoc perymsipuszanuu casurom CJIAY, B KoTOpoii He
YYacTBYET MapaMeTp peryisipu3anudd. ITo O0CBOOOAUT OT BhIOOpa mapameTpa
perynsapuzanuu. [ mojdydeHrs OTBETa Ha MOCTAaBIICHHBIN Bompoc Oynem wuc-
MOJIb30BATh PE3YJIBTATHI, MOMYYCHHBIC B IPEIBIAYIIEM maparpade.
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Teopema 7.1.Ilycmbv B — npouseonvnas mampuya, yooenemeopsaio-

wasn ycnosusam meopemot 6.1. Tozoa nopmanvhoe pewernue X, CIAY
Ax=f, fOR(A) (7.1)
onpeoenaemcs pageHcmeom
X, =(A+B) " f. (7.2)

Eciu u3BecTHBI OPTOHOPMUPOBaHHEIC 0a3UCH €, ,...,ek u gl,...,gk B

kerA u kerAE', COOTBETCTBEHHO, TO MOXHO C()OPMYJIMPOBATH YTBEPIKICHUS
HE TOJBKO O HaXOXIeHUH HOpMasbHOTO pemenus CJIAY, a Takxke s HaX0X-
JIeHHs TICEBIOPEILIEHU U, B YaCTHOCTH, HOPMAJIBHOT'O IICEBIOPELIEHHUS, B CIIydae
HecoBMmecTHOCTH CJIAY.

Teopema 7.2. Ilycmb mampuua B onpedenena pasencmeom (6.9) u
fO R(A) . Tozoa nopmansnoe pewenue X, CIAY (7.1) onpedensemcsn pa-
6eHCMEOM
K -1
X, :[A+ Zlgmeaj f. (7.3)
m=

Teopema 7.3. IIycmos mampuya B onpedenena pasencmeom (6.9).

Tozoa nopmanvHoe ncesdopeutenue Xg CIIAY

Ax=f, foOcN, (7.4)
onpedeﬂﬂemC}l paeseencmeom
K -1
X =[A+ gmerﬂ g, (7.5)
m=1
k
20e g=f —Z(f,em)gm. (7.6)
m=1

7.2. lokazaTenbcTBO Teopem 7.1-7.3.CrpaBenBocTh Teopemsl 7.1

nostyyaercs us ciencteus 6.1mpu A =1.
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JHokazareaberso Teopembl 7.2, Tak xax f [ R( A) , TO CYILECTBYET BEK-

Top X[ CN taxoit, uto Ax = f . Tostomy, mpu A =1 u3 (6.10),6ynem nmets

K -1 k
[A+2gmenDJ f :(N +Zemg§jf =
m=1

m=1

Kk Kk
=A"f +Z(f’gm)em =A"f +Z(AXD’gm)em =
m=1 m=1

=A' f+Z(x Al Je, = AT

m=1

Teopema 7.2 moka3aHa.

JlokasaTeancTBo Teopemsl 7.3. Ilpencrasum mpasyto wacts f JCN
BBuge f = f1 + fO, riue f1 O R(A) , fO OkerA”. Torza CYIIECTBYET BEKTOP

K
XlD(CN wuncna d,...,@, TaKue, 410 AX1= f1 u fo ZZ:CI’igi . TToatomy
i=1
k k
9=1-2(1.9,)9,= i+ fo-2(1+ 109,)9, =
K

=f,+ fO—Z(Axl,gm)gm—i(iaigi ’gmjgm

m=1 m=1\i=1

k

=f1+f0—2(x Ay ) mi:éai(gi,gm)gm:

m=1

=f, +f —Zag =f+f - f,=f.OR(A).

m=1

Takum 00Opazom, gDR(A). CreioBaTeNbHO, HOPMAIBLHOE TCEBAOPENICHNE

CJIAY (7.4)conanaer ¢ HopMmanbubiM pemiennem CJIAY AX=(
Teopema 7.3 mokazaHa.
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8. IUKJIMYECKHUH BA3UC U KPATHBIN
OIIPEJAEJUTEJIb BAHIAEPMOHJIA
8.1. Imkmuueckmii Gasuc. Ilycte A — mpousBoImbHAs KBaApaTHAs

N . .
matpuna mopsaka N, a ULC™ — npoussonbubiii HenyseBo Bektop. CocTa-

BHUM IIOCIICA0OBATCIbHOCTH BeKTOpOB
u, Au, A%, ... (8.1)

Tak kak paccMaTpUBaeMoe€ NMPOCTPAHCTBO KOHEUHOMEPHOE, TO CYLIECTBYET Ta-

koe HarypaibHoe gncio N:1<N< N | 9ro BekTOpPEI
u, Au, ... A"y (8.2)

o n 1%
JIMHCWMHO HE3aBHCHUMBI, @ BEKTOP AU ecTtp nunelinas KOM6I/IHaI_II/IH BEKTOPOB

cucremsl (8.2).

N
B s1OM myHKTe M3yuaeTcs 3anada, korma cymectsyer sekrop ULC™ |
4To6BI B cucTeMe BEKTOPOB (8.2) Bemonusuiock pasenctso N =N . Jlpyrumu

CIIOBaMU. KaKMMHU CBOMCTBaMU JOJIDKHa 06HaﬂaTL MaTpuna A, JJIsL KOTOpOﬁ

cymecteyer ektop ULCN | uro6bi nepesie N BekTopos cuctems (8.1)
u, Au, ... ANy (8.3)

SIBJISIACH JIMHEHHO HE3aBUCHMBIMH.

Ecmu nnst nanHoro Bektopa U OCN cucrema (8.3) siBnsieTcst MUHEHHO
HE3aBUCHUMO, TO CHCTeMY BeKTOpOB (8.3) Ha30BeM HUKJINYECKHM §a3HcoM.

OCHOBHBIM YTBEpP)KACHHEM JIAaHHOTO ITYHKTA SIBJISIETCS ClIEIyromias
Teopema.

Teopema 8.1. /lnia mozo umoéwt cucmema eexmopos (8.3) 0 nexo-

N .
mopozo eexkmopa ULC" oopazoseana yuxknuueckuii 6azuc, neo6xodumo u
00CcmamouHo, Ymoovl 2eomempuiecKkan KpamHoCcmy Kayicoozo co0Cmeennozo

SHAYECHUA MampUlbl A pasnsaniace edunuue.

JlokazarenbcTBO TeopeMbl 8.1 npuBeneHo B myHkre 8.4.
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§8

Yepes B=J (A) 0603HaunM kopaanoBy Gopmy marpuisl A. Hesbl-

POKIEHHYIO MATPUIly, IPUBOMALLYI0O Matpuily A K KOpIaHoBOM (popme, 060-

spaunM Q'
QAQ™*=B,
rac
4 0
B=J(A)= 4 :
0 A | en
A1 0
A=[A] nm A= A Ji=1..m,
I 1
0 Pk xk;

k1+k2+...+km=N.

Hapsiny ¢ cucremoii (8.2) paccMOTPUM CHCTEMY BEKTOPOB

rne V=Qu.

v, By, ... B"y,

CHpaBe[lJ'II/IBLI CJICAYIOMINEC YTBCPKACHUS.

(8.4)

(8.5)

(8.6)

(8.7)

(8.8)

N - .
Jlemma 8.1.ITyems UOC" —3adannsui eexmop. /lna auneiinoi ne-

3agucumocmu cucmemvl 6ekmopos (8.2) neooxoouma u docmamouna Aunei-

Has nesagucumocmn cucmembvl 6exnopos (8.8).

HokazaTenberBo. U3 HeBbIpOKACHHOCTH MaTtpuibl Q U enouku pa-

BCHCTB

av+aBv+..+a B "=
0 1 n-1
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=a,Qu+aQAQ Qu+...+a, (QAQY)" mu=

:Q(a uta Au+.. . +a A”'lu)
0 1 n-1
CIIeAyeT CIIPaBEUINBOCTD JAHHOTO YTBEPKIACHHU.

Jlemma 8.2. Ilycmp udCN - sa0annviii eéexmop. JIna nuneinoi

Hezasucumocmu cucmemsl 6eKmopos (8.2) neobxoouma u docmamouna nu-
HellHaA He3A6UCUMOCHLL CUCHIEMbL 6EKNOPOE

2
u, alou+Au, azou+azfAu+A u, ...,
n-2 n-
a,, u+a  Autra AT+ AT, (8.9)
20e aij OC, 0< j<i<n-1, —npoussonvuvie uucna.

JokaszareabcrBo. Heodxoqumocts. Ilycts cuctema BekTopoB (8.2) —
JTUHEeNHO He3aBucHuMas. JlokaxkeM JIMHEHHYI0 HE3aBUCUMOCTh CUCTEMBI BEKTOPOB

(8.9),rme a. i OC, 0< j <i£n-1 —npousBonbHble YUCIa.

[Tycth nmuHEiHass KOMOWHAIUS BEKTOPOB TOH CHCTEMBI paBHA HYITIO!

2
x0u+x1(alou+Au)+x2(a2(y+a2ﬁu+A u)+...+

n-2 n-
xn_l(an_lvou +a,_ Aut.ta o ATRU+A ]u) . (8.10)

3amnuIieM 3To PaB€HCTBO B BUJIE

(Xo Ta X P Kt Aa 1,8(n— )u +
+(x1+021x2+a31x sheta X )Au +...+

n-2 n-1 . _
+(xn_2 A K 1) A"Pu+x  A"u=0.

Orcrofa ¥ U3 TMHEHHOM HE3aBUCHMOCTH CHCTEMBI BEKTOPOB (8.2) monyuaem
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XO +a'10x1+a'20x 2+"'+an— 2,8(n— 2+ an— 1,%)(n— 1=0’

Xl + a21X2 t..t an— 2,]?(n— 2+ an— 1,i(n— l: 0’

Tlonydennas cuctema UMEET TOJIbKO TPUBHAIBHOE pElIeHUE
X, =X =...=x =0

HE3aBUCHMO OT 3HAYCHUIH aij OC,0<j<isn-1.

Takum o6pazom, paBeHcTBO (8.10) MMeeT MECTO TONBKO TPH HYJIEBBIX
3HAYCHUAX K0A(D(UIMCHTOB NUHEHHOW KoMOuHaImu. ClieoBaTeIbHO, CHCTEMA

BekTOpoB (8.9) — nMHEWHO He3aBUCHMAas JUIS JIOOBIX 3HAYEHMH aij oc,
0< j<i<n-1. B uactHOCTH, OHa SABJAETCA JMHEMHO HE3ABUCUMOH M TNPH
a; = 0. Ho npu a; = O cucrema Bextopos (8.9) coBnagaer ¢ (8.2). Heo6xo-

JMMOCTH JJOKa3aHa.
Hocrarounocts. IlycTh cuctema BekTopoB (8.9) siBisieTcss MHMHEHHO

HE3aBHCHMOU JJIs JTHOOBIX 3HAYCHHUU a'i]. OC, 0<j<i<n-1.B uactHocTH,
cucrema (8.9) sBuseTcs IMHENHO HE3aBUCUMOW M IPH a'i]. =0,

0< j<i<n-1. Ho npu 3TuxX 3HaueHUIX a'i]. cuctema BektopoB (8.9) coBma-

naet ¢ cucremoii (8.2).IToatomy cucrema (8.2) —nuHeitHo He3aBucumasi. locra-
TOYHOCTH JIOKa3aHa.
Jlemma nokasaHa.

8.2. KparHublii onpeaeaurens Banaepmonga. Ilycrts /]1, /]2,...,/1N —

IMMPOU3BOJIbHBIC YHCJIA. Onpe,uennTenL N -0 nopsaaKa
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: N-1
14, oAl
: N-1
W, = VA o A (8.11)
: N-1
14 A

Ha3bIBacTCsS ompenenuTeseM Banaepmonaa. s 3Toro ompenenuTens crpa-
BEJJIMBO PEKYPPEHTHOE COOTHOIICHUE

W= ] (A -2, V. (8.12)
1<isN-1
U €0 3HAYCHUEC BBIYUCIISCTCA 110 (bopMyne
w,= ] (Ai —/1]). (8.13)

1<i<j<N

3 pasenctsa (8.13)crenyer, uto ecnm uncna A, ..., A, —nonapro pasmnbie,

N
TO onpenenuTens Banaepmonna (8.11)He paBeH HyIIO.

s mokasarensctBa paBeHcTBa (8.12) HY)XKHO YMHOXKHTH KaXKIbli
cronber; onpenenuTens Banmepmonma (8.11), kpoMe mocieqHero, Ha —/1N u

npubaBUTh K CIEAYIOIIEMY CTOJIONY, a 3aTeM pa3loXKHThb €ro MO JIEMEHTaM
nepBoii ctpoku. Umeem:

Ava = Ay (/]N—l_)IN))IN—l 3 (/]N—l_/]N)AI{\II—_]z.
W = A2 =y (AN—Z_AN)AN—Z 5 (AN—Z_/‘N)AI\'T—_i
N
A=Ay (Al_AN)Al 5 (/11_/1N)/1;\1_2

OTcrofa HoJIyYrM CIIPaBeNIMBOCTE paBeHcTBa (8.12).

Yepes W, (/] , k) ,re 1< k< N, o6o3naunm marpuiy pasmepa KX N

. . 2 N-1
C MepBOM CTpOKOit (1, A, A%, . A ), BCE MOCJIEIYIOMINE CTPOKHU IMOJIyda-

FOTCS U3 TIPEIBIAYIINX OWICHHBIM nuddepennupoBanuem. Torma
w, (A,k) = (8.14)
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1 /] /]k—Z /]k_l AN_l
(k=2)! s (k=D 1 (N-D)! 4
N (RO TR P TR (N=2)!
(k=2)! s (K=D)! s (N-1)! N3
B R (=7 T (=T (N-3)!
I e T (o TR (YEe\
0! 1! (N-k+1)!
0 0 . 0 (k_l)' (N_l)! N-k
i o! (N -k)!

Iycts /\1 ..... /]m OcC, k1 ..... km ON — npousBonbHEIE YKMCIa, TPHIEM

kl+...+k =N, 1<m< N . O6o3naunm uepes W [ m
m N k1 ..... k
m

TCIIb N -0 nopsiaKa

I WN (Am'km) |
W A - det wy, (4, 4k ) | 615
MKk :
L WN (Al’kl)

KOTOpBII HA30BEM KPaTHBIM onpeaennTeneM Bannepmonna. Hanpumep,

W Ay Ay AL A, _
N3 2 1 1
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1A, A2 A8 Ay ar AL
1A, A2 a8 A a; AS
1A, A2 2 A A Al
=0 1 21, 32 43 5, 6.
R L b I D B
01 22 3 4 5! 6>
00 2 6, 127 2a° 34

SIBIISIETCSI KPATHBIM OTIpeenuTeNieM BannepMonaa mopska 7.

Ecnu k1 = k2 =...= km =1, To KpaTHBI onpenenuTens BanaepMonaa
MpeACTaBIsIeT KiIacCUueckuil omnpenenuresib Bannepmonaa. Tak ke, kKak U caMm
ompenenuTeNi BaHIepMOHIa, KpaTHBIM ONpenenuTels BanaepMonaa He paBeH
HYJIIO, €CJIU /11,...,/1m CYThb pa3IHYHBIC YHCIIA.

Jlns kpaTHOro onpenenurens Bangepmonna nmopsaka N crpasennusel
CJEeIyIOIINE PEKYPPEHTHBIE COOTHOIICHHUS:

Lecmm k, =...=k_=1,70
W ApAy A _
N k,1 ..1
_ K, M ApAy A
_(Al_/]m) |:1(/1i _/]m)va—l[ kl’ 1, ..1 ! (8'16)

2)ecm kK < min{kl,...,km_l} , TO

WN(Al,AZ,...,Asz
KoKy ok

m-1

=omt...(k —1)![|‘! (A =20)" W (ti’“} . (817)
B ek
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CnpasemuBocTh paBeHCTB (8.16) u (8.17) mpoBepsieTcsi HEMOCPEACT-
BCHHBIM BBIUHCIICHUEM.

Hcnone3ys pexkyppenTHbie cooTHotenus (8.16)u (8.17),MoxHO mouy-
9uTh (OPMYITy UISI BBIYMCICHUSI 3HAYCHHS KPATHOTO ONpeaenuTens Baxmep-
MOH[A.

IMycTs /]i, i =1, M — npou3BONbHEIE KOMIUIEKCHBIC YHCIIA, ki J=1m

— TMPOU3BOJLHBIE HATYpaibHble uncia, N = kl +...+ km. Torma umeer mecrto

¢dopmyna
W, Ay
KoKy oK
- ont...(k -1)!0 [ (/1. —A.)k‘k". (8.18)
1=1 l I<i<jsm l )

CnpasequBocTth (8.18) ycTaHaBIHBAeTCS ¢ MOMOIIBI0 MHOTOKPATHOTO
NpUMEHEHHUS PEeKypPPEHTHBIX cooTHomeHu# (8.16)u (8.17).

8.3. CBsi3b MeKAY MUKIHMYECKHM 6A3MCOM H KPAaTHBIM ONpeaeuTe-
Jaem Bangepmonaa. Iuxinunocts 6asuca (8.3) 03HauaeT CyLIECTBOBAHHE BEK-
N N1
I — —_
topa ULC" rakoro, 4ro us paBeHcTBa Z xlAu =0 cnenyer, 4ro X = 0,
i=1
i =0, N —1. Orpunanue 3Toro npeioxKeHus 03HAYaeT, YTo IS JIH0OOro BeK-
. N1
I —_
topa ULJC" omuoponunas CJIAY Z X A'U=0 umeer HeTpUBHAILHOE pellle-
i=1
aue. B cuny nemmsr 8.1 nuHeliHas HE3aBHCUMOCTD CUCTEMBI BEKTOpoB (8.3) s
N N
nexotoporo Bekropa ULIC" skBuBaNeHTHa NMHEHHONW HE3aBUCUMOCTH CHCTE-
MBI BEKTOPOB

v, By, B%,...BN v (8.19)

N
s mexkoroporo Bekropa VC™ | roe matpuna B onpenenena pasencrsamu
(8.4)-(8.7).
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Iycts /]1,...,/]m — cOOCTBEHHBIE 3HAaueHHs MaTpuibsl A, a Takxke M

matpuipl B, UYepes kl,...,km 0003HaUNM anreOpanyeckue KpPaTHOCTH STHX

COOCTBEHHBIX 3HAYECHHH.

IpuBeneM NPU3HAK, YCTAHABIUBAIOIIMA CBA3L MEKIY T€OMETPUYECKH-
MM KpaTHOCTSAMH COOCTBEHHBIX 3HaU€HHUM MaTpuibl B M xpartHbIM onpenenure-
neM Bannepmona, onpeaeneHHbIM paseHcTBamu (8.15)u (8.14).

Teopema 8.2. /[na mozo umoosl ceomempuueckas KpamHoCHb Kaxyc-
0020 cobcmeennozo snauenus mampuubl B paenanace eounuue, neooxooumo
u  oocmamouno, umobvl KpamHwlii  onpedeaumeny  Banoepmonoa
A
WN
k,...K

17

He PAGHAJICA HYII0.
m

I[OKEBaTCJ'ILCTBy TCOPEMbI 8.2npe,un0nmeM JABEC JICMMBI.

Jlemma 8.3. /[ns mozo umoo6vl mampuunoe ypasnenue

2 m-1_
X,E+XC+xC+..+x C7 =0, (8.20)
20e C= diag(cl ,02 A ,Cm) , UMeJ10 MOJIbKO HY1e60e peuienue, Heodtxo0umo
u 0ocmamouno, Ymoonl uucia C1’ Cz’ ,Cm ObLIU NORAPHO PATUYHBIMU.

Joka3zarenbcTBo. 3anuineM MarpudHoe ypaBaenue (8.20)B paszBepHy-

TOM BUIC
X +CXx +c2x +..+4cTx =0
0 11 172 1 m-1 ’
2 m-1. —
Xy +C X, +CoX, +...+CX = 0, ©8.21)
X +c x +c2x_+..+c"x =0
0 m-1 m2 " m “m-1 ’

st Toro uto6sl ogaopoaHas CJIAY (8.21) uMmena TOJNBKO TPUBHAIBHOE peIlie-
HHe, HEOOXOAUMO M JOCTaTOuHO, uToOBI ompeaenurens CJIAY (8.21) e pas-
asuicst Hymo. Onpenenurenem CJIAY (8.21) seiusiercss onpezenurens Banmep-
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MoHma. OH He paBeH HYJIO TOTJA M TOJBKO TOTHa, KOTJa YHcia Cl, Cz' ,Cm
SIBJISIIOTCS TIOTIAPHO pa3inyHbIMU. JlemMma foka3ana.

TTonoxxum
d 1 0
D=

1

0 d] m

Jlemma 8.4. Mampuunoe ypasnenue
2 m-1 _
X, E+xD+xD+. . +x D""=0 (8.22)

umeem maoJjibKo HyJjieeoe peuiernue.

Joxka3zareabcTBo. JIeBas yacTh ypaBHeHus (8.22)saBsieTCs TEILIHIE-
BOM BepXHEH TpeyroabHO! MaTpHLEi ¢ NepBOil CTPOKO

p(d) #(d) ¢(d) ¢"(d)
o’ w207 (m=1 )

g(d)=x, +xd+xd?+ +x d™.

rae

[ToaTOMy mO3NIEMEHTHAS 3aMUCh IIEPBOH CTPOKK MATPUYHOro ypaBHeHus (8.22)
UMEeT BUJ

3

iy
I
o

TlocnenoBaTenbHO HaAXOAS 3HAYCHMS X , JBUTasCh CHHM3Y BBEPX, COTIACHO

(8.23) mosryunm crpaBeUIHBOCTD JIEMMEI. JleMMa J0Ka3aHa.
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Joxa3aTeancTBo Teopembl 8.2. Heo6xogmmocTb. Ecnu reomerpuye-
CKast KPaTHOCTh KaXKI0r0 COOCTBEHHOIO 3HAYEHHs MaTpulbl B paBHa exunmie,

TO YHuCIa /11,...,/1m SIBISIFOTCSL TIOTIAPHO pa3nuyuHbIMH. Toraa, B crity (GopMyIisl

(8.18), xpaTHblit onpenenuTens Bannepmonaa He paBeH Hymo. Heo6xoanmocTh
JOKa3aHa.
JocraTtounocts. Eciu kpaTHbli onpenenurens Bangepmonaa He pa-

BEH HYIIO, TO U3 paBeHcTBa (8.18)cnenyer, uro uucna /\1, e ,/]m SIBISIFOTCS TIO-

napHo pasaundabiMu. Otcroga u u3 Jemm 8.3 u 8.4 ciemyer, 4TO HU OJHO U3 He-

HYJIEBBIX COOCTBEHHBIX 3HAYCHUH /]1,...,/]m HE MOXET OBITh €IMHCTBEHHBIM

HCHYJICBBIM JIHArOHAJILHBIM DJIEMCHTOM B CBOCH CTpOKe 0oJice OJHOTO pasa, Tak
KakK B 3TOM CJIy4ae pa3MEpPHOCTh COOCTBEHHOTO MOAMPOCTPAHCTBA ATOTO COOCT-
BEHHOTO 3HaYeHHUs OyneT OoJiblie enuHuIBl. Eciin 3T0 HabmogaeTcs sl HyJie-
BOT'0 COOCTBEHHOIO 3HAUEHHS, TO Pa3MEPHOCTh sAapa Matpuisl B Oyner Gonbiue
eauHUIBL. Torma reomerpuyeckas KpaTHOCTh HYJIEBOTO COOCTBEHHOT'O 3HAYCHHUS
OyneT GoJbiie eMHUIIBL. JIOCTaTOYHOCTh J0Ka3aHa.

Teopema 8.2 mokazaHa.

8.4. Jloka3aTteancTBO Teopembl 8.1. HeooxogumocThb. ITycTh cucrema
BekTOpoB (8.3) nuHeiHO He3aBucHMasi. JJoKakeM MPOCTOTY KaXIOro cOOCTBEH-
HOTO 3HAYeHHs MaTpHIBl A.

JleiicTBUTENBHO, U3 TMHEHHOW HE3aBHCHMOCTH CHCTEMBI BEKTOPOB (8.3)u
jgeMMbl 8.1 BBITEKAET JIMHEHHAS HE3aBUCHMOCTh CHCTEMBI BeKTOpoB (8.19) mis

nexoroporo sextopa VOCN . Otciona crenyer, uro mumeiinas xomGuHALWS
N-1

Z XiB'V pasna Hymo Ttomsko mpn X =0, 1=0,N—1 Byzem cmotpers na
i=0

N-1
iy, — o o
PaBEHCTBO Z X, B'v=0 kak Ha OIHOPOIHYIO CHCTEMY JMHENHBIX YpaBHEHUH
i=0
OTHOCHTENILHO HEH3BECTHBIX X, i =0, N —1. V3 TpuBHANLHOCTH pELIEHHS Ofi-

HOpOZ[HOﬁ CUCTEMBbI BBITCKACT, YTO OIPCACIUTCIIb 3TOH CUCTEMEI (TO €CTb Kpar-

/]1, ...,Am
HEIH OIpenenuTens BanaepMmonaa WN , COCTaBJICHHBIH U3 coOCT-

KooK
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BEHHBIX 3Ha4YeHUM Matpuisl A) He pasen Hymo. Torma u3 Teopemsl 8.2 cieayer,

YTO TeOMETPHUYECKAss KPATHOCTh KaXKIOTrO COOCTBEHHOIO 3HAYEHHs MaTpulbl B

(a Taxxe u matpupl A) pasna enunune. Heob6XoauMoCTs JOKa3aHa.
HocraToyHocThb. IIycTh reoMeTpryeckas KpaTHOCTh KakIOro coOCT-

BEHHOI'O 3HaYeHMs MaTpulsl A paBHa efuHuLE. JJOKaXKeM CYIECTBOBAHUE BEK-
N N
topa ULC™ , ma kotoporo cucrema Bekropos (8.3)o6pasyer 6asuc s C" .

JIelicTBUTENBHO, U3 TeOpeMbl 8.2, B CHIIy MPOCTOTHl COOCTBEHHBIX 3HA-

gennil Matpunsl A (a Taxoke u Matpunbl B ), BhITekaer, uto KpaTHbIi omnpene-

A A
matens Bannepmonna W, , COCTABIIEHHBIN U3 COOCTBEHHBIX 3HA-
KooK
Ay Al
sennii matpuuet A, ne pasen nymo: Wy K K # 0. Ecnu npeanonarats
ST -

JMHEHHYIO 3aBHCHMOCTB CHCTeMbl BekTopoB (8.3) mms moboro Bektopa
N .
udC", 1o u cucrema BekTopoB (8.19) —nuueiino 3aBucumas. Torma cymiect-

BYyeT HCHYJICBOH HaOop X i =0,N -1 rakoif, uro nuHeliHAas KOMOMHAIHU

N-1 ) N-1 )

z )(I B'V paBHaA HYIIIO: z )(I B'V =0. CrenoBaTennsHO, OJHOpOJHAsA CUCTEMa
i=0 i=0

N-1 )

Iy, —
X, B'v=0 umeer nerpusnansuoe pemenne. OTCIONA MONYYAEM, UTO OTPE-

i=0
JEIUTENb JTOW CHCTEMBI (TO €CTh KpaTHBIM ONpeaeInTels BaHmepMoHIa

Ao
W m
Nk, K

1’ m

, COCTABIICHHBIN U3 COOCTBEHHBIX 3HAYeHuit mMarpuusl A) pa-

BCH HYJIIO. Brimre 05110 OTMECUYCHO, YTO 3TOT OIPCACIUTEIIbL HEC PaBCH HYIIIO. Ilo-

JyY4E€HHOE TPOTHBOPEYNE YKA3bIBAET HA TO, YTO CYIIECTBYET BEKTOP ugcN,
JUISL KOTOPOTO cucTeMa BekTOpoB (8.3) nuHeliHo HesaBrcuMas. J0CTaTOYHOCTD
JIOKa3aHa.

Teopema 8.1 nokazana.

MOHO TMPOBECTH W KOHCTPYKTUBHOE J0KA3aTENHCTBO JHOCTATOYHOCTH
Teopemsl 8.1.
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HYCTL JKOpJaHOBa (1)opMa MaTpulbl A OIPCACIIACTCA PAaBCHCTBAMU

(8.4)-(8.7). Uepes Uy ©0003HAYMM BEKTOP PasMEPHOCTH ki’ OlIpeaesIeMbIi

PaBCHCTBOM
u, =(0, ..., 0, ", i=1m. (8.24)
DTH BEKTOPA YAOBIETBOPSIOT COOTHOIICHUSM:
r
(AI -AE, ) Uy, :el((ki_)r mpn  0<r<k -1, (8.25)
i i
(A-AE) uy =0 mu r=k, (8.26)

rae Ek — eIMHUYHASI MATPHIIA TTOPSIIKA ki ,a
i

k.
_ T
g(')—(O, ..., 0,1 O ..., ()
— BEKTOP pa3MepHOCTH ki , Y KOTOPOTO €JIMHCTBEHHBIM HEHYJIEBOU JJIEMEHT Ha-
xoxutes Ha | -M mecre.
O u. = (U u u )T u
npezenum Bektop Uy =\ Ugy, Ugor oo U |, e Uy — BeKTop pas-

MEpPHOCTHU ki Buaa (8.24).IlokaxeM, 4TO CHCTEMa BEKTOPOB

N-1,
U, Buy, ... B7ug (8.27)
JnrHerHo He3aBucuMasd. C 3Tol HCJIbIO PACCMOTPUM PABCHCTBO

n-1 —
au,taBu +...+aB u =0. (8.28)

B cuny (2) ero MoXHO 3amucaTh B BHJIE

n-1 —
ay,*+ alAlu ot ta _16\ u —O,
aUgy,t alAzu oot 1a, f\ O

(8.29)
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By;[eM npeamnoJjaratb, 4To €CJin MaTpuia A umeer HYJICBOC coOCTBEH-

Hoe 3HaueHwe, T0 TakosbM sisercs A, : A =0. C yuerom storo A #0 mnpu

2<i<m u, crenoBaTenabHO, KaXaas M3 MaTPHIL Alp npu 2<i <M u Beex

p=1, 2,..., ABIs€eTCA HEBBIPOKAEHHOM, TO €CTh
detAP# 0 mpu 2<i<m, p=1 2., (8.30)
B cuiy 1eMMBI 2 cHCTEMA BEKTOPOB

-1
Upys A1u01, Al;l Uy, (8.31)

SIBIISICTCS TMHCHHO HE3aBHCHUMOM, €CIIM JIMHCHHO HE3aBHUCHMOMN SIBIISICTCS CHCTE-
Ma BEKTOPOB

)kl_l (8.32)

Uyys (Al—)llEkl)uOl, (Al_)lel

B cuny pasenctBa (8.25) cuctema BekTopoB (8.32) siBnsieTcst IMHEHHO HE3aBH-
CHUMOH.

u or

Takum o6pasom, cuctema BekTopoB (8.31) siBseTcst THHEHHO He3aBH-
cumoii. C yuetoMm pasenctB (8.25) u (8.26) mepBoe W3 ypaBHEHH CHCTEMBI
(8.29)mpumer Bun

aoelilkl) + alel((:{)l +...+ akl_ 1e(1k1) =0. (8.33)

Tak kak el(kl), ,elill(l) - JIMHEWHO He3aBUCUMas CHCTEMa BEKTOPOB, TO U3 pa-
BeHCTBA (8.33)BBITEKAIOT paBEHCTBA

aO:O, alzo, akl_lz 0. (8.34)

Otcroa clieLyeT, 4To BTOpoe U3 paBeHCTB (8.29)MO0KHO 3aMucaTh B BUJIE

afk1 Azklu 02T Ak1+1

n-1, —
k12 ug,*...ta AU 02—0. (8.35)

U3 nepasenctsa (8.30)cnenyer, uto ypaBHenue (8.35)3KBHBAICHTHO ypaBHECHUIO
n—kl—l _
ta, (AUt ta At u =0.

akluOZ k1+1 2702
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IloBTOpHB paccykaeHHe, IPUBEACHHOE IS TIepBOro u3 ypaBHeHui (8.29), mo-
TyquM:

a =0, a, =0, ..., a =0.
kl kl+1 k1+k2—l
IIponomxas 310 paccyxJaeHue, 6y;[eM HUMETh.
a =0, a =0, ..., «a =0.
k1+k2 k1+k 2+1 k1+k 2+...+km—1

Ho k +k,+...+k =n (pasenctso (8.7)), mostomy pasenctso (8.28)mmeer

MECTO TOJBKO HpH yCHOBI/II/I
aO:O, a1=0, .., a =0.

DTO 03HAYAET JIMHEHHYIO HE3aBUCHMOCTH CHCTEMBI BEKTOPOB (8.27).Otcrona u

- N1
u3 JJeMMBI 8.1 BBITEKaeT, 9To cucTeMa BekTopos (8.1)mpu U =Q U, , ABIISICTCS

nUHEHHO HesaBucHMOU. 3xeck Q — Mmarpuua, npusogsmas A K KOpPIaHOBOM

dopme B (pasenctso (8.4)).
Teopema 8.1 nokazana.

9. OTHOPAHT OBBIN CIBUT MATPUIIBI J1JIs1 HOJYYEHHS
3AJAHHBIX HAIIEPE/I COBCTBEHHBIX 3HAYEHUUN

N .
Iycts B mpoctpanctee C 3amano nuHeiHOe mpeoOpa3oBaHue U He-
KOTOpHBIA 0a3uc €.€,,...,8 - Marpuity 1aHHOTO JIMHEHHOTO mpeoOpa3oBaHus B

naHHOM Oasuce o0o3HaunM A. B 9TOM NyHKTE JOKaKeM CIEIYIOIIEe YTBEP-
KICHHE:

Teopema 9.1.ITycmo ceomempuueckas Kpamuocme Kax3coozo coocm-
6ennozo 3nauenus mampuybvl A pasna eounuye. Tozoa ona nw6ozo nabopa

wucen M, [, ..., My OC cymecmeyem oonopanzosas mampuya C maxas,

umo 3a0anHble YUCIA My 1y, -y 1y ABISTIOTCS CcoOOCmMEEeHHbIMU 3HAYEHUAMU

mampuyort A+C .
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Joka3zareabcTBo. [lycTh reoMeTpryeckas KpaTHOCTh Ka)I0ro coOCT-
BEHHOTO 3HauyeHus matpuisl A pasra eaumnnie. CornacHo Teopeme 8.1 cyme-

N .
creyet Bekrop ULJC ™ Takoif, 9T0 cHCTeMa BEKTOPOB

u, Au, A%,..., ANy (9.1)

obpasyeT 6aszuc B CN . Pasnoskum BEKTOD ANu 1o 6asucy (9.1)
N, —_ _ _ N-1
A'u=-au-a _Au-..—aA U, (9.2)
rae a,...,.a  — k03¢ duiments pasnoxenus. Toraa B 6asuce (9.1) naHHoe JH-
HeliHoe NpeoOpa3oBaHUe UMEET MaTPHILy
0 .. 0 —a,
~ |1 .. 0i-a
A= PN (9.3)

o ... 1 —a

Eciu U — marpura mepexozna u3 6Gasuca €.€,,...6 B 6asuc (9.1),

N

TO, OUEBUIHO, CBSA3b MEXIy MarpunaMd A u A yCTaHaBIMBAETCS PABEHCTBOM

A=UAU .

ITyctp /Jl, /Jz, vaey /JN — Hamepeq 3aannbple gucna. OnpeaenuM Juciia
Cl, Cz’ ...,CN , moJraras
— m —1 N
c =(-1) Z,ukl,ukz..,ukm , m=1N, (9.4)

rie CyMMHUPOBaHUE MPOU3BOAUTCS [0 BCEM HOMEPAM
N L <
K, K,k 01k <k, <..<k_<N.
Hpyrumu cioBamu,
p— m -
c.=(-1 wm(yl,yz,...,yN) , m=1N,
rie a)m(zl, Z,n ZN) SIBIISTIOTCSI CHMMETPHUYCCKUME MHOTOYJICHAMH CTCTICHU

M oT nepeMEHHBIX Zl, 22,...,2N .
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TTomoxum
0o .. 0} a, —C,
c- 0 0; aN_l'—cN_1 , (9.5)
0o ... 0| a —c

rae al, az,...,aN — k03¢ dunuenHtsl pasnoxenus (9.2), uncna Cl, C2""’CN —

ompenenensl B (9.4). 3amerum, uro marpuiia C sBrsieTcst onHopanrosoii. U3
matpu (9.3)u (9.5)o6pasyem maTpuiy

0o .. Oi —Cy,

~ ~ |1 ... 0i-cC

A+C=| ) ) .N_l . (9.6)
0 1i -c

HenocpencTBeHHBIM BBIYHCICHHEM HETPYAHO yOSAWTHCS B TOM, YTO
XapakrepucTuyeckuM ypasHenueMm Matpuipl A+ C seisercs

AN+ AN+ +c A+c =0. (9.7)

W3 ompenenenns uucen C, C,,...,Cy (dbopmymna (9.4)) u Teopemsr Buera [45]

CIIeyeT, YTO KOPHAMHU ypaBHeHuUs (9.7) SBIAIOTCS YKCIa My My e -

Takum 06pa3oM, cOOCTBEHHBIMHU 3HaueHUAMH Matpuisl A+ C  apns-

FOTCsl 3aJJaHHBIC YHUCIIa ,ul, ,L12, e ,UN .
Mlepexomum  k  crapomy Oasucy: A=UYAU. Tonoxum

C=U"'CU. m onpenenenns matpunsl C  BeTekaer, uto matpuna C —

onuopanrosas. Tak kak matpuna A+ C sBisercs nomoGHON MaTpHILE A+ 6 :
A+C=U ‘1(7x+6)u ,

TO 4YHClIa /Jl, /JZ, ...,,uN SIBJISTFOTCSI COOCTBEHHBIMHM 3HAYCHUSIMH W MATPHIIBI

A+C.

Teopema ngokazana.
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10.METOJ PEI'YJISIPU3ALIMU CABUI'OM
ONEPATOPHBIX YPABHEHUI

10.1. Onpenenenne peryJsipu3aliii CABUIOM ONEPaTOPHBIX ypaBHe-

auii  (OY). Ilyete H — runsGeproBo mpoCTpaHcTBO ¢ HOPMOIA || [",

A:H - H u B:H - H —nuneitnsie orpanuuennsie oneparopsl. O600mmm
Pe3yNbTaThI, TOJTYYCHHBIC JUISl CHCTEM JIMHEHWHBIX anre0panvecKuX ypaBHEHHIT
(KOHEUHOMEPHBIH cITyuail) AJs ONEPaTOPHBIX ypaBHEHUH (6ECKOHEUHOMEPHBIN
CIyyJaif).

Paccmotpum oneparoproe ypasHenue (OY)

Ax=f, (10.1)

rne T OH —3agamnsni, a XOOH — uckomsrii snementsr. Hapany ¢ OY (10.1)

paccmoTpuM ceMelictso OY
(A+AB)x=f, (10.2)

rne AJC —xommuekcHbI# napamerp.

Bynem rosoputs, uto cemeiicteo OV (10.2) sBisieTcst peryasipusanuei
casurom OV (10.1),ecnu:

a) mia moboro f[OH OV (10.2) umeer emuHCTBEHHOE pelIEHUE

X, =X, (f) npu Beex A OA, ={/l ac: O<|/\ | S,OO} ,The 0, — HEKOTOpoe
JIOCTATOYHO MAJIOE MOJIOKHUTEIBHOE YHCIIO;

6) s mo6oro f [ R(A) pemenmne X, =X, ( f) OV (10.2) sBnsercs
CXOOAIIUMCS TIPHU A-0:x S X0 = Xo( f ), MNpUYEM DJIEMCHT X0 SIBIISICTCS
pemennem OV (10.1): Ax, = f .

VcioBre a) SKBMBAIEHTHO TOMY, 4TO JJisi J06oro A D/\O omeparop

A+ AB sBnsercs orpaHuueHHO OOpAaTUMBIM, TO €cTh cylecTByer M ; >0

TaKo€, 4ToO

[(a+aB)Y<m,. DA, (10.3)
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Ecmn onepatop A orpanudenno obpatumsid, To uncra M, <M =const,

ecid ke y omeparopa A HET OrpaHHYEHHOro OOpaTHOTO, TO 00A3ATEIHHO

M, - ompud - 0.
VYcinoBue 6) OKBUBAJIEHTHO TOMY, 4YTO CEMEWCTBO  OIEPATOPOB

(A+ A B)_1 A, A0 A, TOTOYEYHO CXOIMTCSA K HEKOTOPOMY OIepaTopy

AysH - H npu A - 0, npuyem STOT omepaTop yAOBIETBOPSAET PABEHCTBY

AA0 =A.
UsBecTHO, eciu oneparop A OrpaHMYEHHO 0OPATHMBIN, TO s TH0GOr0

orpaxuienHoro oneparopa B cymecrsyer uncno p) = pO(A, B) >0 rakoe,
gro ams Becex 0< |/1 | < p, omepatop A+AB sBnsercs orpanndento obparu-

mbiM. Eci X, —pemenne OV (10.1),T0 crpaBeasIMBa OLICHKA

[, =% =0(1A])- (10.4)

Takum 06pasoM, eciu oneparop A — OrpaHHYEHHO OGPATHMBIN, TO Ce-
mericteo OV (10.2) sBnsiercst peryispusauueid capurom OY (10.1) ans mro6oro
OTrpaHHYeHHOr o oreparopa B .

Ecnu e omepatop A —neoGpatumbiil, To, Bo-miepBbix, OV (10.1)ue npu
Beex f [JH sBnsercs paspemmmbiM u, BO-BTOPBIX, B Cllydae Pa3pelInMOCTH
OV (10.1)u ogro3zuaunoi paspermmoctu CJIAY (10.2),M0KeT HE UMETH MECTO
oueHka (10.4).IlosToMy mpeACTaBIsAET HHTEPEC BBIICICHUE KIacca map (A, B)

oneparopoB A u B, mna koropeix cemeiictso OV (10.2)sBusercs peryspusa-
ueit capurom OV (10.1).

10.2. OcoGenHocTH GecKOHEYHOMEPHBIX 3a4a4. beckoHeuHOMEpHBII
Cllydail CYIIECTBEHHO OTJIMYAeTCs OT KOHEYHOMEPHOTO MHOTHMH (haKTOpaMH.
OTMeTUM HEKOTOPHIE U3 HUX.

1. B KOHEYHOMEPHOM Citydae 00pasbl R( A) u R(AD) SIBISIFOTCSL 3aMK-

HYTBIMU TIOANPOCTPAHCTBAMH IS JTI000r0 omeparopa A M, CIemoBaTelbHO, U
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MPOCTPAHCTBO MPOOOPA30B, M MPOCTPAHCTBO OOPA30B MPEACTABUMBI NPSIMBIMU
CyMMaMH

R(A")OkerA u R(A)OkerA’;
B OECKOHEYHOMEPHOM CJTydae 00paskl R(A) u R(AD) SBJIAIOTCS 3AMKHYTHIMU

HOIIPOCTPAHCTBAMHU TOTJA U TOJBKO TOTAA, KOraa orneparop A sBiseTcs HOp-

MaJIbHO Pa3pelIMMBIM, ECIH XKe Onepartop A He SBISETCS HOPMAIBHO Pa3pelln-
o
MBIM, TO 0OpPa3bI R(A) u R(A ) HE SIBJISIOTCS 3aMKHYTBIMH IIOIPOCTPAHCT-

BaMH H, CJI€JJOBATEIbHO, MPUBEJACHHBIMU BBINIEC IPSIMBIMH CYMMaMH HEBO3MOXK-
HO TpEeICTaBJICHHE TIPOCTPAHCTBA POOOPA30B U MPOCTPAHCTBO OOPA30B.

2. B KOHEYHOMEPHOM CIydae CXOJMMOCTb pemeHns X, (f) ypaBenns
(10.2)ipu A — O sBusIeTCst pABHOMEPHOI#H HA JIFOOOM OrPAHUYEHHOM MHOKECT-
e R U R( A), TOrJa KaK CXOAMMOCTh B OECKOHEYHOMEPHOM CIIy4ae MOXKET

SBJISITHCSI PABHOMEPHOM MJIM HEPABHOMEPHOH, CHIIBHOM WITH CI1a00i.

3. B koHeyHOMepHOM citydae JUisl JE06oro oreparopa A cyiiecTByer
oreparop B, uro cemeiicteo OV (10.2)smnstieTcst perynspusanueii capurom OY
(10.1), 2 B GeCKOHEUHOMEPHOM CIlyyae He IJis BCAKOTro oreparopa A cymiect-
Byer oreparop B ¢ Takum cBoiictBoM. Hanpumep, paccMOTpHM B IPOCTPAHCTBE

H= |2 omneparop A, ONpeeneHHbIN PABEHCTBOM

Ax:(O,xl,xz,..), rIe x=(x1, xz,...).
I[J'IS[ 3TOrO onepaTopa HC HaﬁﬂeTCﬂ HU OOHOTO Ol"paHI/I‘IGHHOFO onepaTopa
B.I2 -

2 4y1o0bI cemeiicTBo OY (10.2) sIBIsI0CH OAHO3HAYHO Pa3peIIHMBIM

st moboro  f Dlz. JlelicTBUTENBHO, C 3TOM 1ENbI0 BBEJEM B NPOCTPAHCTBE

00pa30B BEKTOPHYIO 3allUCh. €CIIU yDIZ, y=(y1, y2, y3,...) , To OygeM mu-

catb Y= (yl, yD), rae yD= (yz, y3,...) . B »tux obo3nauenusx neilictBue

omeparopa A MOXHO 3anmcarh B Buae AX= (O, X). Ilycts B — mpowussons-
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HeIii oneparop. Torma BX = ( le, BZX) , TIe le — nmepBas koopaunata BX, a
BZX —ocranbubie. CemeiictBo OV (10.2)M0XHO 3anucaTh B BUIE CUCTEMBI
ABx=f,
(E+4B,)x=1,

2” <1, T0 U3 BTOPOr0 YpaBHEHHS

Ecmmn AUA ) ynosnetsopsier ycnosuto |/]|||B
_1 .
CHCTEMBI HAXOMUM X = (E +A Bz) f,. TloncraBum maiinenHoe Bepaxenye

Juid X B IIEPBOE YPaBHEHUE U MOTY4YUM COOTHOLIECHUE MEXIY f1 u f2 :

AB(E+AB,) " f,= 1.

ITonydeHHOE pPABEHCTBO JOIDKHO BEIIONHATHCS TOXASCTBEHHO JUIS BCEX
f= ( fl, fz) Dlz. OnHaKo 3TO He TaK, HanpuMep, mpu | = (1, 0,0, O,..)Dlz,
TO €CTh KO/ f1 =1, f2 = ( 0,0,0,. ) , YKa3aHHOE PaBEHCTBO HE HMEET MECTO.

4. JTaxxe Korma s JaHHoro oneparopa A cymecTtByer omneparop B, mms

xotoporo cemeiicteo OV (10.2) omHo3HauHo paspemumo juis Beex | DI2 u
AOA o+ TO, TEM HE MEHEe, HET IrapaHTHH CXOIUMOCTH peurenuii cemeiictea OY

(10.2)mpu A — O k Hexotopomy pemennto OV (10.1),xorma f OR(A). Ha-

npumMep, paccmoTpum OV

_ (1 1
AX—fO, fo—(z,oaz’ol

olk

0.,

rne AX = (Xz' 0, x 4 0,x 6! 0,. ) . Hopmanbnbmv pemennem qaaxoro OV ssisiercst
1 1 1

X Z(O,—,O,—, ,—,O,.JDIZ.
2 6

B xauectse oneparopa B BosbMeM enunuunbIli oneparop. Toraa

(A+/\B)x=(/1x1+x2,/\xz,...,/lxm_l

+X, ,/]xm )
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CemeiictBo OY (A+ A B) X = f, onnosnauno paspemmmo s Beex A #0:

f,)=(A+AB) " f =

X
—_

OueBHAHO, YTO pELICHUE X ( fo) cemeiictBa OY (10.2) e siBIsieTCs CXOMsI-
ummest ipu A — O 1 He MMeeT OTHOLICHNUS HU K OJTHOMY PELICHUIO Xty Oy
(10.1),rne Y —mpousBosbHbIN dnement u3 KerA.

10.3.00603Ha4YeHUs ¥ OCHOBHbIE pe3yJbTaThl. Hiwke HUcCoiap3yemM 000-

snavenns: A’ — ncesmooGpatHbli onepatop ams omepatopa A [39, 104];
Q - oproronanbHelii npoextop Ha KerA —sapo oneparopa A; P — oproro-

HanbHeii mpoektop Ha KerA” — smpo omeparopa A”; F =PBQ;

F = F|k era — Cykenue omeparopa F  ma sgpo omeparopa  A;
_ +p_ + . —_ + _ . — .

T=(F'B-E)A"; T,=BF'-E; A,={A0C:0<|z|<p} re

P, —HEKOTOPOE I0CTATOUHO MAJIOE TIOJIOKHUTENBHOE JHCIIO.

Teopema 10.1.Cnedyromue ycnosus 3xkeusaneHmmol.

(al) cemeircmeo OY (10.2) nsnnemcesa pezynspuszauueii cosuzom OY
(10.1)
(a2) umeem mecmo oyenka

HA(A+AB)_1HS M =const, AOA,. (10.5)

(a3) onepamop A nopmanvno paspewumolii u onepamop

F,: kerA - kerA’ (10.6)

02PAHUYEHHO 00pamumblil,
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(ad) umeem mecmo oyenka

H)I(A+)IB)_1BHSM1=const, AOA; (10.7)

(a5) umeem mecmo oyenka

[(A+2B) A|<m, =const,  ADA; (10.8)
(a6) umeem mecmo ouenxa

HAB(A+AB)'1“5M3:const, ADOA; (10.9)
(a7) umeem mecmo ouenxa

HA(A+AB)'1H5M4:const, AOA,; (10.10)

(a8) onepamop A" HOPMAILHO PA3PEWIUMBLIL U ONEPAmop

F, ' kerA” - kerA (10.11)

02PAHUYEeHHO 00pamumblil,

(a9) onepamopwr A u F nopmanvno paspewumvie u umeem mecmo
onepamopHoe pageHcneo

F'F=Q, F =PBQ; (10.12)

(a10) onepamopvr A u F nopmansno paspewiumvie u umeem mecmo
onepamopmnoe pagencmeo

FF'=P, F=PBQ; (10.13)

(all) onepamopvr A u F nopmanwvno paspewumsie u umeem mecmo
pasziioxcenue 6 OnepamopHulil pso

(A+AB) " =ATF "+ iﬁm(TB)mT(BF -E),  (1014)

m=0
20e AOC: O<|/\ | <p, < ot p= P(TB) — cnexmpanvuuiii paduyc one-

pamopa TB:H - H ;
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(al2) umerom mecmo pasencmea

kerANkerB={Q, (10.15)
R(A)OR(BQ)=H; (10.16)
(al13) umerom mecmo pasencmea

kerA°NkerB"={Q, (10.17)
R(A")OR(BP)=H. (10.18)

JokazarenbpctBo Teopembl 10.1npuBoaurcs B myrkTe 10.5.

Hapsiny ¢ onepatopubiMu ypaBHeHusaMu (10.1)u (10.2) paccmoTpum co-
OTBETCTBYIOIHE UM COIPSDKCHHBIC YPaBHCHHS

Ay=g, (10.19)
(A7+2BY)y=g. (10.20)

EcTecTBEeHHBIM SIBISETCS BOMPOC O CBSA3H PETYISIPH3YEMOCTH CIABUTOM CaMOTO
ypaBHEHHs U ero conpspkeHus. 13 teopembr 10.1,B 4acTHOCTH, BBITEKAET Clie-
JyIollee yTBEeP KICHHE!

Teopema 10.2. [na mozo, umoovt cemeiicmeo 0Y (10.20) aensanoce
pezyapuzayuei cosuzom 0Y (10.19), neobxooumo u docmamouno, umooot
cemeiicmeo OY (10.2) aenanocov pezynapuszayueit cosuzom 0Y (10.1).

JlokazatenbcTBo TeopeMbl 10.2mpuBoaurcs B myHkre 10.6.

Teopema 10.1m03BOJIAET TAKKE YCTAHOBUTH CBS3b MEXKIY 0a3HCOM siapa

0
oneparopa A u 6a3ucoM szIpa CONpsHKEHHOTo onepatopa A~.

Teopema 10.3.Ilycmo cemeiicmeo OY (10.2) aensemca pezyrapuzayu-
eit cosuzom 0Y (10.1).Toz0a 6aszuc ¢ adpe onepamopa A pasnomowen 6asu-

o
¢y 6 adpe conpaxncennozo onepamopa A-.

JokazatenscTBo TeopeMbl 10.3npuBoaurcs B myHkre 10.6.
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Crienyroliee yTBEpKICHHUE ABIAETCS, B HEKOTOPOM CMBICIIE, OOpalieHreM
teopembl 10.3 1 MpU3HAKOM CYLIECTBOBaHMs oreparopa B, mis xoroporo ce-
metictBo OV (10.2)smisercst peryaspusanueii casurom OY (10.1).

Teopema 10.4. Ilycmv onepamop A:H - H nopmanvno paspewu-
motii u dimkerA= dimkerA”, eciu kerA — KoneunomepHoe, A0pa one-

0
pamopoe A u A~ umerom pasnomougnvie 6azucnt, ecnu KerA — peckoneu-
Homepnoe. Tozda cywecmeyem  maxkoil  OPAHUYEHHBLIL  Onepamop

B:H - H, umo cemeitcmeo OY (10.2) aenaemea pezynapusayueii coeuzom
0y (10.1).

JokazatenscTBo TeopeMbl 10.4npuBoaurcs B myHkre 10.6.

10.4.BcriomMoraTesibHble YTBepaKIeHHsl. B 10Ka3aTenbCTBE CXOAUMOCTH
PperyJIsipU30BaHHBIX CIABUTOM pemeHnii OY HCHoNb3yeM aHaJIOT YTBEPKICHHUS O
cnaboil  KOMIIaKTHOCTH  IIOCJIEHOBAaTEIbHOCTH JIMHEHHBIX  (YHKIHOHAJIOB
Ha HOPMHPOBaHHOM mpocTpaHcTBe [43, c¢. 198], B ciywae rumbbeproBa mpo-
CTpaHCTBA.

Jlemma 10.1. IocnedosamenbHocnms JUHEHHBIX QYHKUUOHAN08 {¢n} ,

onpedenennvix na zunbbepmosom npocmpancmee H | cnabo cxooumea k @,

eciu:
1) ImMa nocyieodo8amesibHoOCmb 02PpAHu4YeHa. mo ecmbsv

H¢anC:const, n=1, 2,.;

2) coomuowenue ¢n (X) - ¢(X) 6bINOJIHEHO ONA 6cex X U3 MHOJIce-

cmea X , nuneiinas 06010uka komopozo eciody niomno ¢ H .

I[OKEBaTeHLCTBO. 3 YCJI0BUA JIEMMBI BBITCKACT, YTO €CJIN XO SABJISICTCA

JMUHeHHON KoMOuHanuei 3meMeHToB X |, TO
¢k(XO) - ¢(Xo)’ Ko

Iycte X[H — npoussonbusiil snement. Iokaxkem, 4to ¢k (X) - ¢(X) mpu

K — co. JlefictBurensHo, mis moboro &€ >0 CYIIECTBYET 3JIEMEHT X_, MpH-

0’
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HaJJIeKalIui  IMHEHHOM  o0omouke X,  YHOBJIETBOPAIOWIEN  YCIOBHIO

HXO—XH<£.H03T0My
4, (x)-9(x) <
12,008, (%) +[8, (%) =8 (x,)| +[p (x5) -2 (¥) <
<[o k=l #le (%) - 2 (%) +1#l%, %] <
<C£+‘¢k(x (xo)‘+C£.

Ho mno ycnosuio ¢k (XO) . ¢(XO) npu K — . CnenoparensHo,
‘¢k(x)—¢(x)‘ - O npu Kk - 0 mmascex XOH .

Jlemma 10.110xa3ana.

Jlemma 10.2. IIycmo {yn} — O2PAHUYEHHASA NOC1e006AMEAbHOCIb U3

2unvbepmosa npocmpancmea H :

HyanC:const, n=1, 2,..

k N
Tozoa cywecmeyem noonociedosamenbHOCHb {yr(] )} OaHHOIl hocnedosa-

0
menvHocmu, cado cxooawancsa K nekomopomy rnemenmy Yy [JH .

JokasareabcrBo. O603HaunM 4epe3 Y IHMHEHHYIO 000I0YKY MHOMXKECT-
Ba X ={ Y, yz,...} . 3ampikanne Y MHOXkecTBa Y SBISETCH 3aMKHYTHIM IOJI-

MMpOCTPAHCTBOM HPOCTPAHCTBA H ", CJICA0BaTCIIBLHO, CeHapa6eJ'H>HLIM FI/IJ'H>6€p'
TOBBIM IPOCTPAHCTBOM.

Onpenenum JIMHEHHBIH QyHKINOHAI ¢n , oJarast

#,(9)=(y,.x). xOH: [g,

, hON.
n

Tak kak H(ﬁn“ < C, To 4mcioBas MociIeI0BaTeIbHOCTh
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#(%,). ,(v). - 4,(v)

orpanndeHa. [loaToMy W3 mMoCIeI0BAaTENbHOCTH (YyHKIIMOHAJIOB {¢n} MOJKHO

BBI6paTI: IoAIIOCIC 10BATCIIBHOCTD

o, o0, g0,

qTOOBI YHCIIOBAs II0CJICJ0BATCIIBHOCTD
80(v), 49()...49(y) ..

1
cxonuiack. Jlanee, M3 IMOIIOCIEIOBATCILHOCTH {¢r(1)} MOXXHO TakK BBIOpaTh

MOJIITOCJIEI0BATEILHOCTD

o, 93, 912, .,

YTOOBI CXoauJ1aCh IoCjaca0BaTCIIbHOCTD

62(v,). 62(y.)....00(y ). ..

[Iponomkas 3TOT Tporecc, MOIYIHM TaKyI0 CUCTEMY MTOCIIeI0BATEIbHOCTEH

g, g0 g

g, 93, 9

o k
(u3 KOTOPBIX KaKAasi €CTh MOJMOCIEI0BATEIBHOCTD MPEABIIYIIEH), 4TO {¢r(] )}

CXOOUTCS B TOUKAX yl, yz, ey yk , ... Torma, B3siB «IHaroHaJIbHYI0» MOAMOC-

JICA0BATCIBbHOCTh
g, ¢, g,

o n
TOJIYIHM TaKyIO MOCIIeIOBATEIBHOCTD JIMHEHHBIX ()yHKIIMOHAJIOB {(br(1 )} , 9TO
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21 (v, 57 (¥n) -

cxomuTes st Bcex N. B cwty seMMbl 1 mociie1oBaTenbHOCTh {¢r(1n) (X)} CcX0-

JTATCS JUIS TI000ro X ay :
" (x) - ¢O(x), xOY.
Toraa cylecTByeT €AMHCTBEHHBIN dJIeMEHT yO u)% TaKoif, 4To

Iim¢r(1”)(x):(y°, X) JUTSL TFOOOTO xayY .
n—-oo

Ilycte temepr zUOH — npoussonbueiii  snement. [lpencrasus

Z=X+X,, rae xayY, X, OY wu yuutsiBas, 9ro (yO,XO) =0, 6yzem umeTsb

(%)= (v" ) +(y% %) = (v°.2).
TakuMm obpa3zom,

Iim¢r(]”)(z):(y°, Z) s moboro  zOH .

Jlemma 10.20Kka3ana.

Jlemma 10.3.0nepamoposnaunasn gpynxyusn
F(A)=(A+4B)™

ananumuueckan na muoscecmee /\ 2{/] :0< |/1 | < po} ,20e P, >0 — ne-

Komopoe 00CMamouHo majioe Yucno.

Hokasareanctso. Ilycte A n A npumanexar muoxectsy A . W3

TOXAECTBA
F(A)=F(4,)=(2,-A)F(A,)BF (1)
OyzneM UMeTh

F(A)=[E+(A-4,)F(4,)B] F(4,).
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Ecnu ‘/] —/]OH‘F (/10) BH <1, To omeparop

[E+(A-4,)F (4,)8]”
pasnaraercs B psia Heiimana [43] o creneHsm (/] -A 0) , KOTOPBIi Oy1eM Tpak-
TOBaTh KaK PasJoKeHHe B CTENEHHON psn GpyHkiuu F (/1) B OKPECTHOCTH TOY-
ku A=A

Jlemma 10.3mokazana.

10.5./loka3aTenncTBo Teopemsbl 10.1.
JokaszareabcrBo uMmmukanun (al) = (a2). Ilycts cemeiicteo OV
(10.2) sastercs perymspuzanueii casurom OV (10.1). [lokakeM CyIIeCTBOBAHUE

nocrostuaot M > 0, s koropoii cripasennusa onenka (10.5). [lelictBurensHo,

U3 ycinosus 0) cuemyer, uro mus kaxgoro X[ H maiimerca uucnmo M <> 0,

YAOBJICTBOPAIOIIEEC OLCHKE

H(A”B)_lAXHS M, AOA,.  (10.21)

U3 ouenku (10.21),coriacHo MpUHLIHUIY PABHOMEPHOW OTPaHHYCHHOCTH (Teo-
pema banaxa-Illteiinraysa, [44, 97]), cieayeT CyliecTBOBaHHE IMOCTOSHHOM

|\/|1>O,qTo

H(A”B)_W‘S'\”r ADA,. (10.22)

Hepexo,uﬂ K HOpMaM B TOXKIACCTBC
A(A+AB)'B=E-(A+4B) A,
IMOJIyYHUM

[A(a+2B) B|<m, +1, ADA,.
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Iyere A UA, - duxcuposannoe wmcno n ‘/10‘=,00. Tonoxum

w,rr i)

. O4eBHIHO, UTO |\/|0 <o, [lepexons npu O<|/\ | S‘/\O‘
K HOPMaM B TOKIECTBE
A(A+AB) ™ =
=[A0(A+1B) " A+ A D (A+1B) 'B|(A+4B) ",

OyzneM UMeTh
H)I(A+)IB)‘1H <(|AIM,+[A|(M,+1))M <
<|A|(2M + )M =M .

Wmmvkanus (al) = (a2) nokasana.

JlokazaTeabcTBO uMmaukanun (a2) = (a3). JlokaxkeM HOPMAaJIbHYIO
paspemmmocThb oreparopa A.

PaccMotpum B obnactu A\ o AHATHTHYIECKYIO (YHKIHIO CO 3HAYCHHEM B

06aHaXOBOM MPOCTPAHCTBE ONEPATOPOB

F(A)=A(A+AB)™,  ADA,. (10.23)

OGosnaunm Yepes ), U ), — OKPYKHOCTH C LICHTPAMH B TOYKE O u paguycos

I‘O H I‘l (0 < I‘O < rl < ,00) , COOTBETCTBEHHO. [1ycTh mapametp A mpuHamIeKuUT

KpyroBomy Koibiy [ <|/] | <r,. Cormacro tdopmyne Komm s MHOTOCBS3-

HBIX 06J'IaCTI/I, CIIPAaBCAJIUBO MMPEACTABIICHUC

F(A)=F(A)-F,(1), AOA,, (10.24)
F(A)z%i%dz, Fo()l)zéﬂ;[%dz.

1 0
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PaccmoTpum unTETpan Fo (/1) . [lpousBens 3ameny Z= roei’” , IOJTy4UM

1 ZF(re?)
F(A)=— [0 Lj egg =
o(4) i2mr ] roe"”—/lIroe /

r 21F(re?)
=—°jMe‘¢d¢. (10.25)
2y 1 e? -4
0
Tax kak ‘roe‘ing —/1‘2|/]|—r0 >0, 10, mepexoms k HopMam B (10.25), Gynem

HUMCTb

e 2T D

_OJ- 2m rOM
7l e ¢ rm%—r e

(10.26)

Iomy4eHHOe HEPaBEHCTBO CHPABEIMBO JUis BoeX [ ! 0< M <|/1|. [oatomy,
nepexost k npezaerny B (10.26)npu o = 0, monyuum

|F,(A)| -0 mpu 1y 0. (10.27)

Takum o6pazom, u3 (10.24)u (10.27)BbITEKAET pAaBEHCTBO

_1 (F(@
F(A)—ET.[Z/‘dz 0<|A|<r,.

OTMeTHM, 9TO MOABIHTETpaTbHAS (PYHKINS UMEET HEMPEPHIBHOE MPOAOIIKEHHE B
touke A =0. TlosToMy, mepexoas K Mpejedy TOJ 3HAKOM HHTErpaa MpH

A - 0, 6ynem umets

C,=limF(4)= ! Iim_[F(Z)dz: L jF(Z)dz:

1271407 2= A i 217 z
n 4
-1
=_1 J.Z(A+ZB) dz=- 1 J.(A+zB)_1dz,
|271y1 z I27Ty1
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TO €CTh

1 -1
C.=—|(A+2zB) "dz. 10.28
-1 |27Ty ( ) ( )
1

HOJ’Iy‘IeHHOC PAaBCHCTBO MO3BOJIICT AOONPEACINTD q)yHKIII/IIO F (A) o HeIpe-

peieHOCTH B Touke A =0, monaras F (O) =C_, . Us pasenctsa (10.28)cnenyer

CYIIECTBOBAHUC MPECaACiia

C_,f=limA(A+AB) ™" f =1 (A+2zB) ™" fdz
-0 I27Ty
1

s eeex fOH .

IMycrs [ R(A) . Torga u3 HepaBeHctBa (10.22)BbITekaeT npeneabHOE

COOTHOIICHUEC

C_,f :Lin})A(AMB)‘lf =0. (10.29)

JleiicTBUTENBHO, U3 BKModeHuss | [ R(A) BBITEKAET CYLIECTBOBAHME DJIEMEHTA

X,0H : Ax, = f . Orciona n w3 (10.22)nomyanm

lim
A-0

A(A+1B)™ f” =urpo|ﬁ |H(A+/lB)'14H|XO|| =0.

I[OKa)KeM TCICPb 0oJiee CHIIbHOE YTBCPIKACHUC. Hpeuenbﬂoe COOTHOMLIC-

nue (10.29)cnpaBenmBo u B ToM ciydae, korma f [J (A) . JIeHCTBUTENBHO,

nycte £ >0 —mnpoussonbHas BenuuuHa. Torna:

1) cymecTByeT 3aeMEHT fE 0 R(A) , YIOBJIETBOPSIIOLINI yCIOBHIO

It <
2M

2) cymectsyer 9, >0, uro mma Beex A :0<|/1 | <0, BbmonHsETCS

YCIIOBHE
- I
[A(a+aB) ™1 | <=,
‘2
CIpaBeIHBOCTE KoToporo cieayer u3 (10.29).
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W3 »1uxX ycnoBwuii, nmeeM

‘p(A+AB)4stW(A+AByﬂmf—fJ+
+H/1(A+/lB)'1 sz <Mt +E=g
oM 2

TaxuMm o006paszoMm, IpH O<|/1|<min{‘/10‘,5€} CIIPaBEINBO HEPABEHCTBO

-1
H/l(A+AB) f” <¢. Tak kak € >0 — npousBoibHAsA BEIMYUHA, TO OTCIOA

noy4aeM crpaseamusocTs (10.29)u npu f [ (A) .

JlokaxeM, HaKOHEI, CYIIECTBOBAHUE npemena penenus
X, =(A+/\B)_1 f, f OR(A) cemeiictea OV (10.2)npn A — O.

C sroii nenbto qis kaxaoro f [JH pacemorpum dynkimro
F(A)f-F(0)f

p(a) =2

, AOA

0 1
rae Gynkuus F (/\) onpenenena B (10.23),a F (O) =C_, -5 (10.28).®ynxk-
st ¢(/1) SIBISIETCS AHANUTHYECKOH B /\ 0 [33, c. 274] u umeer mpenen npu

A - 0 gna xaxmoro f OH . ITostomy cnipasennuBa oneHka ||¢(/1)|| <M ;-B

CHJIy TIPUHLHIIA PABHOMEPHOH OrpaHMYeHHOCTH [44] cyliecTByeT MOCTOSHHAs

Mo >0 rakas, uto ||¢(/1)|| < Mo” f || )

Iycts teneps f OR(A). Torma F(0) f =0 1 nostomy

A(A+AB) " f
¢(/\)=%=Xﬁ, /\D/\O.
Taxum o6pazom, umeemM

[x|=lelsmoltl, ADA,.
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Tak xak X, — pemenme OV (10.2), To nmeem AX, +ABx, =, ALUA .

HYCTL /]n -0 - MMPOU3BOJIbHAsA MOCICAO0BATCIbHOCTD. Torua nu3 Iocjacaona-

TCIBbHOCTHU {X/1 } MOXXHO BBIACJINTH IIOAIIOCICI0BATCIBHOCTD, c1abo CXOo4-
n

IIYIOCSl K HEKOTOPOMY dJIeMEHTY X, . bes orpanntenus obmrHOCTH OyneMm cum-
TaTh, YTO CaMa IIOCJICAOBATEIHLHOCTD [X g ] cmabo cxomures K X, - Tlostomy,
n

nepexos K npenaeny (B ¢1aboM CMEBICIIE) B pABEHCTBE

Ax/‘n +/1an4” =f,

npu N — 00, MOIyYUM AX0 =f. ITonyuyeHHOe paBEHCTBO O3HAYaeT, YTO

fO R(A). Taxum 06pa3oM, HAMH JOKa3aHO, YTO M3 BKmodeHus f [ R(A)

BhITeKaeT apyroe Bimiodenue f [ R(A), KOTOPO€E JOKa3bIBAET HOPMAIbHYIO
paspeimmumMocTh oneparopa A.

JlokakeM orpaHHMYeHHYIO 00paTUMOCTB OrlepaTropa
F =PBQ:kerA - kerA".

HpeL[CTaBI/IM MMPOCTPAaHCTBA np006pa3013 n 06pa3013 KaK IpsAMbI€ CyMMBI
B3aMMHO OPTOTOHAJIBHBIX IMMOAIIPOCTPAHCTB

H=(E-QHOQH u H=(E-P)HOPH.  (10.30)

Paznoxenns (10.30) mopokaaroT MaTpUYHbIE IPEICTABIECHHS s ONEPATOPOB

AuB
A= A|_1 O B= Bll BlZ
0 o B.. B.|

rae A,=(E-P)A(E-Q), B,=(E-P)B(E-Q),

B,=(E-P)BQ, B, =PB(E-Q), B,,=PBQ.
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IIpencTaBHMM HEM3BECTHEI X M ImpaBylo yacTh [ B BexkTOpHOM opme
x:(xl, xz): x,0(E-Q)H,  x,0QH,
f=(f,f,): f0O(E-P)H, f,OPH.

Iostomy cemeiictBo OV (10.2) MOKXHO 3amucaTth B BUAE CUCTEMBI

{(All-'-ABll) X1+ /1812( 2: f 1

(10.31)
A821X1+ABZZX2: f 2

Io ycnoButo cucrema (10.31)anst kakmol mpaBoil 4acTu fl, f2 UMeeT eUH-

CTBeHHOE pemenne X, ., X, , TpH AOA o- Tak kax omeparop A:H - H

2.4

HOPMAJIBHO Pa3peLuMbIi, TO OTlepaTop
A, (E-QH - (E-P)H (10.32)
HMeeT OrpaHHYEHHbIi 06paTHBIi
Ay (E-P)H — (E-Q)H.
Ecmn A/, yaosnereopser ycnosmio | |HA_L‘llBl]ﬂ <1, 10 onepatops!
A,+/B,: (E-QH - (E-P)H
HMEIOT OrpaHHYEHHbIE OGPATHBIE
(A,+4B,) : (E-P)H -~ (E-Q)H.
13 niepsoro ypaswerns cuctemst (10.31)mpu f, =0 maitnem X,

)= _/](Al1+)|811)_1812( 2"

Ortcrona u u3 BToporo ypaBHenus cucremsl (10.31)monydnm

B,,(1x,,)-AB, (A, +1B ) "B [Ax,)=f . (1033

110



Merton perynspuzanuu caBurom: Teopust U NPUIIOKEHUS I'maal. 8§10

B cuny onenku (10.5) cemeiictBo {/\X2 /‘} PaBHOMEPHO OrPAaHHYEHO IPH

AONA,: HAXMHSC. Tomoxum Yy =A X rie A -0 mpn N 0.

24,

Torna HynH <C, n=1, 2,... Coriacuo nmemme 10.2 U3 mocienoBaTeIbHOCTH
{yn} MOYKHO BBEIIEIHTh C1a00 CXOIAIIYIOCS HOINOCIE0BATENbHOCT [yn ] )
k

. 0 o
D10t cnabblit mpenen o6o3HaunM Y- . Bropoe ciaraemoe B neBoii wactu (10.33)

M0 HOPME CTPEMUTCA K HYJIIIO

118,,(A,+1B,) "B [ax,, )| ~ 0w Ao,

TMosTomy, nosaras B pasenctse (10.33) A = /\n U mepexojs K ciabomy mpene-
k
ny npu K - 00, momyunm
0_
Bzzy = f2. (10.34)
Tak kak f2 OPH — npoussonbusiil snement, 1o pasencto (10.34)o3nauaer,
uro onepatop B,,: QH — PH sBusercs oroGpakennem «wa» u, cienosa-

TEJIbHO, €ro 00pa3 COBIANAeT CO BCEM MIPOCTPAHCTBOM: R( BZZ) =PH.

ITokaxeM, 4TO WIS KaXAOro f2 OPH pemenne OV (10.34) sBnsercs

CINHCTBCHHBIM, TO €CTh

kerB,,={Q . (10.35)

HeiicTBUTeNIBbHO, MYCTH X, o OkerB 5p+ TaK KaK omeparop (10.32) orpanuueH-

HO OOpAaTHMEI, TO CYIIECTBYCT CIAWHCTBCHHBIA 3JICMEHT XlOD(E—Q)H ,

YIOBJICTBOPSIOMINI PaBEHCTBY

AlleO: Blzx 20 (10.36)
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IoactaBum B nebie yactu (10.31) X = 0, X, =X, , ¥ C y4eTom (10.36)6ynem

HMCETH

(A11+/]Bll)m)+/1812x 2,0:/1A
'321@”“322’(2,0: 0.

il 10 (10.37)

Baenem 0003HaUEeHUS:
%, =(0.%, o) OH .y, =(x,, 0)OH,  fy=(Ax,,0)0H.

Toraa neByro yacts (10.37)M0OXHO 3amicaTh Kak (A+ A B) X, » @ IpaBYio 4acTh
xak AAY,. Iosromy u3 (10.37)umeenm (A+/] B) X, =AAY, u, ciesosarens-

wo, mpu A A o+ HAXOZHM
_ -1
x, =A(A+AB) " Ay,.

. 9 -1
Otcrofa ¥ U3 pPaBHOMEPHOH OrpaHMYEHHOCTH CEMEWCTBa {(A+/lB) A},

AUOA nonyanm
HXOH = H)I (A+2 B)_l Ayo“ <
S|/\ |“(A+/\B)_1A”“you -0 mpu A-0.

CJ'ICI[OBaTeJ'ILHO, X20 =0. HonyquHoe PAaBCHCTBO JOOKAa3bIBACT CIIPpaBCIIN-

BocTh (10.35).

Taxum o6pasom, oneparop B,,: QH — PH ssusercs orpannuenno
obpatnmeiM. Tak kaxk QH =kerA, PH =kerA” u B,,=PBQ=F,, o
oTCcIOa cremyer OrpaHrYCHHAs! 00paTuMocThb omeparopa
F,=B,,:kerA - kerA”.

Nmrutukanus (a2) = (a3) mokazana.
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JokazarenbcrBo uMminkanuu (a3) = (al). JlokaxkeM cyiiecTBOBaHHE

qucna O > 0 Takoro, uto mwis kaxmoro A: 0< |/] | < p,, oneparop

A+AB:H - H (10.38)

MMeeT orpaHndeHHBIH oOpaTtHbIi. C 3TOH IeNbI0, KaK TPH JTOKA3aTebCTBE MM-
mukanuu (a2) = (a3), 3anumem cemeiicteo OV (10.2)B «koopauHaTax»

(AI.1+/]Bll)X1+/]Blz( 2: f 1

(10.39)
)I821X1+/“322X2_ f 2

To yenosuio nemmet oneparop B, = PBQ= F, umeer orpannyennslii obpat-

HBII 82_21 :kerA” . kerA. Tlostomy u3 Broporo ypaserus cuctemst (10.39)

Hax0auM
__p-1 -1n-1
X, =-B,,B, X, +A7Bf .. (10.40)
HOL[CTaBI/IM Haﬁ[leHHOC 3HAYCHUC B IICPBOC YPABHCHUEC CUCTCMbI

-1 _ -1
(A11+/1E’11_)|B12E’2 2))(1_ f BB 2! : (10.41)

W3 HOpMaJIbHOM pa3spemuMocTu oneparopa A BbITEKAeT OrpaHAYEHHAs
00paTUMOCTH oTiepaTopa

A,:(E-Q)H — (E-P)H.
Ecit A yIoBieTBOpseT yeIoBHio
0<|A|<p,, e pOHAl_ll[QBll— BB B Z)H <1,  (10.42)
10 omepatop
A, +A(B,,=B, BB ) (E-Q)H - (E-P)H

MMeeT OrpaHUYEeHHBII 00paTHBIMH.
Iycts A ynosneropser ycnosuio (10.42). Toraa us ypasuenus (10.41)
HalJIeM IepBYIO HEM3BECTHYIO

X :('6‘11-1-/](B11_BlJB_z1 2))_l(f B 1§_;£ L
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Orcrona u u3 (10.40)HaiineM BTOPYIO HEU3BECTHYIO

-1 -1n-1
X5, =-B, Bzf(u+)| B .

Orpannyennas o6parumocts onepatopa (10.38)mpu 0< |/\ | < P, Aoka3zaHa.

Takum obpaszom, npu BeimonaHeHud yeiosus (10.42)cemericteo OV (10.2)
oiHO3HauHO paszpemmmo st kaxnoro f [JH | To ects umeer mecto yenosue

a). JlokaxkeM CIIpaBeUIMBOCTH YCIOBHS 0).

Iycts f=(fl, fz) NpUHAVIEKAT o0pasy omepatopa A, To ecThb

f= ( f, O) . Torna pemennem cuctems! (10.39)c maHHO# NpaBoii 4acTHIO SB-

JCTCA

p =(A11+/](811_8143_21 2))_lf 1
Xo1 = _B;;BZl(All-i-A(B 1B 1??? z))_l f

U3 mpencrasienus pemenus (10.43) ciaemyer cyinecTBOBaHWE MpeieNa TpH

A - 0:

(10.43)

. _ -1 =
L'Enoxu =A, T = X10
“Enoxle BBt =%,

Herpynso mpoBeputh, 4TO d1EMEHT X) = (X1 0 X, 0) UH seasercs peniennem

w3 P

Nmrutukanus (a3) = (al) mokasana.

OV (10.1):

JokazareabcTBo uMmankanuu (a2) = (a4). U3 (10.5),nomyunm
|A(a+28) 78| <|2(A+2B)IB| < M5
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Monaras 3nece M, =M ||B|| , TIOIy4uM cripaseanuBocts (10.7).

Wmmukanus (a2) = (a4) nokasana.

Jloka3aTeabCTBO KBUBaJeHIuHU (ad) < (ab).
Amnaukamuu (a4) = (ab). [lepexoas K HOPMaM B TOXKIECTBE

(A+AB) ' A=E-A(A+1B) B,
5 cwty (10.7),nomyam
[(A+1B) A <14m,.
Tonaras 3aecs M, =1+ M, nonyumm cnpaseausocts (10.8)
Mmmmkanun (a5) = (a4). [lepexo/is K HOPMaM B TOAIECTBE
A(A+AB)'B=E-(A+AB)'A,
5 cwty (10.8),momyam
[A(a+2B)"B|<1+M,.

Honaras 3nece M, =1+ M, nomyanm cnpasenmsocts (10.7)

OkeupaneHuust (a4) < (ab) noxasana.

JokazareabcTBo ummaukamuu (ab5) = (a2). Ilycrts /]OD/\0 u

(oueBuano, uto M 0 <@ ). Iepe-

‘/10‘ =P, Honoxum M ZH/l (A+ /]08)_1‘

X0/ K HOpMaM B TOXK/IECTBE
A(A+B) ™ =[ A(A+AB) " A+ A A(A+1B) 'B|(A+AB) ",
B cuiy (10.7)u (10.8),momy4anm

[A(a+2B) 7| < (MM, + 2 [M M (< o (M ,+M M
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Iomaras M = ,OO(I\/I ,TM 1) M, U3 TOTY4eHHOH OLEHKH, NOJIYYUM CIpaBesl-

muBocTh (10.5).
Nmmukanus (a5) = (a2) nokasana.

JlokaszaTeabcTBO MMIInKamuu (a2) = (a6). 13 (10.5),monyunm
|1B(A+2B)7|<[B]|A(A+2B) < |BIM.

Tonaras snece M, = ||B|| M , monyuum cripasenmusocts (10.7).

Nmrutukanus (a2) = (a6) mokazana.

Joka3ateabcTBO 3KkBUBajIeHnuHu (a6) < (a7).

Nmvmumkanun (a6) = (a7). [lepexoas Kk HOpMaM B TOXKIESCTBE
A(A+AB) " =E-AB(A+AB)™,
B cuity (10.9),momy4anm

[(A+2B) " Al<1+M,.

TMonaras 3nece M, =1+ M ,, monyunm cnpasemusocts (10.10)

Amnaukamuu (a7) = (a6). [lepexoas K HOPMaM B TOXKIECTBE
AB(A+AB) '=E-A(A+1B) ",
B city (10.10),monyuum
|1B(A+2B) <14 M,
Honaras snece M, =1+ M, nomyunm cnpaseamsocts (10.9)
OkeuBaneHuust (a6) < (a7) moxasaHa.
JokazaTeabcTBo ummaukamuu (a7) = (a2). Ilycrts /]0 OA o H

(oueBuzano, uto M <c0). Tlepe-

4| = 2, - Tonommu M = HA (A+ AOB)_l‘

X0 K HOpMaM B TOXICCTBE
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A(A+1B) ™ =(A+AB) [ AA(A+1B)*+ 1 1B(A+1B) ™,
B crty (10.9)u (10.10),monyunm

[A(a+2B) =M (1AM, +]A M < oM (M +m ).

IMonaras M = po(l\/l .t M 3) M o 113 TOJIYUEHHOH OLCHKH, TOIYIHM CIIpaBes-

muBocTh (10.5).
Wmmvkanus (a7) = (a2) nokasana.

Amnaukamus (a2) = (a8). MeeT MecTo oLeHKa

HA(AD+ABD)_1H =[a(a+aB) <M, ADA.

Orcrona u u3 umwinkanuu (a2) = (a3) cnenyer cnpaBeaTuBocTh (a2) = (a8).

Ummmkanus (a8) = (a2). HopmanbHas pa3pemmMocts omepatopa A

o O
OKBUBAJICHTHA HOPMAJIbHOW pPa3pCIIMMOCTH OIlcpaTopa A , @ OrpaHWYCHHAaA

o0OpaTHMOCTh omepaTropa Fo

OKBHMBAJICHTHA OTPAHUYEHHON 0OpaTHMOCTH OTie-
o
paropa Fo . [MosTomy u3 mMrunkarnuu (a3) = (a2) cieayer CIpaBeTHBOCTD

uMIutikau (a8) = (a2).

OkeupaneHuus (a2) < (a8) moxasaHa.

JokazarenbcrBa nMmummkanmii (a3)= (a9), (@3)= (al0). HopmansHas
paspemumocts omepatopa A umeercs B yenouu (a3). Hopmanbhas paspernu-

MOCTb omneparopa F CJIeayeT us OI‘paHquHHOﬁ 06paTI/IMOCTI/I oreparopa

Fo: kerA - kerA". JleicTBUTENbHO, MPOJOIIKAs HyJIEM Ha OPTOTOHAIBHOE
o\ . -1 + -1
JOTIOITHEHHE (kerA ) obpatHblit onepatop F;~, Oyzem umers F* =F =

_1 o o +
Tax kak Fo — OrpaHMYEeHHbIN OIEpaTop, TO U NCeBA000paTHbIM oneparop F

o +
— orpaHuyeHHbIi. VI3 OrpaHUYEHHOCTH TICEBI000OpaTHOrO oneparopa F~ BeiTe-

KaeT HopMaJlbHask pa3peIMocTh oneparopa F .
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Hnst nokaszarensctBa paBeHcTB (10.12) m (10.13) mocTaTouHO mOKAa3aTh
PaBEHCTBA SIEP ITHX OIEPATOPOB:

kerF'F =kerQ wu KkerFF' =kerP.

Tak xak F =PBQ, 1o Bxmouenne KerQ [ kerF*F ssusercs oue-

BHIHBIM. IMokaxem CIIPaBEIUBOCTD 00parHoro BKITIOUECHUS
kerF'F O kerQ . ycts F Fx=0.Takkax F =FQ, 10 F'FQx=0.Ha
noanpoctpancTee KerA omepatop F cosmamaer ¢ omeparopom F, u, caeno-

+ _ -1
BaTenpHO, F~ = FO . ITooatomy

0=F"FQx=F;'F,Qx=Qx.

Orciona Bertexaer srmouenne KerF 'F O kerQ .

Nmrutukanus (a3) = (a9) mokazana.

N

Tak xak F7 Z(FDF) FY u F"=0QB"P, 10 Bxiouenue
kerP O kerFF ™ smnsercs oueBmambiM. [TokaxeM CIpaBeITHBOCTh 0BPAaTHO-
ro simouernss KerFF* 00 kerP. Iyers FFTy=0. Ha noampocrparcTse
kerA omepatop F cosmamaer ¢ omepatopom F, u, crenosarensHo,
F'= Fo_l. IMosToMy

— + — -1 —
O0=FF Py=FF,"Py=Py.

Orcrona BeiTekaer Bkmouerne KerFF ™ [0 kerP .

Nmrutukanus (a3) = (al0) nokasana.

Joka3arenbcrBa nMmmmkanuii (a9)= (a3), (@10)=> (a3). HopmansHas
paspemuMocThb omepatopa A uMmeercs B KaxaoMm u3 ycnosuii (a9) u (al0). U3
HOPMaJIBHOM paspernuMocTu orepatopa F  BeTekaeT HOpMallbHas pa3pemid-

MOCTBL oOIlepaTopa FO' OTCIO,Ha rnojxy4dacM OIrpaHUYCHHOCTH HCCBL[OO6paTHOFO

oreparopa F0+. W3 xaxmoro u3 paserctB (10.12) u (10.13) BeITekaer, 4To
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o + 0

TICEBIOOOPATHEIN ormepaTop Fo onpeJelieH Ha BCceM HpocTpaHcTBe KerA-,
o -1

CrnenoBaTenbHO, CYIIECTBYET OOpPAaTHBIA OIepaTop Fo 1 IMEET MECTO paBeH-

-1 _ +
CTBO FO = FO . Takum obOpasom, omepartop Fo SBJISIETCSL OTPaHUYEHHO O0pa-

THMBIM.
Nmrutukanuun (a9) = (a3) u (a1l0) = (a3) mokasaHsl.

JokazareabcrBo ummmnkamun (a10) = (all). HopmansHas pasperan-
MocTh orepatopoB A u F umeercs B yenosun (al0). JlokaxkeM, uTo BeIpaxke-
Hue, Haxojsieecs B npaBod yactu (10.14), sBiaseTcss 0OpaTHBIM OIEPATOPOM
nist onepatopa A+ AB . Paccmorpum neiicteue oneparopa A+ AB na mpasyro
yacTth paBeHcTa (10.14):

m=0

(A+)|B)()|‘1|:+ +i)|"‘(TB)’“T(BF+ —E)Jz
=A'AF* +(AT(BF+ —E)+BF+)+
+2/‘ (AT +E)(BT)"(BF " -E).

Jloka3aTenbCTBO OyJeT 3aBepIieHO, €ClIH MOJYyYCHHOE BBIPAKEHHE COBIAIACT C

enuunynbM oneparopoM E . Tak kak AQ =0, To umeem

AF* = AFY(FFY)" = AQBTP(FFY)" =0.
Taxxax T =(F"B~E)A" u AF" =0, 10 s cuny pasencrsa (10.13)umeen
AT(BF*-E)+BF*=A(F'B-E)A"(BF" -E)+BF" =
=(AF'BA" - AA")(BF* -E)+BF " =
=-AA"(BF " -E)+BF* = AA" +(E- AA")BF " =
=—P+E+PBF*=-P+E+PBQF " =-P+E+FF* =E;
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(AT +E)BT =(A(F'B-E)A" +E)BT =
=(AF'BA" - AA" +E)BT =(-AA" +E)BT =
= PBT =PB(F'B-E)A’ =PBF 'BA" -PBA" =
= PBQF "BA* - PBA* = FF "BA" - PBA" =
=(FF*-P)BA" =0.
Vivmmkamus (210) = (1) toxasana.

JlokazaTesbereo mMiuiakanuu (all) = (a2). V3 HopMasbHOM pa3pelnn-

Moctu oneparopoB A u F  BeITeKkaeT orpaHUYEHHOCTH MICEBI0OOPATHBIX ONEPATO-

+ + o
pos A" u F 7. TlosToMy Bee COCTaBISIONIME ONEPATOphI MPABOi YaCTH PaBEHCTBA
(10.14) sBnstroTest orpanrueHHBIMA. OTCIO/IA TOJTyYaeM PaBHOMEPHYIO OTpaHHYEH-

HOCTb ceMeifcTa {/1 (A +A B) _1} B 061acTu cxoaumocTH psia (10.14).
Wmmvkanus (all) = (a2) mokasana.

JlokazaTeabcrBo uMiummkanuu (a3) = (al2). JokaxkeM crpaBeid-

BOCTb PaBCHCTB

kerANkerB={Q, (10.44)
R(A)NR(BQ)={0}, (10.45)
R(A)+R(BQ)=H, (10.46)

rae cymma B JieBoi yacti (10.46)0003HavaeT anreOpanyeckyto CyMMy MOIpPO-

CTPaHCTB R(A) u R( BQ)

Jokaxem paseHcTso (10.44).IIyets zOker A kerB. U3 pxmoucHns
zOOkerA cnenxyer Qz=z. Orcrona u u3 Bxmouenns Z[1kerB cnexyer
Bz=0 = PBQz=0= Fz=0.
W3 noJy4eHHOTO pAaBEHCTBA M OrPaHMYEHHOW OOpPaTUMOCTH ONeEparopa
F :kerA - kerA” nonyuaem, uro Z=0.
Hokaxkem pasenctso (10.45).1lycts WL R(A) N R( BQ) . U3 Brutove-

Hus W[ R(A) cnexyer cymectsoBanue X [1KerA rakoro, uto AX=W. U3
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BrmoueHuss WU R( BQ) cnenyer cymecteosanue Y[IKerA Ttakoro, uro
By=W. Ionoxum 7 3 =Ax- Y. DTOT 37I€MEHT yIOBIETBOPSET PABEHCTBY
(A+ A B) z,=1 ’BX. B cwry wuvmmkamin  (a3)=>(a2) cymecTByer
Py = pO(A, B) >0 Taxoe, uto omepatop A+ AB orpanmuenno obparnmerii
i kaxgoro A m3 /\02{/]:0<|/]|S,00}. Ecmu /]D/\O, TO
z,=1 2 (A+ A B)_l BX. W3 paBHOMepHON OrpaHHYEHHOCTH ceMeiicTBa

{/\ (A+ A B)l B} (cM. nokasarenbcrBo mmiuthkaimu (al)=>(a2)) BbITekaer

CIIPABCAJIMBOCTb MPEACIbHOIO COOTHOIICHUA

lz,| =12 (A+B) 8|l ~ 0 mpu A o0.

C apyroit ctoponsl, Z, =AX=Y - =Y mpn A - 0. U3 5Tux npexembubix
cooTHomeHuH nonyunm pasencteo Y = 0. Cnenosartensno, W= By =0.
Jokaxem pasenctso (10.46).ITycts f OH — npousBonbubIi dnement.

Torma Pf OkerA”. Orciona u OTPaHUYCHHOW OOpPaTHMOCTH OllepaTopa

F =PBQ:kerA - kerA” rrrexaer cymecrsosanne snementa Y KerA:
Fy = PBQy = PBy = Pf . ITonoxum
g=f -By. (10.47)

Tax xak Pg=Pf ~PBy=0, 1o gOkerP=R(A). Orciona u n3 Hopmais-
HOM paspemuMocTu oneparopa A BeiTekaet, uto g [ R( A) . Torga cymecrtBy-
er XxOkerA: AXx=g. Orciona u u3 (10.47)umeem AX=f —By, 10 ectp

Ax+ By = f . Tlonyuennoe paBeHcTBO I0Ka3bIBaET cripaBeuBocTs (10.46).

Hamomuunm, uto (cM. [96]) cymma
H,+H, ={x +x,:x,0H , x,0H }
noanpocrparcts H, UH u H, U H nasbisaercs npsaivoii cymmoii u o6o-

3Hauaercs H 1 OH 5+ €CIIH
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1) H, n H, —samknyTbie noanpoctpanctsa;

2)H,NH,={0};

3yH, +H, =H.

JokaxkeM, uto BMecTO ABYX paBeHCTB (10.45)u (10.46)MOKHO 3amucaTh
OJIHY MIPSAMYIO CYMMY R(A) g R( BQ) =H.

Ecam 3aMKHYTOCTH TOAIPOCTPAHCTBA R(A) CIeqyeT M3 HOPMAJIbHOM
paspemuMocTu onepatopa A, TO 3aMKHYTOCTb MOAMPOCTPAHCTBA R( BQ) cie-

JlyeT U3 orpaHMueHHON o6patumoctn onepatopa F :kerA - kerA”. Jeitcr-

BHTEJILHO, M3 OTPaHHYeHHON obpatnMocTn omeparopa F :kerA - kerA” cy-
wectByeT nocrosuuas M >0, gro ||FX|| >M ||X|| s modoro X KkerA. Uz
paBeHCTBA

IFX|? =|PBQx|*+|(E-P)BQX|*, xOkerA
[IOJIy4aeM, 9TO

IBX|? =|PBQX|? =|[Fx|?=M2|x|? xOkerA.

IycTs fODR(BQ), f DR(BQ) u f, - f, mpu k - oo Torna cymecrsy-

er X _JkerA,uro f_=BX,_ .O1ciona u 13 nomyIeHHOro HepaBEHCTBA HMeEEM
2 2 2 2
[T = fol” =1Bx =B, =[B{x =X, )| 2M2]x ="
m k m k m k m

CIlefoBaTebHO, IIOCIIEA0BATEILHOCTD {Xk} ABIIAETCS cXomsmeiics. Ecmm
X, = X, (k - 00), 1o X,[JKerA u, mepexons x mnpeneny B pasencTe
fk = BXk, HOIYYUM f0 = BXO. Orcrofa cieayeT BKIKOYEHHE f0 O R( BQ)

CrnenoBarteabHo, R( BQ) = R(BQ) .

Nmrumukanus (a3) = (al2) nokasaHa.
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Joka3arenbcrBo ummuinkamun (al2) = (a3). [Ipou3BobHbIH SeMEHT
Z[OH oanosnauno mpesncrasnsercs B Buae cymmbl: Z=X+ Y, e X O kerA,
yOkerA. Onpenenum onepatop C:H - H :

Cz=Ax+By.

Ormetum, uro omepatop C:H - H a) sBusgerca orpanuuenusiM,

6) wumeer nyneoe sapo: KerC ={ (} , B) SIBISICTCS ONEPATOPOM «HA»!
R(C)=H.
CrpaBeJIMBOCTh &) BBITEKAET U3 OTPaHMYEHHOCTH oneparopoB A u B.
Bcm Cz=0, 10 AX+By=0,rme z=x+y. xOkerA, ylkerA.
Orcrona u u3 (10.45), Bo-nepBbix, moaydaeM, uto AX=0 wu, cienosaTensHo,
Xx=0, Bo-ropeix By=0 10 ects yUkerB. Tax xax yUKerA u

yOkerB, 1o u3 (10.44)BwiTexaer, uro Y =0. Cnenosatensno, Z=0. Cnpa-
BEIJIMBOCTH 0) J0Ka3aHa.

CripaBeUIMBOCTH B) BBITEKAET u3 ycinosus (10.46).

Tax xak oneparop C:H — H ynosnetBopsier ycnosusm a), 6) u B), TO
B cuuty TeopeMsl banaxa [43] oH orpaHnYeHHO 0OPATHMBIi, TO €CTh CYLIECTBYET

M >0, uto

HC‘lvvﬂ <M ||W|| ns Beex WOH . (10.48)

ITycte W H —npoussonsusiii anement. Torna B cuny (10.46)cymiect-

BYIOT UDR(A) u vl R(BQ) Takue, yTo W=U+V. TTonoxum z=C ‘w.
Tlostomy

z=Clu+C™W. (10.49)
Cysxenne onepatopa C *:H - H na R(A) u R(BQ) 0603Ha4YNM %1 u

-1 .
BO , COOTBETCTBEHHO:

-1_~-1 -1_ -
A'=C \R(A), B,'=C WR(BQ). (10.50)
U3 (10.49),B cuny o603navenuii (10.50),umeem

z:,%'lu+ B;lv.
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Orcrona u u3 (10.48)0ynem umetsb

H'Ab— 1uH <M |u, HB;I\/H <M|V. (10.51)

Mycrs U, (A). Torma cymecTByeT  IOCIE0BAaTENBHOCTD

— AL
u U R(A), ato U, — U, Tipn k - co. Tonoxum X, = A, U, . U3 (10.51)
CIEMYET CXOMMMOCTh MOCIENOBATENBHOCTH {Xk}‘ Ilyete X, — X, T1pn

K — oo . Torga u3 orpanuueHHOCTH onepaTopa A Ionydaem, 4To Ax, — AX,

mpn K — oo Tak kak AX, =U, u U_— U, pn K - 0, 10 AX =U,. OT-
CIOIa BHITEKAET CIIpaBeuMBOCTh BKmoenus Uy [ R(A) . Hopmanbnas paspe-

IIMMOCTDB OoIepaTopa A JI0Ka3aHa.

JlokaxeM OTpaHHYEHHYIO 00paTMMOCTh omepatopa F_, meictByromero

0
us kerA s kerA”. Tiyers yOkerA u F,y=0. Torna PBy=0 u, creno-

BaTeNIbHO,

ByOkerP=R(A)=R(A). (10.52)

C npyroii cropousr, By =BQyU R( BQ) . Orcrioma u w3 (10.52), B cuny
(10.45),monyuaem pasencreo By =0. Cnenoparensro, Y1kerB. Orciona, us
smouenus YKerA, B cuny (10.44),nonyqdaem pasercteo Y =0. ITosromy

kerF|kerA ={0 .

Tycts teneps T CJker A” — npoussonsHbrit snement. Torma Pf = f . Co-

rnacuHo yenosuro (10.46),cymectsyror snementl X [1kerA u yOKerA raxue,
gro f = Ax+By.Orcroma f =Pf =PAx+PBy=PBQy=F_y. 310 pasen-

. O
CTBO O3HAYaeT, 4TO FO :kerA - kerA- sensercs oToOpaskeHHEM <«Ha».

: 0
Taxum oOpasom, omeparop F;: kerA - kerA- apmsercs orpanuden-
HBIM, B3aMMHO OJJHO3HAYHBIM W «Ha». Torma B cuiny Teopembl Banaxa [43] cy-

IECTBYET OrPaHHUYEHHBIN 0OpaTHBIN omepaTop Fo_l :kerA” _, kerA.
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Nmrumukanus (al2) = (a3) nokasana.
Teopema 10.1noka3ana.

ITomHoTy nokaszarenbcTBa TeopeMmsl 10.1 mpuseneMm B cienyromen nua-
rpamme Ne 1.

10.6. Doka3areabcTBo Teopem 10.2-10.4.

Joka3zarenbcrBo Teopem 10.2. Venopue (a8) st ypauenuii (10.19)u
(10.20)umeer Takoe ke 3HaUeHHe, yTo U ycinosue (a3) mwis ypasaenuit (10.1)u
(10.2).B cuny teopemsl 10.1ycnoBus (a3) u (a8) sBASAIOTCS KBUBAJICHTHBIMU.
Torma u3 skBUBajJeHTHOCTH yciaoBuit (al) u (a3) BhITEKAET CIIPaBEIMBOCTD YT-
BEPIKICHHS TCOPEMBI.

Teopema 10.21oka3ana.

Joka3zareabcrBo Teopem 10.3.11ycts cemeiictBo (10.2) sBisietcst pery-
naspuzanueit capurom OY (10.1).B cumy teopemsr 10.1 BeITeKaeT crpaBein-

BocTh ycnoBus (a3). Torma omeparop Fo SBISIETCS OTOOpa’KEHHEM, OCYIIECTB-

JAIOIMMM B3aUMHO OJHO3HAYHOE COOTBETCTBME Mexay sgpamu KerA u

kerA".

Teopema 10.3noka3zana.

Juarpamma Ne 1
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Joka3zareabcTBo Teopembl 10.4.ITycth {en} " {gn} — OPTOHOPMHPO-

0
BaHHbIe Oasucel B K€rA u KerA™, coorserctenno. Torna B KauecTse onepa-

Topa B moxHo Gpath onepatop, conoctapisiomuit snementy € L kerA »sne-

o .
MeHT g (JkerA~ u npoo/keHHBIN HyJIEM Ha OPTOTOHAILHOM JIOTIONHEHUH K

kerA:
Be =g Ue UkerA u Bx=0 OxOKkerA.

Teopema 10.410ka3ana.

11. AHAJIOT PAHTOBOM MATPHIIBI JIJIS OITIEPATOPOB

ITycts A — KBagpaTHas MaTpuna nopsaka N u ee padr pasen I <n.

[Iycts oHa mpencTaBieHa B BUIC

A A
A21 A22

rIae A11’ A22 — KBaJl[paTHbIE MATpULBI mopsAaka I U N—TI , COOTBETCTBEHHO.

(11.1)

Ecmu matpuna A_L 1 HEoCOOCHHAs, TO €CTh

detA  #0, (11.2)

a ManI/IIIa AZZ HpeIlCTaBJ'IS[eTCH paBeHCTBOM
_ -1
Azz - A21A11A12’ (11.3)

TO MaTpHUIly A11 HA30BEM PaHroBoii Marpuueil matpunsl A. Boobue mpex-

craBnenue matpunsl A B Buge (11.1)c panrosoii matpuueit A_Ll HE SIBJIETCS

OJIHO3HAYHBIM.
EctecTBenHO sBiIgeTCS 3amada O0OOOIIEHUS ATOTO MPEACTABICHUS IS

JIMHEHHOT O oreparopa A, ,HeﬁCTByIOHIeFO B I‘I/IJ'II)6€pTOBOM MMPOCTPAHCTBE H .
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Ilycte A:H - H —orpanndennsiii 1 HOpMAJIBLHO pa3peIUMbIi Omepa-
top. Torma mpoctpacTBo H MOXHO TpencTaBuTh B BHIE NPAMBIX OPTOTO-
HaJIbHBIX CyMM

H = R(AD) OkerA, (R(AD) :(kerA)D)'
H = R(A) O kerA”, (R(A)z(kerAD)D)'

HYCTL Hapgaay € 3TUMU MNPCACTABJICHUAMU MPOCTPAHCTBO H npeacraB-
JICHO KaK MPAMbIC CYMMBbI (HCO6${33TCHLHO OpTOFOHaHLHLIe)

H=H OH, H=FOF, (11.4)
TaKHE, 4TO ONICPATOPLL

E-Q:H, - R(AY),  Q:H, - kerA, (11.5)

E-P:F, - R(A), P:F, - kerA” (11.6)

ABJIAKOTCA B3aUMHO OJHO3HAaYHBIMH 0T06pa)KeHI/I${MI/I u «Ha». 3,HGCL Q ubP -

0
OPTOTOHAJIBHBIE TIPOEKTOPHI Ha moxanpocTpanctea KerA u kerA- coorserct-
BeHHO. [Ipsimbie cymmbl (11.4) Hopoxaar0T IPOSKTOPHI (BOOOLIE rOBOpPS, HEOP-
TOrOHAJIbHBIE)

Q:iH -H, Q,H -H,,
Pl:H_,Fl, PO:H_>F0,
OTIpeJIeNICHHBIE CIIEIYIONTIM 00pa3oM:
* ecmt X=X +Xo, e x1DH1, xODHO,
T0 QX=X QX =X,
e ecm f = fl+f0,r;[e f1DFl, fODFO,

TO Plf=f1, Pf=f_.

127



Merton perynaspu3anuu cIBUroM: Teopus U NpUIOKEHUS I'maBal. 8§11

Haxonen, chopmynmupyeM OCHOBHOE IIpEAINOOKEHUE. I[IpoeKTopsr

Q. Q,=E-Q, P, P,=E—P, xax nuneiinbie oneparopsl, aeficTsyiomue B

COOTBCTCTBYIOLIUX NPOCTPAHCTBAX

Q=E-Q,R(A”) - H, Q,kerA_H,, (11.7)

P=E-P:R(A)-F, P kerA”F (11.8)

SIBISIFOTCS] B3aMHO OJHO3HAYHBIMHE U <«HAY.
Eciu omeparopsl (11.5)-(11.8)sBnst0oTcst B3aMMHO OJJHO3HAYHBIMH OTO-

Gpaenuamu 1 «wa», To noanpoctpanctea H,, H ., F , F, nasosem mopo:x-

JAamonieil 4eTBepKoii.
[Tpumepom MOpPOKAAIOIIEH YETBEPKH IS TF0O0TO OTPAaHWYEHHOTO W HOP-

ManbHo paspemmmoro orneparopa Al H — H ssusercs

H, =R(A”)=(kerA)”, H =kerA,

=R(A)=(kerA”)”, F, = kera”
Fl—R(A)—( er ) , F,=kerA".
DTy MOPOKAAIOIIYIO YETBEPKY Ha30BEM €CTECTBEHHOIA.

ITycts H 1 Ho’ F1' Fo — nopoxaromas yeTsepka. [lonaras

A, =PAQ:H ~F, i,j=0,1, (11.9)

oneparop A NpencTaBuM B MaTpHYHOM popme

Az{zl 210] (11.10)

F, F — CCTCCTBCHHAasA MOpOoXAaromas 4YETBCpPKa, TO

Ecnu Hl, Ho’ ) o

A.LO =0, A01= 0, Aoo: O u, cnenoBaTenbHO,

St
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Kaxmass mopoxnaromiass 4eTBepKa ONpeAesIeT OJHO MATPUYHOE Mpe-
crasnenue (11.10)omeparopa A. Tak kak mpoctpanctso H wmoxnO mpepcra-
BUTH NPAMBIMU cyMMaMH (11.4) pa3nmudgHBIME TOPOKIAIONTIME YCTBEPKAMH, TO
MaTpHYHOE TIPECTABIEHHE onepaTopa A He ABJISETCS OAHO3HAYHBIM.

CrpaBeyiiBa clieayronas

Jlemma 11.1. Iycmo Hl, H . Fl, Fo — noposicoaiouias uemeepka.

Tozoa onepamop A_L = PlAQ .- H - F | ABTACMCA OPAHUNEHHO OOPAMUMBLM.

Joka3zareabcTBo. [lokaxkeM, 4To Sapo omeparopa All COCTOHUT TOJBKO

U3 HyJIEBOTO DJIEMEHTA:

kerA ={G. (11.11)

IMycts Alel =0, rae X, OH . Torga

PAQXx =0. (11.12)
Tax xkak X UH,, To Q1X1 = X, u, cnenosareinbHo, pasenctso (11.12)npuun-
maer sua P AX =0. U3 BsauMHOH  O0nHO3HAUHOCTH  OmepaTopa
B: R( A) - F, nxmouenns AX U R(A) uMeeM

Ax =0. (11.13)

Otciozia BbiTekaeT Bimouenue X, [ kerA. Oneparop AQ sBnsieTcst HylIeBBIM

BO BCceM mpocTtpancTse. [loatomy paserctso (11.13)MokKHO 3amucaTh B BUAE
A(E-Q)x =0. (11.14)
Tak kak E —Q sBngercs opToroHansHBIM IPOEKTOPOM Ha (kerA) . , TO
(E - Q) x, U (kerA) 7. Omwcom u m (11.14) BbITEKaET pPaBEHCTBO
(E - Q) X, =0. Oneparop E-Q:H 1 R(AD) JeCTByeT B3aMMHO OJHO-
3HauHo. [TosTOMY M3 paBeHCTBa (E - Q) X, =0 nomyuaem pasencrso X =0.

Pasencrso (11.11)moka3aHo.
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HokasxeM, uTo omepatop A | ABIAETCS OTOGPAKEHHEM «Ha»!
AH,=F, (11.15)
Tak kak Q1 :H — H_ sBasetcs npoextopowm, To u3 nepsoro u3 (11.4)umeem

QH,=H,. (11.16)

Onepatop AQ ssmsercsa nyneeiM, a E—Q: H1 - R(AD) SABJIAETCS 0TOOpa-
>)keHueM «Ha». [loatomy umeem
_ _ o\ _
AH, = A(E-Q)H, = AR(A")=R(A). (11.17)
Hakomen, U3 TOro, 4to OIEpPaTop P1 : R( A) - Fl SIBIIIETCS B3aUMHO OJHO-
3HAYHBIM OTOOPAKEHUEM U IENCTBYET «HA»,

PR(A)=F,. (11.18)

U3 (11.16)-(11.18pbiTekaeT cipaBeNTHBOCT paBeHcTBa (11.15).

Takum 00pa3oM, MBI JTOKa3ald, YTO OIMEPATOP ALl SIBIISIETCS B3aUMHO
OTHO3HAYHBIM OTOOpaXCHHEM W3 H1 Ha TPOCTPAHCTBO Fl. [Tostomy, B cuimy

TeopeMbl banaxa [43], cymiecTByeT oOpaTHBIil omeparop AL_ll : F1 - H | W sB-

JISICTCST OTPaHHYCHHBIM.
Jlemma 11.1n0xa3ana.

ITycts X OkerA — npoussonbHbI 37meMeHT. B cuiy pasnoxeHus

H= H1 O Ho' umeeM X, =Z +Z, rie Z =Q1XOD Hl, z, =QOXODH o
3amnuireM paBeHCTBO AX0 =0 B BuAE cUCTEMBI

{AMZ + A1020= 0,

'Abi 1 AooZ 0 0,

TZie ONepaTophl Alj ompenenensl B (11.9). Tak kak ALl — OrpaHHYeHHO 00pa-

(11.19)

THMBIIl ONeEpaTop, TO, «YMHOXHB» IepBoe ypaBHeHHe cucTembl (11.19) Ha

-1
—A, A | ¥ IpubaBHB KO BTOPOMY, [10JIy4HM

(A=A ALA,)Z =0 (11.20)
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TTory4eHHOE PaBEHCTBO UMEET MECTO ISl BCeX Z) = Qoxo’ X, U kerA. 3ame-

UM, 4TO oneparop Ay~ A01A11A1C neiictByer B npoctpanctse H . a Muo-

KECTBO {ZO =QyX, 1 %, U kerA} copnaziaet ¢ npoctpanctsom H . 13 sroro

sameuanus 1 pasencrsa (11.20)6ynem nmets A~ AOlAﬁAlo: 0, To ects

A=A ALA (11.21)

01 11" '1C

CJ'ICL[OBaTeJ'ILHO, HaMH JJOKa3aHa

Jlemma 11.2. ITycme Hl, Ho’ Fl, FO — nopoxcoarouian uemeepka.

Toz0a cnpasednuso pasencmeo (11.21).
Pasencto (11.21)sBastiercst ananorom paserctBa (11.3) mis GeckoHeu-

HOMEPHOTo ciydas. Takum obpa3oM, M onepaTopa A I0IydeHO IpeAcTaBie-
are (11.10), (11.9)u11 KOTOPOro UMEIOT MECTO 00a COOTHOILIEHHUS, aHAIOIHY-

meie (11.2)u (11.3).910 03Ha4aeT, 4TO ONMEPATOP A11 00J1aaeT BCEMH CBOMCT-

BaMH PAHTOBOW MAaTpPHWIIBI, BBEJICHHOTO IJII MATPHIl, YTO IaeT BO3MOXHOCTH
BBOJIUTh AHAJIOTHYHOE TMOHATHE W IS omepatopa. OrpaHUYEeHHO OOpaTHMBIH
oriepaTop

A,=PAQ:H - F, (11.22)

JUISL KOTOPOro MMeeT MecTo paBeHcTBO (11.21),Ha30BEM PAHIOBBLIM ONEPATO-

pom oneparopa A:H — H, cootBercTByromum nopoxnaromeii uersepke H

Ho F. Fy-

1

Hapsiny ¢ OV (11.19) paccmorpum mapamerpuueckoe cemeiictBo OV
AX+ABx= f . TMonaras Bij =PiBQj, i, ] =0, 1, oneparop B:H - H

MOJKHO TIPEACTaBUTHh B MATPUIHOH (hopme
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Paccmotpum MaTpuunyto Gopmy onepatopa A+ AB. Jlna yno6ersa 3a-
MMICH BBEAEM 0003HAUYEHE

A+ B ={C11 C10}

Cor Coo

rueCijZCij(/])EAlj+/]Bij, j,»j=0,1
Ecom A, — paurosbii onepatop onepatopa A, TO oneparop

Cl 1(/1) = Al l+/\ B 17 ABICTCSL OTPAHUYCHHO 0OPAaTHMBIM JUIsl JIO6OTO orepa-

Topa B, umapamerpa A, ynosnersopsiomero ycmnosmio |/1|“ A 11 B, ]ﬂ <p,<l.

Jist o6paTHOTO OmepaTopa

C1(A)=(A,+4B,)"

CIIpaBejiMBa OLICHKA

;2] = H A,+B,) <

N a-2llf1_ -1
rie M, = HAl 1H(l o 0) . Ilpu aTOM CcripaBemIMBO MPEICTABICHIE

Ci ()= A -AC,;(A)B, A,

N3 KOTOPOIr'0 BBITCKACT OLICHKA

cE (M) -Ad< M, B, AT
IIpeamnonaras JONONHUTENBHO 0oOpaTUMocTh omeparopa A+ AB mpu

AOA o A1 olpaTHOro omnepatopa (A+ A B)_l HOJIyYUM TIPEICTABICHHE,

ananornvHoe opmyne Dpodenunyca (cMm. [25], ctp. 59) ms obpaienus 6104-
HOM MaTpHUIIbI:

01 DOO

D,, D
(A+AB)™ {D“ 10}, (11.23)
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e D, =D, (1) EC11+
+CC,(ComCof 1) e £ (11.24)
D,,=D,,(1)=—C;ic [c -c g ). (11.25)
Dyy=Dy(A)==(Cy=CoE7c ) 'C §75 (11.26)
Dy =Dgo(4)=(C o= CL£7C 13 . (11.27)

ToT dakt, uto omeparop, onpenencHHbd paBeHcTBamu (11.23)-(11.27),
sBysteTest oopaTHeiM st oneparopa A+ AB, poBepsieTcss HEMOCPENCTBEHHBIM
BBIYHCIICHHEM.

Jlemma 11.3. Hycmo onepamop T:H — H auneinwii ozpanuuen-

HOLIL, @ CEMEIICHE0 TUHEIIHBIX ONEPAMopPOs S/] ‘H - H, AOA o pasnomep-

HO ozpanuuennoe. ||T|| < |\/|1, HS/‘ H <M - A D/\O. Toz0a onsa cywecmeosa-

-1
HUA 0OpamHBIX ONEPamopos (T +/]SA) U PAGHOMEPHOU 0ZPAHUYEHHOCHU

cemeiicmea {(T +/]SA )_1} A |:J/\O:

H(T+/]SA)_1

<M, AOA,, (11.28)

HeoOX00UMO U OOCIMamoyno 0Zpanuiennas oopamumocms onepamopa | .

Hoxa3aTeancTBo. Heooxomumocts. IIycTh cymiecTByIOT 00OpaTHBIC Olle-
-1 -1
paTops (T +AS, ) U ceMelcTBO {(T +/]SA ) } , PAaBHOMEPHO OTPaHHYEH-

Hoe. JToKakeM OrpaHMYeHHYI0 00paTUMOCTh oreparopa I .

HOKa)KeM, 4TO AP0 T COCTOHUT TOJIBKO U3 HYJIEBOTO 3JICMCHTA!

kerT ={¢ . (11.29)
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JleHCTBUTENBHO, MYCTh TXO =0. Torma (T +/]SA)X0 =/\SA X, H, cieioBa-

TeNbHO, X =/\(T +/\SA)_1S X

)Xo AOA o Hepexons k mpezneny B nomy4en-

HOM PaBEHCTBE M MpUHKMAas Bo BHuMaHue (11.28),monyqum Xy = 0. Pasenctro

(11.29)mokazano.
ITokaxkeM, 4To 00pa3s oneparopa | COBIAJAET CO BCEM MPOCTPAHCTBOM

R(T)=H. (11.30)
JeiictBurensuo, nmycts f [JH — npowussonsuslii snement. PaccMoTpuM ypas-

HEHHE (T +/]S/])X= f . Monoxnm X, =(T +/]SA)_1f , AOA, . 13 (11.28)

clelyeT OrpaHMYEHHOCTh CEeMeHCTBa {XA} , AOA,. Tlycts {/1”} — Tpous-

BOJIbHASI CXOZSIIAsACS K HYJIO TIOCIeI0BATEIbHOCTD: /]n -0 (n - 00). Torma

U3 T0CIIENOBATEILHOCTH [X /]n] MO>KHO BBIJEJIUTE CIIa00 CXOAALIYIOCS TTOINIOC-
JIEZI0BATENBHOCTE. be3 orpaHudyenus OOMHOCTH OyaeM CUHTaTh, YTO cama I10-
CIIEIOBATENLHOCTE [X /]n] CXOmUTCs €1ab0 K HEKOTOPOMY DIEMEHTY X, OH .
Ilepexoas k mpenmeny (B cimaboM cwmbiciae) mpd N — 00 B TOKIECTBE
(T +/1nS/‘n)XA =f, (nDN), IOTy4HM TXO = f . Orciona cnexyer Bkmoue-

n

e f [ R(T) . PaBencrBo (11.30)moka3ano.
U3 pasencts (11.29)u (11.30)B cuny Teopemsl banaxa [43] BeiTekaet orpa-

HudeHHas obpatuMocts omeparopa | . H — H . HeobxomumocTs nokazana.
Hocrarounocts. [Tycts T :H - H —orpannuenno o6parumeiii onepa-

Top. Jokakem cymectsoBanue uucia O, >0 taxoro, uro npu O<|/]| <P,
. -1
CEMENCTBO (T +AS ) ) SBJIETCS PABHOMEPHO OIPAHMYEHHBIM.

JleicTBUTENBHO, MyCTh Py > 0 YIOBJIETBOPSET YCJIOBHIO

,OOHT _1H M, <1. Ouesuzano, uro npu 0< |/1| < [0, BBIIOJIHACTCS HEPABEHCTBO
(ir+a8,) Jlar s, <l | oo, <1
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_1 v
IMostomy omepatop E+AT SA OTPaHUYEHHO OOPATUMBIM, U UMEET MECTO

OLIEHKA
s ) He— 21—
&) s o
Orcrona OyneM nMeTh
-1
IR L
|3 =1

JlocrarounocTs mokasana. Jlemma 11.3mokasana.
Jlemma 11.4. ITycms Hl, H . Fl, Fo — noposcoaiouian uemeepka.
Tozoa ona pasgnomepHoil o2panuyenHocmu cemeincmaeda {/1 D 00 (/\ )}

|44 (A)] = Ngo (11.31)

He00X00uMo u 00CMamoyHO 0ZPAHUYEHHAA 00PAMUMOCHb Onepamopa
= _ -lp  _ -1 -1 -1
D1 - Boo A01A11B 10 B 0'1A oad A 0'% 1@ ﬁ ﬁ ' (11.32)
Joka3zareancrBo. Heod0xoaumocTh. IlycTh cemeiicTBO {/1 DOO(/] )}
PaBHOMEPHO OrpaHUdYeHHOE. JJOKaKeM OrpaHHUeHHYI0 oOpatuMocTs D

=
HetpymHO ipoBepuThH CIIpaBeNTHBOCTH TOXKISCTBA

Dyo(4)=(D,+4D,-42D (1)),

00

rae Dy = Ay~ Ay A A

of ‘117 10
_ -1 -1 -1 - -1
Dz(/‘)_(BmCllBlo_Ao? B4 BB & ﬁ AR D

+A CIB AR AL )‘1
Abl 11 1fA11 116‘1f6‘1 '

(11.33)

puYeM

|D, ()| <M, (11.34)
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Tak kak All — paHroBsIi oreparop omeparopa A, TO UMeeT MecTo pa-
BeHcTBO (11.21).Toraa DO =0 u mostomy Just oeparopa ADOO(/]) HOIY4IHM

npeCTaBICHHE
-1

AD,,(A)=(D,-AD,(A)) . (11.35)

Orcrona u u3 HepaBeHeTB (11.31)m (11.34) 111 10CTATOYHO MabIX |/\| >0 no-

Jy4aeM OLIEHKY H Dl_lu < Nl.
Heob6xoanMocTh qoKa3aHa.

Hocrarounoctsb. Ilycts omepatop D1 OTPaHUYECHHO OOPATHMBIi:
HDl_lu < Nl. JlokaxkeM CyIIeCTBOBAHHE Py > 0, uto npu 0<|/1| <P, cemeli-

CTBO {/] D00 (/\ )} PaBHOMEPHO OTPAHUYEHHOE.

Hcnons3yem npezacrasinenue (11.35).Tak kak
-1 _ -1
(D,-4D,(4)) " =(E-4D;'D (1)) D"

TO [IpH ‘/\ HDl_lm M, < p, <1 nonyaum ouenxy

|(p,~ap, (1))

JlocTtaTouHocTh qokazaHa. Jlemma 11.4mokaszana.
CrpaBeuiiBa CICAYIOIAs TEOpeMa.
Teopema 11.1. /Ina paenomepuoii ozpanuveHHOCMU cemelicmea

{/] (A+ A B)_l} , AU, neoéxooumo ocpanuuennas ogpamumocms onepa-

mopa (11.32) 0na n1060ii noposicoarowieii yemeepku u 00CMAmMoOUHO — XOM
0bl Ona o0HOL.

Joka3zareancrBo. Heo0xoaumoctb. IIycTh ceMmeiicTBO ormepaTopoB

{/] (A+ A B)_l} PaBHOMEPHO OrpaHHUYEHHOE, a H1’ H o Fl, Fo — Ipous-
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BOJIbHAsA MOpoKAaromas 4€TBepkKa. I[OKa)KeM OrpaHNYCHHYIO 06paTI/IMOCTL OIIC-

paropa (11.32). CornacHo nemme 11.1 omepaTop ALl SBIISICTCA OTPAHUYEHHO

00paTHMBIM.

Jlist oOpaTHOM MaTpHIIBI (A+/] B)_l nosydeHo npencrasiaenue (11.23)-

(11.27). U3 paBHOMEpHO# OrpaHUYCHHOCTH CEMEHCTBA {/] (A+ A B)_l} ,

AOA o CJIelyeT paBHOMEpHAs OIrPAHHYCHHOCTb CEMEHCTB {/1Dij (/1)} ,

A D/\O mns Beex i, ] =0, 1. Torma, cormacho nemme 11.3, nosyuum orpadu-

YeHHYI0 00paTHMOCTh ornepaTtopa (11.32). Heo6xomuMocTh 10Ka3aHa.

HocraTtounocts. [lycTh 111 HEKOTOPOIl MOPOXKAAIOIIEH YeTBEPKU Hl,
H,. F,, F, oneparop, onpenenennsiii pasencrsom (11.32),aBmsetcs orpatu-
YCHHO 006paTHMBIM. JIOKaKeM CyLIeCTBOBaHHE 4ucaa O, > O rakoro, 4ro mpu
AOA, ={/] :0< |/]| < ,00} oneparop A+ AB umeer obpatHblii, a cemeiicTBO
{/1 (A+ A B)_l} ABIIAETCA PABHOMEPHO OTPAHHYEHHBIM.

Cornacuo nemme 11.1 omeparop A_Ll SBJSIETCSL OTPaHUYEHHO 00paTH-

meiM. Yucno O, > O BrIGepeM H3 yCIOBHS

alAB <1

Toraa nnsa mo6oro A O<|/1| < p, omeparop E +/1A1_11 B, , sBnsercs orpanu-
genno obparumbiM. Torma i oneparop C , = A +AB, | sensercs orpanuden-
HO 06paTUMBIM. [IpK 3TOM CHpPaBeITHBEI OLEHKH
-1 1
e+ anie,) <y
1_p1HA11 Bl]”
-1
A
-1 :
1= Plu%Buﬂ
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Paccmotpum omeparop D, — A Dz(/]) , re omeparoper D, u D, (/1)
ompenenensl B (11.32)u (11.33), npudem s D2 (/1) UMEET MECTO OIleHKa
(11.34).I1o ycnoBuro omeparop D1 OrpaHr4eHHo o6paTuMBbIi. IToaTOMy Cylie-
CTBYET N1 >0 Takoe, uTO HDl_ l” < Nl. Ecmm uueno P, >0 ynoBiaeTBOpsET
HEPABEHCTBY pleM ) <1, to mpu A D/\O, rie O, = min{ Py ,02} , omepa-
Top D, =4 Dz(/]) OrpaHMYEHHO OOpaTUMBIA. JIeHCTBUTENBHO, M3 YCIOBHUA
AUA, nomyuaem orpanmuennyio obparumocts oneparopa E—AD] 1D2 (/1)

M OTCI0J1a OTpaHueHHyIo obpatnMocTs onepatopa D, —AD, (/\) , IPHYEM

- - 1
E-AD'D_(A))" <
H( 1 Dy )) 1-p,NM,
H(D -AD (/1))'l <L. (11.36)
1 2 1- p,NM

Hmeet mecTo npencraBieHue
Cpo=CoC1iC1o=4(D = AD {1)).

01”11”10~

Orcrona nonyqaem o6parumocts Co —~C C/ IC . awu3(11.36) —ouenky:

017117 1C

] N

H(C _C01C11C 1() 1- Yo, N
0

CJieoBaTeNbHO, CEMEHCTBO {/1 DOO(/])} , AON , fBISIETCS PABHOMEPHO Orpa-

arnyeHHsM. Otcrona u u3 paBeHcTB (11.24)-(11.26BbITeKacT paBHOMEPHAs Or-

PaHMYEHHOCTh CEMEHCTB {/1D11(/1)} , {/] Dlo(/l)} , {ADOl(A)} LA D/\O, a ms

(11.23) BrITEKaeT paBHOMEpHAs OTPaHUYEHHOCTH CEMENCTB {/1 (A+ A B)_l} i

JlocTaTOYHOCTH JOKa3aHa.
Teopema 11.1noka3ana.
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12.3AJAYA C IPUBJINXEHHBIMU JAHHBIMU

12.1. ®opmyaupoBKa 3axaum. PaccMOTpUM 3amady peryssipu3anuu

CIABHUI'OM, KOrga BMCCTO TOYHBIX JAaHHBIX A, B, f HU3BCCTHBI UX l'IpI/I6J'II/I)K€HI/I${

A, B , CBA3AHHBIC C TOYHBIMHU JaHHBIMHU COOTHOIICHUAMN
|A-A|<u, |B-B|<v, |f-f]<d]f], (12.1)

rne {4=20,V=0,0= 0 — usBecTHble BeNMUMHBI (IOTPEIIHOCTH ANMPOKCHMA-

uun). Takum o6pasom, BMecTo TouHbIX OY (omepaTopHBIX ypaBHEHHMI)

Ax=f, (12.2)
(A+AB)x=f, (12.3)

ans ux npuomkerns AX= f u
(A+2B)x=1. (12.4)

Bynem mpeamonarars, yto cemeiicto OV (12.3)sBisieTcst peryispusaii-
eit cupurom OV (12.2).Yepes X , 0003HaYNM peLCHHE YPAaBHEHHs (12.3).To-
ria X, — X, npn A -0, rae X, —pemwenne OV (12.2): AX, = f . Ilpenme-

TOM HACTOSIIErO WCCICAOBAHHS SBISCTCS BBISBICHHE YCIOBHI, IIPH BBIMONHE-
HHH KOTOPBIX:
1) OV (12.4)6yznetr uMeTh CIMHCTBEHHOE PEIICHUE

X, =>*<A(f,A,I§)=(A+/lI§)_1f

st Beex A D/\O u npubmmkenasx nanaeix A, B, f;

2) uMeeT MeCTO MpeAeIbHOE COOTHOIICHUE

LII’TE)X/] =% (12.5)

3) MOXKHO HOJIYYHUTh OLECHKY CKOPOCTH CXOAMMOCTH MPEICITBHOrO COOT-
Howenus (12.5).
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Iycts Hl, H 0’ F1' Fo — NPOU3BOJIbLHAS TIOPOXKIAIOIIAs Y€TBEPKA. Torma

tounsle nanbie A, B, f npexncrasnsiorcs B Buze

A=|:All A10:|, B=|:Bll Bl(;:|, f=|:fl:|,
A)l AOO BOl BO f0

a npubmkennsie nanpsie A, B, T —B Buze

A:[AM A10:| élell BlO:| f= fl
Ay A B01 Boo
CymectByer uncino K= k(Hl, H o Fl, FO), MO3BOJISIIOIIEE 3aIHCaTh COOTHO-

wenns (12.1)B Buzge

HAH A H <ku, Hé’ij -8, H =lv, (12.6)
|t -1 |<kalf], i,j=01

12.2.OcHoBHBIE pe3yabTaThl. B TaHHOM NMyHKTE MpHUBEICHBI GopMyIu-
POBKH OCHOBHBIX Pe3yJIbTaToB. [1010xuM

T =By~ APBir BoATAFAASB A @27
CrpaBeyinBa

Teopema 12.1.I1ycmp évinonneno ycnogue

-0 £ _o0 v-o (12.8)

Tozda oOnsa pagnomepHOll  OZPAHUYEHHOCMU  CEMEICIEA  ONepamopos

R
{/] (A+/]B) ] , AON, neotxooumo u docmamouno ozpanuuennasn oépa-
mumocmes onepamopa Tli H1 - Fl.

JlokazaTenbcTBO TeopeMbl 12.1npuBeneHo B myHkTe 12.4.
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B YCIOBUAX TCOPCMBI 12.1npez[nonaraeTcs{, YTO MOTPCIIHOCTL OII€paTopa

A, 10 ecTb BenmuuHa L/, ABJISETCS OECKOHEYHO MaJIOi 6oJiee BHICOKOTO MOPSI-

Ka MO OTHOLIEHWIO Mapamerpa peryispuszauuu A, To ectb U/ |/]| - 0 mpu

A - 0. Morpemnocts onepatopa B — Benuunna V sBnseTcs mpousBosbHOM
O6eckoHeuHO Mayiod. J[ist TOro 4TtoOBl M BeMMYMHA A/ SBISUIACH NPOU3BOJIBLHON
OECKOHEYHO Mayloi, TO €CThb He TpeOoBaTh BHINOJHEHHUE COOTHOIICHUS

ul |/]| -0 mpu A > 0, HyXHO BBINONHEHHE OMONHUTENILHOTO YCIOBHS.

CdopmynupyeM 3TO yCIIOBHE.
Byzaem mpexmnonaraTs, 9TO W3BECTHA JIMHEHHAS 9aCTh MOTPEIIHOCTH OIIe-

paropa A. IlycTh IMEIOT MECTO MPEICTaBICHUSI

A”_ - A = uA, +o(u), i,j=0,1, (12.9)

rie AI'J. :HJ. . Fi, i, j=0,1 — npousBonbHbIE JUHEHHbIE OrpPaHMYECHHBIE

onepatopsl. [lonoxum
T=A -AALA ~AATA FA AR AA
o o110 TMoftif 10 1 11 T -
OuesuzHo, uto onepatop T neiictsyer u3 npoctpancrea H, B F, .

Teopema 12.2. ITycms |/\| =4 -0, v - 0. Tozoa ona cywecmeosa-

~ ~\-1
Hua  npeodena /](A+/\B) - D u ocpanuuennocmu  onepamopa
D:H 1 Fl Heo0Xo0uMo u 00CMAMOUHO O02PAHUYEHHAA O00PAMUMOCHb

onepamopa Tl 'H - Fl u evtnonnenue pasencmea 1 =0.

JlokazarenpcTBO TeopeMbl 12.2npuBeacHo B myHkTe 12.4.

O06a ycioBus, cocTaBisIIOIMe TeopeMy 12.2, sBisitoTcst 6oJiee KECTKHUMH
0 CPABHEHHIO C COOTBETCTBYIOIIMMH yCIoBUsME TeopeMbl 12.1.Tax, ecimu oka-
3aTeIbCTBO JOCTATOYHOCTH TeopeMbl 12.1 cOCTOUT TOJNBKO W3 YCTAHOBICHUS OT-

paHUYEHHOI 00paTHMOCTH orepaTropa T1 ‘H 1= Fl, TO B IOKa3aTEIbCTBE JOCTa-

TOYHOCTH TCOPEMbI 12.2 JOTIOJTHUTEIIbHO JOKa3bIBAC€TCSA PABECHCTBO T= O, €ClI
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JI0KA3aTeIbCTBO HEOOXOMMMOCTH TeopeMbl 12.1COCTOUT TOIBKO U3 YCTAHOBJICHHUS
~ -1
PaBHOMEPHO} OrpaHUYEHHOCTH ceMeiicTBa {/\ (A+ A B) ] , AOA,, 10 B nOKa-

3aTeJIbCTBE HEOOXOIMMOCTH TeOopeMbl 12.2 moKa3bIBaeTCs CXOIMMOCTBH TOTO Ce-
MeHCTBa M OrpaHMYEHHOCTH IIPENENIBHOIO OIepaTopa. JTO CBA3aHO C TEM, YTO
BenuunHa [ B Teopeme 12.1 sBnsieTcst OecKOHEUHO Manoi 0oJjiee BBICOKOTO TI0-

pAfKa MO CPABHEHHIO ¢ TIapaMeTpoM peryispuszanuu A [ = 0(/\) , @ B TeOpeMe
12.2 BenmmuuHa [ WIMEET Takoil e MOPSIOK, YTO M MapaMeTp peryispu3anuu
Ao u= |/1| . Crnenyromee yTBepKICHHE SBIICTCS HEUTO CPEIHUM MEXKIY ITHMHU
TeopeMaMu. B HEll MOpsAAOK MaOCTH BEMYUHBI L/ ¥ TIapaMeTpa perysapu3anui

A paBHBI M CBA3aHBI COOTHONIEHUEM LI < £|/\| ,rne € — (pUKCUPOBaHHOE YHCIIO

U3 TIPOMEXYTKA [0, £ 0] , &, >0 —nexoropoe unco.

[Tonoxum
F — (& -1 R A -1
T, _(Aoo_Aoo)_Ao 11('6‘10_A 13_(A or A JLA AT
+'Ab1A1_11(A11_ AlJ) A_111A 1 (12.10)
Toraa u3 (12.6) 1 OrpaHUYCHHOCTH OIEPATOPOB Abl’ ALl " A{ll BBITCKACT
CyLLECTBOBAHUE Ynca M, > 0, rakoro, 4to
[T, < myu. (12.11)
Teopema 12.3.Ilycmp évinonneno ycnogue
A -0, us<eld, v-0, (12.12)

20e £ D[O,Eo] — npouseonsnoe, a £, — Hekomopoe 00CmMamouHo majioe no-

noxcumenvioe uucno. Tozoa s pasnomepnoii ozpanuiennocmu cemeiicmea
~ -1
onepamopos [/1 (A+AB) } , AONA, neobxooumo u docmamouno ozpanu-

uennas 06pamumocmes onepamopa Tl: H L Fl.
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JlokazaTenbcTBO TeopeMbl 12.3mpuBeneHo B myHkTe 12.4.

[penmnonaras obpaTuMocTh oneparopa A+AB s Boex A 3 npome-

KYTKa (0, ,00] rae QO >0 - HEKOTOpOEe YHCIO, OOpATHBIA OmepaTop

~ -1
(A +A B) IpEe/ICTABHM B BHJIE

~ -1 | D, (1) D,y (4
(A+2B)™ { fl( ) fo( )] (12.13)
D,,(1) Dyo(4)
TZie ONepaTophl Dij (/1) , 1, ] =0,1 onpenenennr nmxke pasencreamu (12.42) —

(12.45).Torna petienne casurom OV ¢ npubmamwxkeHHbIME JaHHBIME (12.4) 3a-

X :F“]{Dn()l) f1+|510(j) fO}_ (12.14)
+

IMUCBIBACTCA B BUIC

Hetpyano nposeputs, uto npu f [ R( A) 3JIEMEHT

Xo1 _ A&_ll 1_AI11A10 11( s 1113 B t)lA_lI

0~ - -1 -1
%0,0 Ty (A10A11811_ B JA 1

(12.15)

sBisiercst pewennem OV (12.2).
CrpaBeymiBasi clieayronas

Teopema 12.4. Hycmos f O R(A), onepamop T :H, - F  ozpanu-

UEHHO 06pamuMbu? U 6bINOJIHEHO yciioseue

-0 useld, voo, 2.

zl
20e & D[O,é‘o} — npouseonvHOe, 4 £ — HEKOMOPOE OOCMAMOUHO MAL0€ NO-

aoxcumenvroe yucno. Tozoa cnpaee@nuea OUCHKa CKopocmu cxooumocmu

20e M e 0 — nexomopoe nocmosnnoe.
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JlokazaTenbcTBO TeopeMbl 12.3mpuBeneHo B myHkTe 12.4.

12.3.BciomMoraresibHbIe yTBep:KIeHus. st yao6CcTBa 3alUCH HCIIONb-
3yeM 0003HAYCHUS:

C. =C (A)=A +1B ,C =C (A)=A +AB,i,j=0,1
ij ij 1j ij ij ij 1] ]
J1st mosrydeHust OLEHKM CKOPOCTH CXOIMMOCTH PETYJISIPU30BAaHHBIX pElIeHUH Tpe-

OyIOTCS OLIEHKH HOPM OIIEPaTopoB Cij u Cij . B paccmatpuBaeMbIX cilydasx ma-

pamerp A HU3MeHseTCS BO MHOMKECTBE /\O ={/1 :O<|/]| < ,00} , TIe O, >0 -

HEKOTOPOC AOCTATOYHO MAJIO€ YHMCJIO, 4 YPOBHHU NOTPCIIHOCTU ONCPATOPOB, BEIINU-

S U< <v<
uiHel U WV m3MeHswoTcs B mpomexytkax 0< (< ,uo u O_V_VO, rae
Hy>0 n v, >0 - npenenphbie 3Havenns morpemnocteil. W3 orpanndennocT!

oneparopo A, B, A, B u nx «6musoctu» (12.1)u (12.6)8 061acTi n3MeHeHus

ImapamMeTpoB A, M 1V BBITEKAET CyLIECTBOBAHHUE YHCIa mo >0 rakoro, 4To
< S < i i=
HC” H_ m,, HC” H_ m, i,j=0,1 (12.16)

Jlemma 12.1.Iycme umerom mecmo coomnowenusn (12.6) Tozoa cnpa-
6e01usa OUeHKa

Héij —Cinsk(,u+|)I|V), i,j=0,1 (12.17)
I[OKEB:ITCJ‘ILCTBO JICMMBI OYEBUTHO.

Jlemma 12.2.ITycms 6vinonneno yciosue

Po|| ArB, 1= a,<1. (12.18)

Tozoa ona nwéozo AN ={/\ : O<|/\| < ,00} onepamop C, | ozpanuuenno

odpamumslil U cnPABeOIUGHL OUEHKU

o<l aoa

< g N (12.19)
1
_1112
psz-caols LA, aon, aeio
1
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Hokasareancrso. [l moGoro A A | cipaseimeo npescrasienue
13\ _ a-1 -1n \ 71 A- -1
Cll(A)_All_A(E-I-AAllBu) AliB Y
OUEeBHIHO CIIEIYIONIEEe PABEHCTBO
1 _~-1 ) — -1n \ 7L A- -1
A, -Cy (/]) _A(E-U]AllBu) AliB A (12.21)
U OLICHKA

H( E+ AA{jBll)_lH <— . (12.22)
1-q
W3 pasencTsa Cll(A) = All( E+A AEB 1, ToTydaeM oGpaTHMOCTb OmepaTo-

pa Cll(A) , an3 (12.22) —cnpasemmuBocts (12.19).

IMepexons k Hopmam B (12.21)u nmpunumMas Bo BuuManue (12.22),mony-
4yuM crpaBeaanBocTh (12.20).
JlemMa noka3zaHa.

Jlemma 12.3.ITycms 6vinonneno yciosue
|A|#=a,<1. (12.23)

Tozoa onepamop A_L .- H 1™ Fl 0ZDAHUYEHHO 00pamuMblii U CHPABEOTIUCA

oyenka

N
e,

(12.24)

IlOKa3aTeJILCTBO. U3 OYCBUAHOT'O PABCHCTBA

AM: A11(E+ Ali(An—AJ) (12.25)
U OLICHKU

A Al A delatiosa . 2z
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B cuny (12.23),cnenyer obparumocts oneparopa E + All ( -A J) a B CHITy

(12.26),cnipaBeyTHBOCTD OLCHKU

(E+ A.L_ll(All_ Alj))_l

<t (12.27)

1—q2

Ortcrona, B cuiy (12.25), monyynm oGpaTHMOCTh OIEpaTopa Aﬂ 14 ¥ crpaBen-

JINBOCTH paBeHCTBa
- - 1
Aul =(E+A111(A11_ AlJ)) A111' (12.28)

Iepexoas k Hopmam B (12.28)u yuursiBas (12.27),1moiy4nM CrpaBeyIMBOCTD
(12.24).

JlemMa noka3zaHa.

Jlemma 12.4.ITycms 6vinonneno yciosue

[+ po([Bf +v)) s @<t (12.29)
Toz0a ons nw6ozo AL | :{/l :0< |/]| < po} onepamop

C,=C, (Auv)=A_ +iB H - F.

0ZPAHUYEHHO 0OpamuMblil U CRPABEOSIUBLL OUEHKU

I = Al , (12.30)

o e N PROTCH ) R

Joxa3zareabcTBo. 13 0ueBUIHOTO paBeHCTBA

=A (E+T ). (12.32)

rae -I:11 = A1_11(A11_ Al]) +AB 1 1 OLICHKH
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Tal=lAsl(e e, d+v))=a.
cieayer o0paTuMoCTh oneparopa E +'|:1 | ¥ CTIPaBE/UIMBOCTb OLCHKH

1
1—q3

I(e+T,)

(12.33)

Orcrona, B cuny (12.32),nonyunm o6patumocts oneparopa C

1, ¥ CTIpaBeuIH-

BOCTb PAaBCHCTBA

Ci=(E+T,) AL (12.34)

Iepexoas k Hopmam B (12.34)u yuursiBas (12.33),1moiyunM CrpaBeyIMBOCTh
(12.30).
Ilepexonst Kk HOpMaM B PaBEHCTBE

. _ - \-1 1
Ci-At=((E+T,)"-E) AL

HOJIYYUM cripaBeuIiBocTh (12.31).
Jlemma nokasana.

Herpyauo npeacrasuts oneparop C, —C C/ 1C 1¢ B CIIE/lyIoLeM Buje

A L
C —COlCMClO THAT #T 4T, (12.35)

IJIE OIIEPATOPHI T1 u '|:2 ompenenens: B (12.7)u (12.10),a

1
TO AO AO 1A11A 1¢

Jnst onepatopos T, n T, cripaBetuBbl oneHKy

[T, < mpee. m, =k(1+mj|a] H) (12.36)
IZE m'z(|/‘|V +[A? +ﬂ2) , (12.37)

rae m'2 >0 —HeKkoTOpOE PUKCHPOBAHHOE YHCIIO.
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Al
ITonoxum ml = ) , TII€ TIOCTOSIHHBIE C]l " q3 Yy4acTBYIOT

(1_ ql) (1_ A,
B (hopmysmpoBke jgemm 12.2u 12.4,

Jlemma 12.5. Ilycmo evinonneno ycnosue (12.29). Tozoa cnpaseonusa
oyenKa

X-1_ -1
HCH Cllus m (u+Av). (12.38)
Joka3zarenbcrBo. V3 BeimonHenus ycnous (12.29)cneayer BbIMONHE-
e ycnoBus (12.18). [ToaToMy CylIeCTBYIOT OOpaTHBIC ONEPATOPHI Cl_l1
él_ 11 . Ilepexonst K HOpMaM B paBEHCTBE
1_p~-1_ -1
¢, -c=C(c,~C,)c}

U npuHuMas Bo BHuManue (12.19), (12.30) (12.17),monyunM CripaBeJIHBOCTb
(12.38).

JleMMa nokasaHa.

Jlemma 12.6.Ilycme evinonneno yciosue

AT, T, | <a, <1 (12.39)
Toz0a cnpaseonuea ouyenka
H(c00 -C,Ciic.,) H LNl (12.40)
[(t-a,)’
Joxa3zareabcTBo. HeTpynHo npoBepsieTcs CripaBeiIMBOCTh PaBEHCTBA
Coo=CoCiiCoo= AT[E+AT'T #0(4?)). (1241

B cuny onenxu (12.39)oneparop E + /1T1_1T2 + O(/] 2) SIBISIETCS. OOPATUMBIM.

H03TOMy CIpaBCaJinBa OLICHKA

(E+AT,T,+0(4?)) < 1_1q4 .
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Orcrona u u3 (12.41)nonyuum crnpaBeanuBocts (12.40).
JlemMa noka3zaHa.

IMonoxum
s (A <~ xo1x \L
00 (('\’00_('\’01C 11C 1<) ' (12.42)
3y =—-p C C1
Do1= Do oCir (12.43)
Ile = _(51_11(';’1(}5 oc (12.44)
D,,=Ci+CC.P & & 1- (12.45)

Jlemma 12.7 . Ilycmo evinonneno yciogue

A 0, ﬁ -0, v 0. (1246)

Toz0a ona pasnomephoii ocpanuueHHOCIU cemelicmeda {/] Doo} Heo0x00umo

U 00CIMAamoyno 0ZPAHUYEHNHAA 0OPAMUMOCIb ORepamopa Tl.

Joxa3ateancTtBo. Heodxoqumocts. IlycTs cemeiicTBO {/\ Doo} paBHO-
MEpHO orpaHuueHHOE. [Ioka)keM orpaHHYeHHYIO0 00paTUMOCTh oneparopa T1'

Cornacto jgemme 11.2 omepaTop To =0. [Mostomy (12.35)M0%kHO 3amu-

CaTh B BUIC

C‘300 éOlcliclo /](Tl+/‘_l(-|:2+-|:))'

B cuny (12.36)u (12.37),0y1eM uMmeTh

5 5 2
H)I (T, +T3)H < mzﬁ + O(v +|A| +'|‘j|—|J .

Orcrona, npu BeinosiHenun (12.46),umeem

H/l (T, +'I:3)H - 0. (12.47)
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Tak kak cemeicTBO {ADOO} PaBHOMEpPHO OTpaHUYEHHOE, TO, NMPUHUMAs BO

auManue (12.47)u3 nemmer 11.3,moy4aeM orpaHHYCHHYIO 00paTUMOCTD OIIe-

paropa Tl. HeobxoaumocTs nokazana.

Hocrarounocts. Ilycts onepatop T1 OTpaHHYEHHO O0OpaTUMBINA. Jloka-
JKEM PaBHOMEPHYIO OTPaHHYCHHOCTDb CeMeiicTBa {/] Doo} .

Cornacuo snemme 11.2 oneparop TO =0. IMostomy pasenctso (12.35)

MOJKHO 3a11mMcaTh B BUIC

00~ CollC o= AT[E+ATTHT #T)).  (12.8)

01711710

IIycTh q5 <1 - mpoussonbHoe. Toraa Ipy A0CTATOYHO MaJbIX |/]| >0, yu20mu

V =0 us ycnosus (12.46)BEITEKacT OLEHKA

2
|2 (1) < m u+|/1|+|‘/’]_| <q.

W3 nosry4yeHHOTO HEepaBeHCTBA CIIEAYeT OrpaHUueHHAsT 00PaTHMOCTh OlepaTopa

E+A _1T1_1(T2 +T3) U CIIPaBEIIUBOCTD OLIEHKH

(errmnen)”

Iostomy wu3 mpexacrasienus (12.48) BeITeKaeT OOpPaTUMOCTH OIEPATOpPa

1~
C C 01C 11C ;¢ ¥ CTIPABE/UTHBOCTD OLECHKH

msm_

H(Co COl~11 1()_1 = |/]| 1-q, .

TlonydeHHasi olleHKa 3KBUBAJICHTHA PAaBHOMEPHON OIpaHUYEHHOCTH CEMEUCTBa

{/\ D, 0} . JlocTaTouHOCTh OKa3aHa.

JleMma nokasaHa.
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Jlemma 12.8. Iycmo Hl, H 0’ Fl, Fo — RPOU36ONBHAA NOPONCOAIOUAS
yemeepka. Tozoa oOna cywecmeosanus npeodena /“500 - Dg%) npu

|/1| = -0,V > 0 u ozpanuuennocmu onepamopa D(()g) ‘H, - F, neoo-

X00UMo u oocmamouHo 02PDAHUYECHHAA 06pam umocmbov onepamopa

T,:H, - F, uetinonnenue pasencmea T =0.

JokazareancTBo. Heo0xogumoctb. I[lycTh cymecTByer mpenen
AD,, ~ D( npu |/]| M -0V ->0m D( ) :H, - F, — orpannyennbrit
oneparop. JlokaxeM OrpaHAYEHHYIO 0OPAaTHMOCTD Onepatopa T, 1 BBIIOIHEHHE

pasenctea T =0.

B cuny (12.9)onepatop '|:2 MIPEACTaBUM B BHJIE

Fo— UT + O(,U) ,
raoe
-1 -1 =11 -1
T=A " AALA L AR AGFAARARNAA - (12.49)
Ioatomy, B criy stiemmsr 11.2,paserctso (12.35)npencraBum B Buze
Coo ~CoCriC o= AT F UT +0(u)+T, (12.50)

H, CJIEA0BATEIbHO,

-1
- % HY, 1z
ADyy=A(Cpy-CoCiC ) (T+ T+o(Aj+7T; .

01 1171

Ilo ycrnoBuio ceMeiCTBO {/\ Ijoo} UMEET Tpenen Tnpu |/1| =u-0,v-0.

CrnenoparenbHo, nonaras A =&, rne € 0C, |£‘| =1, nonyaum

ADy, — (T, +&T) " tpu|A|=p ~ 0, v - 0. (12.51)

Tak kak £ — mpousBosibHOE, TO u3 (12.51),B culy €MUHCTBEHHOCTH MpEAEIa,

Mnojy4dacM CHpaBCIJIMBOCTL PABCHCTBA T=0us CHUJTYy OTpaHUYCHHOCTH Ollepa-
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Topa Dég) — orpanuvenHyio obpatnmocts oneparopa T, :1H, — F, . Heobxo-

JIUMOCTB JIOKa3aHa.
Hocrarounocrs. Ilycts oneparop T, :H, — F,  orpannuenno obparu-
Mbil U cnpaBequBo paBeHctBo 1 =0. JlokakeM CylIecTBOBaHHME Mpefeia
= 0
/\DOO - DE)O) npu |/\| =4 -0,y - 0 u orpaunueHHOCTs OmEpaTopa
(0) .
Dyo iH, - F,.

[eiicteutenbHo, npeactasieHue (12.50) B maHHOM ciiydae, OpHHHMAET
BUJ

c ‘COPJC W= AT ro(u) +T .

Otcrona OymeM UMeTh

1. -1
/lDOO:A(C —cmclllcu) (T +o( j FT?J . (1252)

{2):2
A A3

TO, TIepexo/s K mpeneiy B (12.52)npu |/]| = - 0,v - 0, nonyuum

Taxk xak

-0 npu |/]|:,U—>0,V—>O,

ADyy —» T mpn [A|=p - 0, v - 0.

Taxum 06pazom, mpu |/]| =f - 0,V - 0 cymectsyer npenen AD; - Dg%)

(0 —4-1 o
U OIIEpaTop D00 —Tl — orpaHM4eHHbIH. Jl0CTaTOYHOCTB HOKa3aHa.

JlemMa noka3zaHa.

Jlemma 12.9. ITycms evinonneno ycinosue (12.12). Tozoa ons pasno-

MEPHOIl 02PaHUYEeHHOCIU ceMelicmea {/\ Doo} Heo0X00UMO U 00CMamoyno

ozpanuuennas oopamumocms onepamopa T :H, - F .
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Joka3zareancTBo. Heooxoaumocts. IlycTs cemelicTBO {/\ Doo} paBHO-
MEpHO orpaHu4eHHoe. [lokaxxeM OrpaHHYeHHYI0 00paTHMOCTh OllepaTopa T1'
Cornactao nemme 11.2 oniepatop TO =0. Hostomy (12.35)mokHO 3amH-

CaThb B BUJIC

Coo _C01C11C 0= (T 1+/]_l(-|: 2+-|: :)) :

Nmeem

|A7(T, +7 )H— e IAI (VA +A)7 + 12).
Cllefi0BaTeNbHO, B CUITY HepaseHcTBa MU < &|A|, momyuny
[472(F, +T,)| < &m, + (v +(1+ £2) 1))
Orcionanpu € — 0 1 |A| - O umeem

HA (T, +'I:3)H - 0. (12.53)

Tak kaK ceMencTBO {/“500} paBHOMEPHO OrpaHuueHHOE, TO U3 (12.53)8 cuny

aemmMbl 11.3moygaeM OrpaHHYCHHYIO 00paTUMOCTE OlepaTopa T1' Heob6xonu-

MOCTB QJOKa3aHa.

Hocrarounocts. Ilycts onepatop T1 OoTpaHHYEHHO O0OpaTUMBINA. Jloka-

JKEM paBHOMCPHYIO OTPaHUYCHHOCTD ceMmelicTBa {A DOO} .

Cornacuo nemme 11.2 omepaTop TO =0. IMostomy (12.35)mM0xkHO 3amu-
caTh B BUJIE
C _001011(:10 AT{E"')'_lT;l(f +T J) (12.54)
Nwmeem
1, (7, T <
1y- T
= W”Tl l m2ﬂ+WHTl Yt (vIA+AP+ ). a259)
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Otcrona, B CUIIy HEpaBeHCTBA L < £|/\| , TOTY4IHM
A (T )= e, o v + (%))

Iyets Qg < 1 - mpoussonsHoe. Toraa CymECTBYIOT 3aBUCSLINE OT HTl_l” ,
!
: <
M, u M, BelM4uHbL £, >0, Vo> Oun oy 0< P, S P, Takue, 4TO JUIs BCex
£,V u A, yIOBIETBOPAIOIMX HEPABEHCTBAM
O<ses<eg,, Osvsy,, 0<|A<p,
BBINOJIHAETCS YCIOBHE
ety H|m, +[T (v + 1+ %)) <a
1 2 1 2 - 16
U3 nonyuennoro u (12.55)BbITeKaET OlieHKA

P (T T = <2

Orcrona nonydaeM o6paTUMoCTh onepaTopa E +/]_1T1_1(T2 +T3) U CIIpaBen-
JUBOCTH OLEHKH

1
1-qq

[(E+a71(%, 7)<

W, IpUHUMas BO BHMMaHue npexacrasienne (12.13) —oOpaTtuMocTs omepaTopa

. < Aga
Cyo ~C,.C,iC | ¥ cripasenmiBoCTS OLECHKH

l(comcociie,)” B s
00 0171171 |)||(1_q6)

ITonydyeHHast olleHKa SKBUBAJIECHTHA PAaBHOMEPHOH OTpaHMYEHHOCTH CeMeicTBa
{/\ Doo} . JocraToyHOCTh JOKa3aHa.

JlemMa noka3zaHa.
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Jlemma 12.10.Hycms T [ R(A) u umeem mecmo (12.29).Tozoa cnpa-

6e01uebl OUECHKU

Saf|sm v+ +9)] ], (12.56)
FCER AR ARG ( Wik
+HA1_1H[1+—m olBal 11“Jv+k J||f|| (12.57)
' 1-q, °A] |

=l b ).
m -1 B -1
S [y

JlokaszareabcTBo. U3 BKIIOYEHHS fDR(A) MOJIy4a€M PAaBEHCTBO

f = A01A11f ITosTOMy CHpaBeaIuBO TOXKAECTBO

fo 601 1if1_(]c _ft) ( )A_llf 1/“3 A 1[

(All )f +C09 (f ff)- (12.58)

[epexons 3neck kK HopMaw, B cuiy (12.6) , (12.16), (12.1%) (12.31),nony4um

[f,-CuCaitl= o+l e g+

T
A
3

1_q _q3

(1B +v))+ Hmﬂ]" E
=m, (e +Alv +[A]+ 8)| ]
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CootHomenne (12.56) nokazano. J{okaxem cootHoureHue (12.57). U3
(12.58)momyunm

(Cmclllfl_f ) /‘Boiqllllc 1_(]c _fé ( o1 C ()lA
+CoulCo AL T+ CE(F T ).

IMonenum 06e yactu 3Toro paBencrtsa Ha A u, B cuny (12.16), (12.17) (12.31),
HOJTy9IHM CIpaBeauBocTh (12.57).
JlemMa noka3zaHa.

Jlemma 12.11 Ilycmob umeem mecmo (12.29).Tozoa cnpaseonusa ouenka

H(COO CoC1iC 1() _(é 00 C & 1F JM <

sk[1+ mOHAl_llHJ[u H “J u+Av) (12.59)
1-q 1-q,

Joxa3zareabcTBo. [lepexons Kk HOpMaM B TOXIECTBE
(C C01C11C 1() _(é 00_c 0{:—11? 1l: (C oaé ()0_

( 01)C11 10 C {C C 1)C C & QC 5C )(

W yYUTBIBasl yTBEpKAeHUS JleMM 12.2u 12.4,mmomy4nM crpaBelUInBOCTh PaBEH-
crBa (12.59).

JleMma nokasaHa.

TTonoxxum

_ -1 15 A-l
T,="ByAB o~ AA B A B 15

0’ 1110

_801A11 1fA‘11 10 Ao 1? i) i@ f fA‘
Syo(A)=ATT =T T 1 7,
—1r-1 - -1
801(/])__/] T A01A11 ( Ao, ?11 it
T T A AT B AL,

1 21 01 11
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So(A)=—ATATA T+ (A8 AA T
HATATITT AR T, (12.60)
S, (A)=ATAGA TEA A (ATFATA TR AT
SATATTAAB A-ATA DA 4

1 1 -1 1
A BT Ao A, 11 11 116‘ bA s j)l (12.61)

Jlemma 12.12.Ilycmo umerom mecmo (12.29)u (12.18).Toz0a umerom
Mecmo npedcmagiieHus

D, =S, +s, D, =5 +8Y, i,j=01, (12.62)

20e onepamopul Dij u Ijij onpeoenenvt ¢ (11.24)-(11.27)u (12.42)-(12.45)

COOMGENMCMEEHHO, A OREPAMopyl Sl(jl) = Si(l.l) (/1) u él(jl) = éi(jl) (/1, ,u,V) 00-

nyckarom OUeHKu
O] smpl, [§0]<m(A+asiay). a6

am, > Ou m, > 0 —nexomopuie nocmoannvie.
Jns moxazatenmbcTBa JieMMbl 12.12 HOCTaTOYHO Pa3IOKHUTH OMEPATOP
X 1~
Coo C01C11C 1¢ B PAA IO CTeneHsiM A, a oneparop Coo C01C11C 1o

CTEIICHSIM /], M,V 1 uX IpOU3BEACHUM.

Jlemma 12.13. Hycms f DR(A), onepamop T, ozpanuuenno odpa-

MuMulil U 6bINOJIHEHO yciosue

A -0, usell, v-o, ﬁﬁ C (12.64)
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20e £ D[O,é‘o] — npouseonsnoe, a £, — Hekomopoe 00CmMamouno majioe no-

noxcumensroe uucno. Tozoa ons pewenuii X, u )~(/l ypasuenuii (12.3) u
(12.4) cnpaseonuesvt npedcmasienusn
X1~ Xoat X, 2 %0 %00 X, 0 (12.65)

Xi0=Xoat Xy o Xy 0™ X0t Xy 0 (12.66)

20e Xo1 % X0 onpedenenvt ¢ (12.15) a

%, J=mlAl el |x, J=smiAlel, (1267)

X, ms(|/‘| v +ﬁ}|| fL]X, J < m8(|)|| y +ﬁ]|| f. (12.68)

Joka3zareabcrBo. JJokaxem mpencrasinenue (12.65)u onenky (12.67).B
cuy (12.62)umeem

{Sll(/]) f,+5,(4) f0}+[sl<1> (1) f,+82(2) f0]

0
X. =
Si1(A) F1+Seo(A) fof [ SW(A)f,+SW(A)f

A

=

01 00(

0.
U3 Brmouenns f O R(A) CIENYET, UTO f0 = A01A11f1 Orcrona v u3 (12.60),
(12.61)momyunm ToKIECTBA

S (A) F,+S,(A) F =%, SfA) T #S (M) &x . (1269)
a u3 (12.63) —cnpaBeaIuBOCTh OLeHOK (12.67).

JokaxeM npeacTaienne (12.66)u onenky (12.68).B cuny (12.62)umeem

) _[Sll(/])fl+slo(/1)fo}+

= (12.70)
S,.(4) f,+5,,(A) f

0,

Sy (M) (F,= ) +S(A)(F o= f )+ +SB () F #SE(A)

01

[Sll(A)(fl—f1)+Slo(/l)(fo—fC)+S(i)1(/1)f s f J
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s mepBoro craraemoro cropaBeuBel ToxaectBa (12.69). CrpaBeyinBoCcTh
onenok (12.68)cnenyer u3 (12.63), (12.64% (12.6).
JlemMma nokasaHa.

12.4. Toka3aTenbcTBa Teopem 12.1 — 12.4,

Joxa3zareancTBo Teopembl 12.1. Heo6xonumocts. [lycts mpu nocra-
~ ~\-1
TOYHO MabIX |/\| >0, 420 u v=0 cemeiictso [A(A+AB) } paBHOMEp-

HO oOrpaHmYeHHOE. JIOKaXKeM OrPaHHYEHHYI0 OOpAaTHMOCTL  OIIEpAaTOpa
T:H, - F.
IMoposknaroras yeTBepka Hl, H 0’ Fl, FO MO3BOJISET TMPEICTABUTEL Ce-

wmeiicrea A+ AB u A+ AB B Matpuunoii popme

A+/]B:|:C11 C10:| A+ AB = Cu Cuo
ClO 00 C10 C00

= ~\-1
Torma obpaTHas MaTpua (A+/]B) sanuceIBacTcst paseHcTBamu (12.13) u

(12.42)-(12.45)13 paBHOMEPHOi1 OrpaHUYEHHOCTH [/] (A+ A B)_l} npu ycJo-

sun (12.8) crmemyer, B 9aCTHOCTH, paBHOMEpHAS OTPAHHYCHHOCTH CEMEHCTBA

{/\ Doo} . Torma u3 nemmslr 12.7 BeITeKaeT OrpaHHYCHHAss 00PaTUMOCTh OIepa-

Topa T, . HeobxoaumocTs nokasana.
Hocrarounocrs. Ilycts oneparop T, :H, — F  orpannyenno obparu-

~ ~\ -1
MbIH. J[oKaxkeM paBHOMEPHYIO OrpaHMYEHHOCTb ceMeilcTBa {/\(A+/\B) ]

IPU JOCTATOYHO MAJbIX |/1| >0, #20 u v =0, ynoBraeTBopsIoMX yCIOBUIO
(12.46).

13 orpannuentoii obparumoctu T 1H, - H, u nemmbl 11.4nomyyaem
PaBHOMEPHYIO OIPAaHUYEHHOCTD CEMeECTBa {/l Doo} . Orcroza, B CHJly PaBeHCTB

(12.43)-(12.45),BpITeKacT paBHOMEpHAsh OTPAHHYCHHOCTh CEMEHCTB {/\ 50]},
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{/\ Ijlo} u {/\ Ijlj} . Hakonen, n3 paBencrtsa (12.13)cnenyer paBHOMepHas Or-

PAaHUYEHHOCTH CeMeNCTBA [/l (A+ A é)_l} . JlocTatouHoCTh I0Ka3aHa.

Teopema 12.1noka3ana.

Hdoxa3zaTeancTBo Teopembl 12.2. Heo6xomumocts. IIycTh cymiecTByeT
npenen A(A+/]§) - D npu |)I|=,u -0,V - 0nD:H, - F —orpann-
YeHHbIH onepatop. JlokaxkeM OrpaHHMeHHYI0 06paTUMOCTb onepatopa T, U BbI-
nonuenue pasenctea 1 =0.

W3 cymecTBOBaHMS Mpejena /\(A+/\B) - D npu |/1| =u-0,
V - 0 cnenyer, B 4aCTHOCTH, CYLIECTBOBAHME TIpeEa /“joo - D o M orpa-
nudenHocts oneparopa DyiH, — F . Torna u3 nemmer 12.8 perrexaer orpa-
HuyeHHas obpartumocts omeparopa T, :H, — F, u Bbmonnenne pasencrsa
T =0. Heo6x0auMocCTh JOKa3aHa.

Hocrarounocrs. Ilycts oneparop T, :H, - F,  orpannuenno obparu-
Mbil U cnpaBeqnuBo paBeHcTBo | =0. JlokakeM CylIeCTBOBaHME Mpefeia
/\(A+/\é)_l - D mpu |/\| =4 - 0,v - 0 u orpanuueHHocTh oOmneparopa
D:H, - F.

Cornacuo nemme 12.8monyuaem cymecTBosanue npejaena A Ijoo - Dg%)

npu |/1| =4 - 0,v - 0. Orcrona, B cuny pasencts (12.43)-(12.45)pbitekaet

CYLIECTBOBAHME TPENENa y CEMEHCTB /“501 N D((Jol), /“510 N Dﬁg),

/“511 - DS) npu |/]| =4 - 0,V - 0 u, B cuny paBeHCTB
0) _ 0 21 (0 A1 0
D(()l) B _DE)O)AofA‘n' D(()l) B _A11A10D(0())'

0) _ a-1 -1 0 -1
Dl(l) - A11 + A11A1(P(02)A o‘ﬁ 17
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uX orpaHudeHHocTh. Hakonern, u3 paBeHctBa (12.13)crmenyer cyiiecTBOBaHHE

rnpezaena
3 o D@ p

A(A+8)" - D= L 0

DOl DOO

()

0 : i_
U U3 OTPAaHUYEHHOCTH ONEPaTOPOB Dij .1, ] =0,1 — orpanuuennocts onepa-

topa D . JloctaTtounocts nokasana.
Teopema 12.2noka3zana.

Joka3aTeabcTBO TeopeMbl 12.31pOBOINTCS aHAJIIOTHYHO J0Ka3aTeIbCT-
By Teopembl 12.1.B nokaszarenbcTBe HEOOXOIMMOCTH CCBUIKY Ha semmy 12.4
clieqyeT 3aMEeHHTh Ha JieMMy 12.9,B 10Ka3aTeNnbCTBE JOCTATOYHOCTH CCBUIKY Ha
ycnopue (12.46)cnenyeT 3aMeHUTh Ha ycnosue (12.12).

JlokaszaTeabcTBo Teopembl 12.4.B cuny toxaects (12.69), (12.70u
oueHok (12.68)umeem

o<l Jsmdev e e

oo =[x, d=m{pev 2 el

Teopema 12.4noka3ana.
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UX orpaHuyeHHocTh. Hakonern, u3 paBeHctBa (12.13)crmenyer cyiiecTBOBaHHE

npeznena
3 o D@ p

A(A+8)" - D= L 0

DOl DOO

()

0 : i_
U U3 OTPAaHUYEHHOCTH ONEPaTOPOB Dij .1, ] =0,1 — orpanuuennocts onepa-

topa D . JloctaTtounocts nokasana.
Teopema 12.2noka3zana.

Joka3aTeabcTBO TeopeMbl 12.31pOBOINTCS aHAJIIOTHYHO J0Ka3aTeIbCT-
By Teopembl 12.1.B nokaszarenbcTBe HEOOXOIMMOCTH CCBUIKY Ha semmy 12.4
clieqyeT 3aMEeHHTh Ha JieMMy 12.9,B 10Ka3aTeNnbCTBE JOCTATOYHOCTH CCBUIKY Ha
ycnopue (12.46)cnenyeT 3aMeHUTh Ha ycnosue (12.12).

JlokaszaTeabcTBo Teopembl 12.4.B cuny toxaects (12.69), (12.70u
oueHok (12.68)umeem

o<l Jsmdev e e

oo =[x, d=m{pev 2 el

Teopema 12.4noka3ana.
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I'JIABA 2

1.3AJAYH L -MICEBJAOOBPAIIIEHUS

1.1. Onpenenennsi KBa3upeumeHusi U NCeBAOPEIIEHUsT OMEePaTOPHbBIX

ypaBuenuii (OY). IIycts A:H — F —nunelinsiii orpanrueHHblii oneparop, a
H u F — runs6eproBsl mpocTpancTsa ¢ HOpMaMu ” E"H u ” ["F , COOTBETCT-

BEHHO (€CJIM HE MMEETCS HEOOXOAUMOCTD, TO HOPMBI UCIIOIB3YIOT 0€3 YKa3aHHs
UHJICKCA).
Paccmotpum OY

Ax=f, (1.1)

rne f OF —szaganneii, a X(OH —wuckomsrit anemenTsI.
ITycte K O H —npoussonsroe muoxkectso. Kpasupemenuem OV (1.1)

ua muoxectee K [36, 37]uasoBem 060l d1eMEHT X, UK, Muanmusupyio-

MU HEBSI3KY
| Ax, =~ f[|=inf{| Ax~ f]: uOK}

Ha MHoxectBe K . TIpuBeleHHOE ONpeseieHHe OTINYACTCS OT OMpeIeIIeHHs
B.K.MBanosa. 3necs ne tpebyercst ot Mmuoxkecta K [ H cBolicTa kommakt-
HoctH. [ToaToMy MHOkecTBO KBasupeweHuit OY (1.1) MoxkeT ObITh U ITyCTHIM.
Ecmn y OV (1.1) cymiecTByeT KBasMpeIeHHe, TO OHO, BOOOIIE TOBOPS, OIpeie-
nsercs weomuosnauno. Ecmu K =H | 1o xBasupemenune OV (1.1) Haszosem
nceBaopemeneM >Toro ypasaenus. Ilcesnopemenne OV (1.1) ¢ MUHUMATIB-
HOI HOPMOW Ha30BeM HOpMaJbHBIM mnceBaopemennem OY (1.1). OueBuaHo,
yro ecin OV (1.1) paspemmmo, To €ro NCeBAOPEIIEHHE COBIAIAET C PEIICHUEM,
a HOPMAaJIbHOE TICEBIOPEIICHIE C HOPMAILHBIM PEIICHHEM.

1.2.3apaum L -ncespoodpamenus. ITycre A:H - F u L:H - G -
nuHeiinble orpanuuennsie oneparopsl, T [JF n gJG —3anannsie snemenTsl,
a H, F u G —runs6eprossl nmpoctpancTsa. IIpeaMeToM HCCleN0BaHNS JaH-
HOoro maparpada SBJIAIOTCS ABE 3aJayM — CTallMOHapHas 3agada L -mcesmo-

oOpallenys ¥ BapualuoHHas 3agada L -niceBmooOpainenus. [IpusoasaTcs ycio-
BHS Pa3pelIMMOCTH W, B YACTHOCTH, OJHO3HAYHOM Pa3pemnuMOCTH 3THUX 3aJlad,
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MOJTYYEeHBbI TPEICTABICHUS UX PEUICHUs B SBHOM BHIE, JOKa3aHa SKBHBAJICHT-
HOCTb 3THX 3a/1ad.
[MpuBenem GopMyITUPOBKH paccMaTPUBAEMBIX 3a/1au:

* CTANMOHAPHAS 32/124a (S; f, g) (cm. [65, 66)):
Haumu KeazupeuieHue Xo = Xo( f, g) ypaseHeHus
Lx=g (1.2)
Ha MHOdcecmee ncegdopewenuil ypagrenus (1.1).

* BapHANIMOHHAS 321244 (V; f, g) [59, 60]:

Halmu peuernue Gapual/;MOHHOd 3a0a4u
®_(x)=|Ax—f|* +a|Lx-g|* — min, xOH,

20e a >0, u uccnedosamo ezo npedenviuie céoticmeéa npu & — 0.

1.3. YcnoBue B3aHMHOIi JONIOJHATEIBLHOCTH onepaTopos. Crenys [58,
59], 6ynem rosoputs, uto oneparopsl A:H - F u L:H - G ynosnerso-
PSIIOT YCIIOBHIO B3aMMHOIl AOMOJHUTEIBLHOCTH, €CIIH CYLIECTBYET ITOCTOSTHHAS

¥ >0 rakas, uro mns Bcex X[JH Bumonnsiercs nepasenctso

[ A7+ 2 y®, xOH. (1.3)

Ecmmn IMpOCTpaHCTBA H y FuG SABJIAIOTCA KOHCUYHOMCPHBIMU, TO HE-

TPY/HO J0Ka3aTh, YTO B3aUMHas JONOJHUTENBHOCTS oneparopoB A u L sksu-
BaJICHTHA YCIIOBUIO

kerANkerL={ Q. (1.4)

B ciyuae 6eckoneunomepubix npoctpancte H , F u G u3 B3aumnoit
pononauTensHocTy onepatopo A u L Beitekaer yenosue (1.4). Onnako, 06-
paTtHoe yTBEpXKICHHUE HEe MMEET MECTO, TO ecTh u3 ycioBus (1.4) He BhITEKaeT
B3aUMHasl JOTIOJIHUTENBHOCTE oneparopoB A u L, 1axke mpu AONOIHUTENBHOM
TPEIIIOI0KEHUH HOPMAITBHON Pa3peIInMOCTH STHX OMEPaTOPOB.

JleHcTBUTENBHO, B MpOCTpaHcTse | ) (H =F=G=I 2) paccMoTpuM
OIEPATOPHI
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A=diag(A ... A ,.}...L=diag(L,,...L ..},

1 1+E 11
rae An= 1l Ln=1 10 n=12,....
1 1+=
n
HNmeem
kerAn ={aen :aD]R} , kean ={crgn :aDR} , (1.5)
TIe
1+1 1
e = ni, 9,= 1l (1.6)
-1

U3 paBeHcTB (1.5) CIEIYET, 4YTO kerAn ﬂ kean ={ (} , @ OTCI0Ja IOJIYYUM

CIpaBeIMBOCTh paBeHcTBa (1.4).

JlokaXkeM HOPMAJILHYIO Pa3pemumMocTs onepatopoB A u L. Jlnst sToro
HallleM CHHTYJISpHBIE YHCIIa ITHX OIepaTopoB. Tak kak

A'A=diag(A'A ..., AA ..},

LL =diag(L,L,. ... .LL .},

2 2( 1+ 1)

On n
An An - 2
2(1+ lj 2( 1+ —1j

n n

o[22
LL=ls 5 net2.
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O O
To cobersennbvu 3nadennsamu matput A'A n L L (oun e sBistores ksaj-

paTtamu CHHTYJISIPHBIX YHCEN MaTPHIL An u Ln) SIBISIFOTCS] YHCTIa

A(AA)=0, A,(AA)=2+ 1+% , n=12..,

A(LL)=0, A (L )=4, n=12,.

W3 3TUX paBEHCTB CIIEAyeT, YTO HEHYJICBBIE COOCTBEHHBIC 3HAUCHUS MAaTPHI]

O O
AA u L L ornenensi or nyns. Ciel0BaTebHO, OTACNEHB! OT HYJIS H HEHY-

neBble coGcTBenHbIe 3HadeHus omnepatopo AA u L“L. Dro oxeusanenTHO
HOPMaJIbHOM paspemnmMocTn onepaTopos A u L.

Takum o6paszom, mis omneparopoB A u L mokaszano pasenctso (1.4)m
YCTaHOBJIEHA UX HOpPMaJbHAs paspemmumocTs. Ho, TeM He Menee, oneparopsl A
u L we sBAsroTCS B3aMMHO JOTOJHHUTENBHBIME. J[€HCTBUTENBHO, PACCMOTPUM
SIIEMEHTBI

rie © = (0, 0) , kK=1,2,..., a Bexrop g~ onpenenen paserctsom (1.6).
Torna

2 2 2 2 2

HAX +HLXn =\An9n +\ La.| = n=l2...

OTtcrofia cleyer, uto He CylecTByeT nocrosuuas ) >0 Takas, 4ro umeer Me-
cro yenosue (1.3) ms Bcex X H .
1.4. Pemenue 3a0a4 L -nceBaoobpamenusi. BygemM roBOpHTh, 94TO UMe-

€T MECTO OCHOBHOE YCJIOBHE, €CIIH Oneparop A HOPMAIbHO PaspeluMbIi U

OIeCPaTOPhI AulL YAOBJIECTBOPAIOT yCJIOBUIO B3aMMHOU JOIIOJTHUTCIIBHOCTH.

o +
IlceBmooGparuslit oneparop mis oneparopa A obosmauum A’ , a opro-

rOHaNbHBIH MpoekTop Ha aapo KerA onepatopa A —uepes Q.
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OCHOBHBIMH pe3yJIbTaTaMH NaHHOTO MYHKTa SIBIISIOTCA CJIEAYIOIINE YT-
BEPKACHUS:

Teopema 1.1. /[na oono3naunoi pazpemumocmu 3adauu (S; f, g) ons
scex TOF u gOG neobxooumo u docmamouno evinonnenue ocnoeHozo

YC08uUs;, NPU INMOM eOUHCIBEHHOE Peulenue 3a0auu (S; f, g) onpedensiem-

Csl pAGEeHCME0M
XO:A+f+(LQ)+(g—LA+f). (L.7)
TTonoxxum

T =E-(LQ)'L, T= —(ADA)+ Lo, (1.8)

Py = ,O(T) — CIIEKTpAJIbHBINA paguyc omeparopa | .

Teopema 1.2. /[na mozo umoén 3adaua (V; f, g) onn ecex fOF,

gUG u a >0 umena eduncmeennoe pewenue, cxodaweeca npu a — 0,
Heo0X00UMO U 00CHMAMOUHO GbINOIHEHUE OCHOGHO20 YCILOGUA, NPU INOM

eouHcmeeHnHoe peuienue 3a0auu (V; f, g) onpedenaemcsa pageHcmeom

x =x (f,9) E(ADA+ aLDL)_l(ADf +aLDg), (1.9)

a

npuuem ona eécex a.0<qa < ,0(; ! CnpaeeoIusa OyeHKa
%, =% < ma,
a 0

20e X, — peuwienue 3a0auu (S; f, g) ,a M>0 — nekomopas nocmoannasn, ne

3aeucawas om Q .

B teopeme 1.1 u3ydaeTcs BOIPOC OJHO3HAYHOM Pa3pelIMMOCTH CTAIlHO-
HapHOH 3amadu (S; f, g). OtBer Ha OoJyiee oOUIMIT BOTIPOC, @ UMEHHO, pa3pe-

LIIMMOCTH 3TOM 3a/1a4d, IPUBOIUTCS B CICAYIONIEH Teopeme.

16¢€



Merton perynspuzanuu casurom: Teopus U NpUII0KeHUs ImaBa 2. 81

Teopema 1.3. /Ina paspewtumocmu 3adauu (S; f, g) ona ecex T OF
u gOG meobxo0umo u docmamouno HOpmManbHas pazpewiumocms onepa-

mopoe A u LQ; npu smom éce pewenua sadauu (S; f, g) onpedenaiomesn

pasencmeom
X, = AT +(LQ)"(g-LAf)+QQy.

20e Q, — opmozonansnuiii npoexmop na a0po onepamopa LQ, a yUH -
npOU360IbHbLLIL INEMERM.

JlokazatensctBa Teopem 1.1 — 1.3npuBenenst B 1. 1.6.
bi3kuMu 10 TeMe HccieJoBaHus JaHHOTO Iaparpada cienyeT OTMETUTh pa-
601e1 b. A. Ammea [2], B. . Meneniko [56, 57],P. A. Iladwuesa [110 - 112} ap.

1.5. BcnoMoraTte/ibHbIe YTBeP:KIeHHsI. B 3TOM MyHKTE IOKa3bIBAFOTCS
JIEMMBI, UCTIOJIb3YEMBIC TIPH JToKa3aTeabcTBe TeopeM 1.1 — 1.3.

Jlemma 1.1. ITycmob onepamop A:H — F nopmansno paspewumsii.
Toz0a ons é3aummnoii dononnumenvrocmu onepamopos A u L:H - G ne-

00X00UMO U 0OCMAMOYUHO 0ZPAHUYUEHHAA 00pAMUMOCHb OnEpamopa
L:kerA - R(LQ). (1.10)

Hokazarenbcrso. Heobxogumocts. [Tycts onepatopst A u L B3zaumuo
JOTIOHUTENbHBIC. JIoKaXKeM OrpaHUYeHHYI0 00paTuMOocTh oreparopa (1.10).

W3 HOpMaJIbHOM PaspelIuMOCTH oreparopa A BBEITEKAET CYIIECTBOBAHUE

MTOCTOSTHHOM V> 0, ynosneTBopsromeii ycnoBuro
||AX|| > yl||x|| i Becex X O kerA.
Eciu x[OkerA, to QX = X u, cnenosarensho, u3 (1.3)6yaem umeTsh

ILx® =[LQ{* 2 ¥|X|?, DxOkerA.

[Nony4yeHHOEe COOTHOIICHHE SKBHBAICHTHO OTPAHUYCHHON OOPATHMOCTH oOrepa-
topa (1.10).Heo6xoaumMocCTh J0Ka3aHa.
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HocraTounoctb. [Tycth onmeparop (1.10)orpanuyenno obparumerii. {o-
Ka)keM B3aUMHYIO JOMOIHUTEnbHOCTE onepatopos A:H - F mw L:H - G.
[pennonoxum mnpotuBHoe. IlycTh He uMeeT Mecto cootHomeHue (1.3),

TO €CTh CYIIECTBYCT MOCICAOBATCIbHOCTD HOPMHUPOBAHHBIX 3JICMCHTOB Xn OH y

Hxn“ =1, nON Taxkasg, uro
A JF oL =0 mn 0. w1

3anucas

X =X tX o X ’1D kerA, X, ’OD kerA, (1.12)

u3 (1.11) 6ymem umeTsb HAXH“ :“Axn 1” - 0 mpu N - . Orcrona U U3 HOP-
MAILHOM Pa3peImMOCTH ONepaTopa A BBITEKAET COOTHONIEHHE

-0 mpu N oo, (1.13)

Xn,l

Torma Hxn OH — 1 mpu N - oo, Ipuaumas Bo Bammanue (1.11)u (1.12),momny-
yaem

[ [ RO S [ S

U3 IMOJTYYCHHOr0 COOTHOLICHUA U OI‘paHquHHOﬁ 06paTI/IMOCTI/I oreparopa

(1.10) 6ynem umets

X OH - 0 mpu N - oo, Orcrona u w3 (1.13) monyuum

IpeNieNIbHOE COOTHOIICHHE Hxn” -0 mpu N - ©, KOTOPOE TMPOTHBOPEUUT

HOPMHPOBAHHOCTH DJJICMCHTOB Xn . HOJ'Iy'-IeHHOG MPOTUBOPCHUUEC NOKA3BIBACT

B3aUMHYIO JOTOJHHUTENLHOCTE onepatopoB A u L. Jloctatounocts nokaszana.
JlemMma 1.1 noka3sana.

CaeacrBue 1.1. ITycms umeem mecmo ocnosnoe ycnosue. Tozoa one-
pamop LQ:H - G nopmanvno paspewsumorii.
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Caencrsue 1.2. IIycms onepamop A.H - F nopmanwvno paspewiu-
motit u onepamop (1.10) ozpanuuenno o6pamumovtii. Tozoa onepamop
LQ:H - G nopmanvno paspewumoiii.

JletictBuTensHo, npeacTasus H = kerAO" kerA, HIOTy4UM
LQ(H ) = LQ(kel‘A) = R(LQ) )

W3 orpanuueHHON oOpatumocTtr onepaTtopa (1.10) nmeem R(LQ) = R(LQ) .

IMosToMy LQ( H ) = LQ( H ) , 4TO ¥ TPeOOBAJIOCh JOKA3aTh.

3ameuanune 1.1. W3 ycinoBus B3aMMHOM JONOJHUTEILHOCTH ONEPATOPOB
A u L He BeITeKaeT HOpManbHas pa3pemmMocTs omeparopa A. JlelicTBUTEND-
Ho, ec;m L = E, To mMeeT MecTo yenosre B3anmuOM nononnuTensroctH (1.3)¢

MMOCTOSIHHOM y=1, JJIsL 1100010 oreparopa A, B YaCTHOCTH, HEC ABJIAKOIICTOCS

HOpMaJIbHO pa3pCIIuMbIM.

Jlemma 1.2. ITycmob onepamop A:H — F nopmansno paspewumsii.
Toz0a ons é3aumnoii dononnumenvrocmu onepamopos A u L:H - G ne-

00X00UMO U 0OCMAMOUHO 6bINOJIHEHUE PABCHCGA

(LQ)'LQ=Q. (1.14)

JokasarenbcrBo. Heobxoaumoctsn. ITycts oneparopsr A u L B3aumuo
JOIOJIHUTENbHBIE. JIOKaKeM CIIpaBeNIMBOCTh paBeHcTBa (1.14).

PaBeHCTBO OPTOTOHANBHBIX MPOEKTOPOB, NCHCTBYIOMIUX B OJHOM U TOM
K€ TIPOCTPAHCTBE, SKBHBAJICHTHO PAaBEHCTBY WX sAep. Tak Kak OIepaTophl

(LQ)+ LQ u Q sBagorcs opToroHanbHeIME TpoekTopamu, To (1.14)skBuBa-

JICHTHO PAaBCHCTBY
ker(LQ)" LQ=kemQ.

Brmouenne kerQ [ kel'(LQ)+ LQ sBusercs oueBuanbiM. J[okaxem

00paTHOE BKIIKOYEHHE ker( LQ)+ LQO kerQ.
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IMycts X[ ker(LQ)+ LQ. Torma xOkerLQ wu, cnegosaTensHo,

LQx=0. IlpeacraBum X = X, + X, Te
x,OkerA="kerQ, x O kerA=kerQ.
Torna AX, =0, QX =QX, = X, u nosromy
Lx, =LQx,=LQx=0.
W3 B3auMHOM JOIOIHATENLHOCTH onepatopoB A m L momyuum
0= #ux = ]

Orciona cresyer paBeHCTBO X = 0. Takum o00pa3oM, HaMH MOJNYYEHO
X=X OkerQ . Heo6xomuMocTh J0Ka3aHa.
Hocrarounocts. Ilycth uMeer Mecto pasencTBo (1.14). lokaxem B3a-

HUMHYIO JOTTOJIHUTCIIBHOCTL OIIEPaTOPOB AulL.
Iloxaxkem BHauaie CIIPaBCJINBOCTL PABCHCTBA

kerANkerL={@. (1.15)

ITycte XOkerA kerL. Torma Qx=X u LOQx=Lx=0. Orciona u u3 pa-

serctBa (1.14)6ynem umers X = QX = (LQ)+ LOx=0. Pasencrso (1.15) no-

Ka3aHo.
JlokaxkeM Temneps CyliecTBoBanue nocrosuuon ) >0, nus koropoii cripa-

Bemmueo (1.3). Ilpeanonoxum mpotuBHoe. IIycTh HE HMEET MECTO YCIOBHUE
(1.3). Torma cymecTByeT MOCIEAOBATEIBHOCTh HOPMHPOBAHHBIX JJIEMEHTOB

X OH, Hxnu =1, nON, gns xoropoii uMeer mecto coortnomenne (1.11).

-0,

o

HpencraBum X = B BHIC (1.12). Toraa U3 COOTHOIICHUS HAXn

N - © ¥ HOPMANbLHOM pPa3PEIIMMOCTH omeparopa A momydnm Hxn 1” - 0,

17C



Merton perynspuzanuu caBurom: Teopust U NPUIIOKEHUS ImaBa 2. 81
|

N - © Wu, clieIOBATEIBHO, Hxn OH -1, N5 o . C apyroif CTOPOHBI, U3 COOT-

HOIIECHHUS HLXnH - 0, N - o uorpannyennocru oneparopa L Gyaem umets

HLX&OH ZHL(Xn _Xn,l) S”anH+||L||Hxn'J‘ -0, noo. (1.16)

Tak kak anDkerA, T0 QX =X Orcroma u w3 (1.14) momyuum

n,0"
+
X o= QXn 0 =(LQ) LQXn o+ 1epexoisl K HOPMaM B 5TOM PaBEHCTBE, M3 CO-

otHomeHus (1.16)u nemmbr 1.106ynem umeth

oy

<|(Loy Lx, -0 n-e.

Lan’0

Xn,O

HOHy‘IeHHOC COOTHOLICHUEC MTPOTUBOPCUUT

X, OH -1, n - o . locrato4HoCTH

JIOKa3aHa.
JlemMma 1.2 noka3sana.

Cuencreue 1.3. Ilycmob onepamop A H - F nopmanvno paspewu-

motii. Tozoa ona ezaumnoii dononnumenvuocmu onepamopoé A u L neoo-
X00UMO U 00OCMAMOUHO bINOTHEHUE DABEHCMEA

QQ =0,
20e Q=E-(LQ)'LQ.

Jemvma 1.3. Jlna e3aumHOll  0OROIHUMENbHOCHU  ONEPAMOPO8
A'H - F u L:H - G neobxooumo ozpanuuennaa oépamumocms one-
0 0
pamopa A"A+alL L ona ecex a >0 u oocmamouno —xoms 6v1 013 00n020
a>0.
Hokazarenbcrso. Heobxogumocts. [Tycts onepatopst A u L B3zaumuo
JONOJIHUTENbHBIE.  JIOKa)KEM  OrpaHHYEHHYI0  OOpPaTUMOCTh  OIEpaTopa

A"A+ gLl s seex a >0.

JletictBuTenbHo, ecn 0<a <1, to
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|Aq° +alLd® 2 aylx®,
ecu a >1, o
| + a2 vH .

Ionaras 'Ba = min{a ) ]} , M3 TIOJIyYEHHBIX OIIEHOK Oy/IeM UMETh

[ A" + a5, 4"

Ortcrona creayer obpatumocts oneparopa A“A+al™L ms Beex @ >0. To-

Ka)XeM OIPaHMYEHHOCTH ONEPATOpPa (ADA+ a LDL) nst Beex @ >0,

-1
[penmonoxum mporusHoe. ITycth (ADA+ a LDL) HE SIBIIETCS Orpa-

HMYEHHBIM XO0Ts OBl A oguoro & >0. Torma cymecTByeT MOCIENOBATEND-

HOCTb HOPMHPOBaHHBIX dneMentos X [1H HXnH =1, nON rakas, uro

(A%A+ aLDL)_lx %
= npu N - o0, (2.17)

TTonmoxum
-1
y, :(ADA+aLDL) X, nON. (1.18)

3anumimem ycjaoBue B3aMMHOU JOIIOJTHUTCIIBHOCTH

lay, | Ly, =¥y, noON,

TO €CTh

2

(Aa+al)y,.y, )2y, nON.

Yo

Ortcrona, npuHUMas Bo BHUMaHue obo3HavyeHue (1.18),momyqnm

(xn,(ADA+ aLDL)_lxnj >B VH(ADA+ alL) ", 2
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HO[[CJ'II/IM 00€e JacTH 3TUX HCPABCHCTB Ha

(A%A+alL) x,

n

(A'A+aLL) X

X, — |2
(AA+alL) x
UV“(ADA+HLDL)_IXH , 0<a <1,
> 1 (1.19)
VH(ADA+0'LDL)_ x|l a=1.

Tak kak g scex NON
(A'A+aLL) % (A'A+alL) %,
SHXHH (ADA+a'LDL)_1x .
n

=)

(A'A+aLL) %,

to epexos B (1.19)k mpeaeny npu N — o, B cuny (1.17),moxy4um HeBepHOE

HCPABCHCTBO 1>, Honyquﬂoe MPOTUBOPCUNUEC NOKA3bIBACT OrPAaHNYICHHOCTDH

-1
obparHoro oneparopa (ADA+ a LDL) . Heo6xomuMocTh moKa3aHa.

Tlocratounoctb. Iycts onepatop A"A+aL L orpannuenno o6paru-
MBIH X0Ts Obl Jist ogHoro & > 0. JlokaxkeM B3aUMHYIO JONOJHUTENLHOCTD OIe-
patopoB A u L.

IMpennonoxum nporusHoe. ITycts oneparopel A u L He ymosnersops-
IOT YCJIOBHIO B3aMMHOM JIOIOJHHTENBHOCTH. JTO SKBHBAJIECHTHO CYIIECTBOBA-

HHUIO TI0CJIEJ0BATENbHOCTH HOPMUPOBAHHBIX DIEMEHTOB X 0OH , Han=1,

NON Takux, uto
2 2
HAan +HanH 0 mpu N,

Torga HAXnH -0, HLXnH — 0 npu N - o u, cremoBaTenbHO,
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(AA+at)x, x) =0 mu n-w.
13 orpanmaeHHO# o6patumoctn onepatopa A“A+aLL crexyer cyme-

CTBOBAaHHE J, >0 Takoe, 4TO

H(ADA+ O’LDL) XnH 2y, s Beex nON.

JIeHCTBUTENLHO, €CJIM 3TO HE TaK, TO CYIMIECTBYET MOJIMOCIEI0OBATEIHLHOCTD X
k

nocCjICa0BaTCIIBHOCTH Xn TakKasd, 4To

ynkH - O mpu k > oo, rze

y, =(AA+alL)x, .

-1
. o 0
Torga u3 orpaHM4EHHON 0OPATUMOCTH (A A+al L) MOIYYMM COOTHOIIEHHE

-0 mu n- oo,

et

k

KOTOPOC MPOTUBOPCHUT HOPMUPOBAHHOCTU IMOCICAOBATCIBHOCTU Xn. I[ocm-

TOYHOCTH TOKA3aHa.
JIemMma 1.3 nokaszana.
Ilomoxum
.
)

X, =(QiQ)
X, =T, (A%A) (E-LLx_).,

X =TX m=1,
m m-

1!
T/ie ONIePaTOphl TO u T onpenenens B (1.8).

Jlemma 1.4. Ilycmo onepamop A:H — F nopmanvno paspewumorii u
onepamopor A u L:H - G e3aumno oononnumenvuvie. Tozoa cnpageonu-

60 pa3zsoxceHUe 6 ONepamopHbvlii pao

(AA+aLL) " = S a™X (1.20)
m=-1
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exooawuiica npu 0<a < ,061, 20e Py = ,O(T) — CneKmpaabHulil paouyc

onepamopa (1.8).

HokazarenberBo. Cxonumocts psiaa (1.20)mpu 0< a < ,06 ! clenyeT u3

HpeﬂCTaBHeHI/IH 06mero YJICHA pﬂ,ua
X =T™X, m=1.
m 0

Jlnst mokasatenscTBa crpaBeuuBocTH paseHcTBa (1.20) ucmons3yroTes
CJIEeIyIONINE OUEeBHIHbIE PABEHCTBA

AOAT, = A0A, APA(A°A) =E-Q,
AAT+LL=QLL, QLL(LQ)" =QL".

(A°AT+L)T, =0.

Nmeewm:

A°AX_, = A°A(LQTQL) =0
AOAX ) +LLX_ = APATX + APAT (A°A) +LLX =
=(APAT + L) x_, + AA( ADA)+ -
=QUL(QLLQ) +E-Q=(LQ)'LQ+E~(LQ)'LQ=E
AAX +LLX = APATX +L1LX =

=(A'AT +LL)T (AA) (E-LLX ) =0,
anpu M2 2 umeem

ACAX +LLX = —(APAT + LL)T (A%A) LLX =0,
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U3 stux PaBCHCTB 6yz[eM HUMCTb

(AA+all) Y a™x,, =

m=-1

= AAX + Y a"(ATAX +LLX, ) =E.
m=-1

Jlemma 1.4 noxasana.

Jlemma 1.5.Iycmo onepamop A:H - F nopmanvno paspewumorii u

onepamopvr A u L:H - G e¢3aumno dononnumenvuvie. Tozoa ona 1106020
a >0 3a0aua (V; f, g) uMmeem eOUHCHIGEHHOE Peluenue U nPedCcmasisemcs

gopmynou (1.9).

Joxa3zareabcTBo. [IpencraBuM QyHKIMOHA CDa (X) C TOMOUIBIO CKa-

JIIPHBIX TTPOU3BEICHUIM:
®_(x)=(Ax Ax)+a(Lx,Lx)~
-2(Ax, f)-2a(Lx,g)+(f .f)+a(g.9).

3anmreM npupameHne GyHKIHOHAIA ng (X) , KOT/Ia apryMeHT MOJyJaeT MpH-

pamenue h:
& (x+h)-a, (x)=2(Ax,Ah) + 27(Lx L) -

~2(f,Ah) - 2a(g Lh)+(Ah Ah)+a(Lh Lh)=
= 2((ADA+ al"L)x-(A°f +al) ,h) +

+(Ah,Ah)+a(Lh,Lh).
U3 He00X0IMMOTO YCIIOBHS AKCTpEMYMa MOIYIUM

(A°A+alL)x- (A +alg) =0,
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TO €CTh

(ADA+ aLDL)x: A% +alg. (1.21)

B cuny nemmer 1.3 onepatop A“A+aL"L npu xaxaom @ >0 orpanmuento
obparumsrii. [Toatomy ypaBHenue (1.21) omHO3HAYHO paspelmIMMO IS BCEX
fOF u gOG npu kaxaom @ >0 u ero pemenue npeacrapisercs Gopmy-
aoii (1.9).

JlemMma 1.5 noka3zana.

W3 nmemm 1.4 m 1.5 momydaem mpencTaBieHHE IS pEUICHUS BapHAIMOH-

HOM 3a71a4u (V; f, g).

Jlemma 1.6. ITycmob onepamop A:H — F nopmansno paspewumorii u

onepamopor A u L. H - G ezaumno oononnumensuvie. Tozoa ons n106vix

fOF u gOG pewenue 3adauu (V; f, g) MOJICHO npedcmasunb 6 euoe

pAaoa
% (1,9)=(E(LQ)"L)Af +(LQ) g*iamrm‘lxg,
20e XD:_TO(ADAYLD[LTOAW—(E—L(LQ)*)g]

Jnsa GopMyIHpPOBKH CIIEAYIOIIETO YTBEPXKACHUS BBeAeM 0003HAYCHHS:

AH -F un L:H - G1 — JIMHENHBIE OTPAaHMYEHHBIE OIEPATOPHI, TIE

H,. F,, G, —rumb6eprossl npocrpanctsa.

Jlemma 1.7.Ilycmy onepamop A odpamumeiit u onepamopvr A u L,

e3aumno oononnumenvusle. Tozoa ona cywecmeosanus npedena

xa(fl,o) - xo(fl,O) mpu a - 0, 1.22)
20e )%(fl,O) — HEKOmopblil Ij1eMeHm,
xa(fl,o) =(A1D +a|_§|_l)_1 ATt (1.23)

17
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a fl 0 Fl — NPOU360IbHBLIL IJIEMEHN, HEOOXOOUMO U OOCHAMOYHO HOPMATIb-

Has paspewmumocms onepamopa Ai .

Hoxka3zareabcrBo. Heodxogumoctsb. I[lycTh mMMeer MecTo mpenenbHOE

coortnouteHue (1.22) nis mo6oro f1D Fl. JlokaxkeM HOpPMaJbHYIO pa3perin-
MOCTB oneparopa A .

U3 06paTI/IMOCTI/I oreparopa A‘ , BYaCTHOCTH, BBITCKACT PaBCHCTBO

kerA’={0Q. (1.24)

U3 (1.23) s moGoro & > 0 BeITEKAET TOKIECTBO

0 O — AD
(A1A1+UL1L1) Xa ( fl,O) - Alf:l'
Ilepexons k nmpexeny B dToM Tokiaectee npu & — 0, nomyunm

AlALX ( ) 1 1, TO ecTh Al (Alx ( ) )= 0. Orcrona n u3 (1.24)
OyIeM UMETh A1X1( fl, 0) - f1: 0. Takum o6pazom,
=A% (1,07R(A)
U, CIIE0BATEIBHO, R(Al) =H ;- HomydeHHOE PaBEHCTBO SKBHBAICHTHO HOp-
MaJbHON pa3peluMoCTy orepaTopa Ai . HeoOxomumocTh noka3aHa.
HJocraroyHocts. IlycTs oneparop 'Al HOPMAJIbHO pa3peluMbli. Jloka-

JKEM CIIPaBEUTUBOCTE MPEACIIBHOTO cooTHOMIeHns (1.22) 1st moboro f1 0 Fl.

U3 HOpMaJ’ILHOﬁ PpaspemIiMMoOCT omneparopa ﬁ BBITCKACT OTPAaHUYCH-

HOCTB 06PATHOTO omeparopa Al_l. Torma OrpaHUYEHHBIME SBISIOTCS OTIEPATO-
phI (AEDAL)_ (Al A&) L ITycTs
-1
0 0
H(Q A) L1L1‘ <
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Torma mpu am< <1 oneparop PlDAl+a L?Ll OTpaHUYEHHO OOpATUMBINA K

HMECCT MECTO OLICHKA

( AA + a'L'le)_l A - A u < %HA‘IH u

Orcroga cnenyer cnpaBemauBocTh (1.22) mis  moGoro f1D F,, npnuem
— a-1
XO( fl,O) = A1 f ,- HocTatodHocTs nokasaHa.
Jlemma 1.7 noxasana.

Jlemma 1.8. IIycmo onepamoper A u L e3aummno oononnumenvusie.
Toz0a ona cywecmeoeanus npedena

x,(1.0)=(AA+alL) A% - % (£,0) mpu a -0,

20e Xo( f1' 0) — nexomopuiit anemenm, a f OF — npouseonvnviii snemenm,

Heo0xo0umo u oocmamounio, umoost onepamopvt A u LQ aenanuce nop-

MAIbHO pa3periumobimu .

Joxa3zareabcTBo. [Tonoxum

_0 0 O - —
H, =" kerA, F =" kerA’, Al—AlHl , Ll—L|H1,
f=f+f, f OkerA”, f OkerA".

Tora x,(1,0)=x (£,,0)=(AA +al'lt )" Alt,

Oneparop A :H, - F, obparumbiii. D10 03HauaeT, 4TO BHIIOIHEHBI BCE
ycioBus emmbl 1.7.TloaTomy omnepaTop Al HOpMaJTbHO pazpemumbiid. OTcrona
U U3 PaBEeHCTBA R( A) = R(Al) BBITEKAET HOPMAJIbHASI Pa3pelInMOCTh OIepa-
topa A:H - F .

Tak xax X, =X, ( f ,0) — peureHue BapuanuoHHoi 3amauu (B), To oHO

YIOBJIETBOPSIET YPAaBHEHUIO
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(ADA+aLDL)x= ATf (1.25)
I/I3 HOpMaHLHOﬁ pa3peHII/IMOCTI/I onepaTopa A BBITCKACT HpeHCTaBHeHI/Ie
— +
X, =Af+Qy,+ay,, (1.26)

rae Y, — GUKCHPOBAHHBIN SIEMCHT, @ Y, CXOIMTCS K HEKOTOPOMY JJICMEHTY

Yompu @ - 00y -y, (a - O) . ogcrasum (1.26)8 (1.25),a 3atem co-
KpaTHM Ha OOIIMH MHOKHTEND O
o O [ a+ 0. —
Any, +LL(ATf +Qy, ) +ally, =0.
Tepeiinem k npepeny npu @ — 0:
o O [ a* —
Aoy +LL(Af +Qy,) =0.
Tax kak QA" = 0, To, npumensis npoektop Q K MOCIEHEMY PABEHCTBY, IOy UM
QLLQy, =-QLLAf .
TMonyuennoe ypasHeHue paspemumo s modoro f OF . TlosTomy omeparop

QLLQ= ( LQ)EI LQ sBusercs HOPMANBHO pa3pelIUMBIM, OTKYIa CIEIYET
HOpPMaJIbHAs paspemmmMocTs omeparopa LQ .

JIemMma 1.8 noka3zana.

Jlemma 1.9. IIycmo onepamoper A u L e3aummno oononnumenvusie.
Tozoa ona cywecmeosanus npeoena

xa(O,g)Eaf(ADA+afLE'L)_1 L'g - x,(0,9) mpn a -0,

20e XO(O,g) — nexomoputit 21emenm, a QUG — npouzsonsusiit anemenm,

Heo0x00umo nopmansnas paspewumocms onepamopa LQ u oocmamouno

HOpMANbHAA pa3pemumocms onepamopa A.
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Joxa3ateancTBo. Heobxogumocth. IlycTs pemeHne BapuallMOHHOM
3a1a4n (V; f, g) cxomutest: X, =X, (O,g) - X, mpu a — 0, rme XDDH -
HEKOTOPBIH 251eMeHT. JIoKkaXkeM HOPMalbHYIO paspelnMocTs onepatopa LQ .

IIpencraBum 35eMeHThI Xa u X[I B BHUJIC.

X, =X, 0t X, xa’ODkerA, XMD kerA, (1.27)

a 1

X=X +X ., >%OD kerA, X, 1D kerA.
Tax xak Xa YAOBJICTBOPACT YPAaBHCHUIO
A'AX +allx =al'g,
a a
to u3 (1.27)nomy4um
A'Ax  +allx
a,l a,

+alllx =alyg. (1.28)

0 1

Ilepexoms x mpemeny npu & — O B sTOM paBeHcTBEe, OygeM HMETh
0 _
A A)ﬂ]1 =0. Orcroma cremyeT BKIIOYEHHE )ﬂmD kerA. Comocrapnsas noiny-

4yeHHoe BKItoueHue ¢ (1.27),momyqum X = O u, ciemoBarenbHO,

>%=XDODkerA. (1.29)

Tax kax QA” =0, 1o u3 (1.28)6yaeM UMETH

QLDan’O +QLLx, .= QLY. (1.30)

Ocymectsum npenensusiii nepexon B (1.30) u, ¢ yuerom (1.29), 0yaemM uMmerh
QLDL)%10 =QL"g wm
QLDLQxElo =QLYg. (1.31)

Tak kak §UG — npousBonbHEIH SIEMEHT, TO paspemumMocTs ypasaenus (1.31)

0
BIIEYET HOPMalbHyI0 paspemmmocTs omeparopa QL LQ, koropas seusercs

HEOOXOMUMBIM H JOCTaTOYHBIM YCJIOBHEM [UIS HOPMalbHOH pa3pemmMOCTH

oneparopa LQ . HeoGxoaumocTh 1oka3aHa.
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IlOCTaTO‘-IHOCTL. CHpaBe,HJ'H/IBOCTL 3TOH YacTu YTBECPIKACHUA CICAYCT U3

nemmel 1.6mpu f =0.

JIemMma 1.9 nokaszana.

1.6.Joka3zaTenbcTBa Teopem 1.1m 1.2,
JokazareabcrBo Teopembl 1.1. Heodxomumocts. ITycth cranumonapHas

3a1aua (S; f,g ) onnosHayHo paspemuma ans Beex f OF u gOG. Ioxa-
JKEM BBITTOJTHEHHE OCHOBHOTO YCJIOBHS.

M3 oHO3HAYHOM pa3pelMOCTH 3a/1a4u (S; f, g) BBITEKAET, B YaCTHO-
CTH, CYLIECTBOBAaHHUE IceBaopewmenuii ypapaenns (1.1) s modoro f OF . Dto
03HAYaeT, 4TO IICEBJO0OPATHBIN OIepaTop A OTIpeJieIiCH Ha BCEM MPOCTPAHCT-

Be F . Cnenosarensno, onepatop A:H — F nHopmambrO paspemmmbrii.
JIro6oe niceBmoperuenue ypasHenus (1.1) mpeacrasnsercs hopmynon

x=A'f +Qy, (Q:E—A*A), (1.32)

rac yD H - l'IpOI/I3BOJ'II)HI)II71 OJICMCHT. CJ'IGL[OBaTCJ'ILHO, MHO>XECTBOM IICCBI0-

peutenuit ypapuenus (1.1)sipaseTcs

K:{A+f +Qy:yDH}. (1.33)

Tak Kak 3ajaya (S; f, g) OJHO3HAYHO paspeliuma, To ypasHenue (1.2)

uMeeT KBasupenenus Ha MHoxkecTBe K s mo6oro QG . TloacraBum X u3
(1.32)8 (1.2):
LQy=g-LA"f. (1.34)

[IceBmopemeHnsaMu 3TOT0 ypaBHEHHUS SBISTIOTCS

y=(LQ)"(g-LA"f)+Qz, (Ql:E—(LQ)+LQ), (1.35)

rane Z[OH —mnpoussonbueli anement. oacrasnsas Y u3 (1.35)8 (1.32),momy-

YUM pelIeHUE 3aJa4u (S; f, g):
x=A"f+Q(LQ) (g-LA"f)+QQz. (1.36)
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CornmacHo HeOOXOAMMOMY YCIOBHIO, 3a1ada (S; f, g) MMEET EIUHCTBEHHOE
pemenne. CIeI0BaTENBHO, TOCHENHEE cIaraeMoe B papoi yactu (1.36) pasHo
nymo as moboro Z[H : QQ z=0. Oro sxensanentro pasenctey QQ, =0.
Orciona, B culy cilecTBUs 1.2, I0dy4nuM B3aHMHYIO JOIONHUTEILHOCTh ONepa-
topoB A u L. Takum 06paszom, uMeeT MeECTO OCHOBHOE yciosue. Heobxomu-

MOCTH JOKa3aHa.
IlOCTaTO‘-IHOCTL. HYCTL HUMCET MECTO OCHOBHOC YCJIOBHUC. I[OKa)KeM on-

HO3HAYHYIO Pa3pelMMOCTh 3a0a491 (S; f, g) .
Tak kax omeparop A:H — F nopmansno paspemmmbli, T0 nceBpoo6-

parHblii onepatop A’ ompenenen Ha BceM mpocTpaHcTBe F D(A+) =F.

Iostomy ypasrenue (1.1) umeer ncepmopemenus g moboro f [OF u omn

npencrapisitores papeHctBoM (1.32).IToacraBue X u3 (1.32)B (1.2), nonyuum
ypasuenne (1.34). Orcroma clieayer, YTo 3ajavya HAXOXKIEHHS KBa3HUpEIICHUS
ypaBHenus (1.2) Ha MHOxecTBe (1.33)sBIsieTCs SKBUBAJICHTHOI 3amaye HaXOxK-
JeHus rncepnopelenuii ypaaenus (1.34). B cuny cnencteus 1.1 omepaTop
LQ:H - G nopmansno paspemmmeiii. ITostomy n3 ypasuenus (1.34) momy-

yaeMm mnpexacraienne (1.35)u orcroma — npencrasienne (1.36) wis uCkoMoro
kBasupelueHus. [[puHiMas BO BHUMaHKe yTBepkaeHue cneactsus 1.2,u3 (1.36),

MOJYy4YrUM €IUHCTBCHHOCTH PCUICHUS 3a1a1n (S, f y g), KOTOPOC MPCACTABIACT-

cs1 popmyioii (1.7).JlocTaToO4HOCTE TOKa3aHa.
Teopema 1.1 moka3aHa.

Joka3zarenbcTBo Teopembl 1.2. Heo6xoaumocTs. ITycTs BapHamyoHHAS
3amaua (V; f, g) s seex fOF, gOG u @ >0 umeer equHcTBEHHOE pe-

menme X, EXﬂ(f,g),cxozmmeec;{ mpu @ — 0: ginoxa =X, e XDDH -

HEKOTOPBIH 311eMeHT. JI0Ka)KeM BBINOJHEHHE OCHOBHOTO YCJIOBUSL.
Tak xaxk mpu scex T OF , gOG u a >0

xa(f,g):xa(f,0)+xa(0,g), (1.37)
To u3 nemMm 1.8 u 1.9 BhITeKaeT HOpManbHAs Pa3pelIUMOCTh OMepaTtopoB A u
LQ. 3arem u3 nemmel 1.1 monyyaeM B3aUMHYIO JOMOJIHUTENHHOCTH OMEPATO-

pos A u L.HeobxoaumocTs qoKasana.
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JocrarouHocts. [TycTh nMeeT MeCTO OCHOBHOE ycioBue. Torna u3 npen-
craBienus (1.37)u memm 1.8 m 1.9 ciexyeT cyliecTBOBaHUE MpeEa PEIICHHS

BapUallMOHHOM 3a/1ayu X, mpu @ — 0. U3 nemmer 1.6 nomydaeM mpenensHoe

cooTHomEHHE
limx, (f,0)=x(f,0)=(E-(LQ)"L]A"f +(LQ)" g
H oLeHKy
Hxa(f,g)—xo(f,g)usrm
ana seex @:0<a<qyo,’, rae 0,:0<0,<1 - mpomssombHoe wHCIIO,
Py = p(T) —cnexrpamsusiii pamyc onepatopa (1.8),a

1
1—q0

m=

T (AA) LD[LTOA+f —(E - L(LQ)+) gJH

J1oCTaTOYHOCTH TOKA3aHa.
Teopema 1.2 mokazaHa.

2. IBOMCTBEHHBIE 3AJTIAUH L -IICEBJOOBPAIIIEHUS

2.1. ®opmyaupoBku ABoMcTBeHHBLIX 3amau. Ilycte A:H - F u

L:H - G —nuneiinbie orpanuuennsie onepatopel, f OF u g0G —3anan-

ueie onementsl, H , F u G — runs6eproser npoctpancrea. Hmwke paccmatpu-
BAIOTCS ONEPATOPHBIE YPABHEHHSA

Ax=f : (2.1)
Lx=g. (2.2)

Hamomuum, uto B § 1.26bU1H H3yUeHBI:

cranuoHapHasi 3agaya (S;f,Q): Haiitu kBasupemenue aBHEHUS
p yp

(2.2) Ha MHOXeECTBE TICEBIOpeIICHNI ypaBHeHus (2.1);
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BapHAIMOHHAS 3a/1a4a (V; f ,g): HaifTn Jnement X, UOH , nocras-

JISIONTAH MUHAMYM (yYHKITHOHATTY
®_(x)=|Ax-f[*+a|Lx—g|* -~ min, xOH,  (2.3)

rae @ >0, u uccnenosats ero mpesenbubie cBolictBa mpu & — 0.

Hapsiny ¢ oTMu 3aayaMy paccMOTPHM:
CTAIHOHAPHYIO IBOMCTBEHHYIO 32/1a4y (S" ; T, g): HaWTH KBasupelre-

Hue ypaBHeHus (2.1) Ha MHOXKECTBE TICeBIOpPEIICHUIT ypaBHeHus (2.2);
BapPUALMOHHYK) JIBOHCTBEHHYI0 3a1a4y (V*; f, g) . HaWTH DIEMEHT

X, UH , nocrasnsiomuit munumym pynxumonany (2.3), rae @ >0, n ncene-

JIOBaTh €To MpeaebHbIe CBOMCTBA MPU O — 0,

B manHoM maparpade OyayT yCTaHOBICHBI Pa3peliuMOCTh U OJTHO3HATHAS
Ppa3peuIuMocTh ABOMCTBEHHBIX 3ajad, CBSI3b MEXAY PELICHUSIMU JABONCTBEHHBIX
Y TIPSMBIX 3371a4 B COBMECTHBIX U HECOBMECTHBIX CIIyYasX, JOKa3aHbl CKOPOCTh
CXOIMMOCTH pEeUIeHMs] BapUALMOHHOM NBONCTBEHHOW 3aJauM K PELIEHUIO CTa-
LMOHAPHOU TIBOWCTBEHHOM 3ajauH.

2.2. CoBmecTHBI# cay4dail. Hibke OyayT HCIIONB30BaHBI YETHIPE MPOCK-

TOpa, U BO n30eKaHue IMyTaHUIbL Hep€0603Ha‘II/IM IIPOCKTOPBI Q n BBC-

ll
JeHHbie B 8 1,1 onpesenum enié asa:

Q,=E—A'A, Qo=E—(LQ,)

+

(LQ,)
Q =E-L'L, QAQ:E—(AQL)+(AQL).

Hanomumm, d9to QA SBIISICTCA OPTOTOHAIBHBIM IPOEKTOPOM Ha SO

omepatopa A, a Q , QI_Q u Q A ~ OPTOTOHAILHBIC IPOCKTOPBI HA SAPA Ore-

paropos L, LQ 1 AQL , COOTBETCTBEHHO.

ITycts fo OF, 9, UG —3anaHHbIE 31eMeHTHI. [10710&KIM

x, = AT +(LQ,) (g,~LAT), (2.4)
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.
X =L"g,+(AQ ) (f,~ALg,). (2.5)
Pewmenust cranuonapHoil 3ajgadu ( ; O,go) U CTallMOHApHOM JBOICT-

BEHHOW 3a7a4u (S"; fo’ go) cBsi3aHbl ¢ anemeHTamu (2.4) u (2.5). A UMeHHO,

CIpaBeINBO CIEAYIONIEee YTBEPKICHNUE!

Jlemma 2.1.a) Ecnau npu danmnvix fo OF u 9 OG 3adaua (S; fo' go>

ABNACMCA PA3PEUUMOIL, IO €€ PeleHUs RPEOCMAGNAIOMCA 8 GUOe

x=xO+QAQLQu, (2.6)
20e ULH —npouseonvusiii 2anemenm.

6) Ecnu npu oannvix fO OF u 9% OG 3a0aua (S"; fo’ go> Aensemcs
paspeuwtumoii, mo eé peuieHue nPeoOCmasiAemcs 6 euoe

= X(? + QLQAQV '
20e VOH — npouseonvnuiii snemenm.

JokasareabcTBo Jemmbl 2.1. a) IlycTs npy maHHBIX fo UF, g,0G
3aa4a ( ;1,0 0) ABIAETCA paspemnMoil. Bee IceBpopelenys ypaBHEHHS
Ax = f | npencrasstores B Buze

x=A"f +Q,y, yOH. (2.7)

IMoacTaBUM MOJTyUYEHHOE BBIpOKEHHE B ypaBHeHue LX = 0, ¥ UL HAXOXKIACHHS

Y moay4um

LQ,y=g,-LA"f,. (2.8)

Tak Kak 3amaya (S; fo' 90) SIBIISIETCS paspeInnMoii, To ypaBuenue (2.8) umeer

TMCCBAOPCUICHUS, U OHU 3aITUCBIBAIOTCA B BUC

=(LQ,) (g, ~LATf,) +Q ou. (2.9)
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roe ULH — npoussonsblii anement. Otcroga u u3 (2.7) mosydaeM crpases-
JIMBOCTH ITYHKTA a).

ITyHKT 6) TOKa3bIBACTCS AHAJIOTHYHO MYHKTY a).

JIemMma 2.1 noka3sana.

JInst yCTAQHOBIEHHS CBSA3M MEKAY PEHIEHUAMH CTAl[MOHAPHBIX 3a1ad

(S; fo’ go) u (S" ; fo’ go) BaXKHYIO POJIb CHITPAIOT CJIEAYIOIINE JIEMMBL.

Jlemma 2.2. Cnedyiouiue ymeepitcoeHus aenaiomcs IK6UGAIEHMHbIMU.
a) cucmema

Ax=f,
. (2.10)
Lx=g,
onz oannvix f UF u g UG senanemen cosmecmnoii,
0) umerom mecmo 6KnIOUEHUA:
f,OR(A),  g,-LA"f,OR(LQ,): (2.11)
B) Umerom mMecCmao 6KJaIUeHUA.
g,0R(L), f,~AL'g,0R(AQ). (2.12)

Hoxa3zateabcTBo JeMMbl 2.2. Eciu Oyner moka3aHa SKBHBaICHTHOCTb
ycioBuit a) u 0), To, MOMEHSIB MeCTaMH ypaBHEeHUs cucteMsbl (2.10)u moBTOopuB
BBIKJIAJIKH, TIPOBE/ICHHBIC B JOKAa3aTEIbCTBE YKBUBAJICHTHOCTH YCIOBHUH a) u ),
HOJTy9HM SKBHBAJICHTHOCTD YCJIOBH ) U B).

Joka3aTeJbCTBO HMILIMKAIMY a) = 0). [lycTh U151 TaHHBIX f0 OF u
gODG cucrema (2.10) sBasleTcst COBMECTHOM. JIOKakeM CIIPaBEIIMBOCTh

BKIIOUeHHMIT (2.11) a7 JaHHBIX 3JIEMEHTOB fo ug;.

CrpaBesIMBOCTD TepBoro BriIoueHus (2.11)cnenyeT U3 paspemmMocTu
nepBoro ypasaenust cucteMsl (2.10).ITokakeM crpaBeiIIBOCTS BTOPOTO BKIIIO-
yenus (2.11).

Bce pemenust mepBoro ypasaenusi cuctemsl (2.10) mpencrasmsitorcs B
Buge (2.7).Iloacrapisis X U3 3TOrO MPENCTaBICHHUS BO BTOPOE ypaBHEHHE CHC-

temsl (2.10), monyunm ypaBaenue (2.8). U3 coBmectHoctr cuctemsl (2.10)BbI-
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TEKaeT paspeInuMocThb ypasHenus (2.8). CienoBaTeabHo, CIPABEIINBO H BTOPOE
u3 Biouenuii (2.11). Mimmnkanms a) = 06) goka3aHa.

Joka3aTelibcTBO MMILIMKAMHM 0) = a). [TycTh HMEIOT MECTO BKIIHOYE-
aus (2.11).Jlokakem cOBMECTHOCTB cucTeMbI (2.10).
PaspemmMocTs MepBoro ypaBHeHus cucteMsl (2.10)crnenyer u3 BKioUe-

HUS fO O R( A) . I[Ipn sTOoM pemieHus 3TOro ypaBHEHUs NpeACTaBISIOTCS (op-

Mynoi (2.7) u aneMeHT Y sBIsSeTCs peleHueM ypaBHeHus (2.8). U3 Broporo

BKiIroYeHus (2.11)BeITekaeT paspemmmMocTb ypaBaenus (2.8) u, cienoBareibHo,
cuctema (2.10)sBasieTcs coBMecTHOU. MIutnkanus 6) = a) gokas3aHa.

JlemMma 2.2 noka3saHna.
Jlemma 2.3. Kaxcowtil us onepamopos QAQLQ u QLQAQ aenaemcs

npoexmopom na noonpocmpancmeo Ker AN\ kerL , npuuem

R(QAQLQ) =kerA( kerL = R(QLQAQ) . (2.13)
Joxa3aTeanbcTBO JJeMMBbI 2.3. Jloka)keM BKITIOUCHUEC

R(QAQLQ) OkerAN kerl . (2.14)

Ilycte X€ H — npoussonbubiii snement. [onoxum Y = Q AQLQX . Tak
kak AQ, u LQ AQLQ SBISIOTCS HyneBbiME omepartopamu, To Ay=0 u

Ly=0.osromy y[IkerAf kerL . Bkmouenue (2.14) nokazaHo.

ﬂOKa)KeM 06paTH06 BKJIFOUYCHHUC

kerAN kerl O R(QAQLQ) . (2.15)

lycrs y € ker A kerL —npoussonsuetii onement. Torna QY=Y u

Ly=0. Janee umeem

QQY=Q(y-(LQ,) LRy =Qy-(1a,) Ly=y.
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CnenoBarensho, Y € R(Q AQLQ) . Birouenue (2.15)mokazano.

IMepBoe paBencto (2.13)mokaszano. Bropoe pasenctso (2.13)moka3ssiBa-
€TCS aHAJIOTHYHO.
JIemMma 2.3 nokasaHa.

Jlemma 2.4. Ilycmo umeem mecmo n1i0060e u3 IKGUBANEHMHBIX YCOGUIL
a) — B) aemmol 2.2 Tozda ona no6ozo nemenma UE H naiioemea Ve H

makoe, 4mo
X +Q QuoV =%, +QuQ U (2.16)
u ona no6ozo VE H naidemea Uc H maroe, umo
X+ QuQLU =%, +QQ V- 2.17)

JokazateabcTBo JeMMbl 2.4, Tak Kak YCIOBHSA a) — B) JIEMMBI 2.2 9KBH-
BaJICHTHBI, TO OyZeM CUUTATh, YTO UMEET MECTO KaXXJI0€ U3 STHX YCJIOBHUH.

U3 mepBoro BimoueHus (2.11) nomyuum npencrainenue (2.7) mis mnces-
noperiennii ypasuenus (2.1). ITogcTaBuB mosydeHHbIE TiceBaopeneHus B (2.2)
nonyanM ypaBHenue (2.8). Otcioza, B cuity Broporo Bkiouenus (2.11), momy-

4YUM MpEACTABICHUE ISl pELICHU 3a1a4n (S; f, g 0)
= ATf +(LQ,) (g, LA f )+ OH. (218
X= 0 QA 9% 0 QAQLQU’ u - (218)
U3 BTOporo BkimroueHus (2.12) momyduM MpeACTaBICHHE Ui TCEBAOpPE-

mreHuii ypaBHenus (2.2) X = L+g0 +QL Yy, YUOH . IoxacrasuB mosydeHHbIC

ncepaopereHus B (2.1), mony4nM ypaBHEHHE AQLy = fO - AL+gO. Orciona, B

CHJIy BTOPOTO BKIFOUYEHHS (2.12),moTy4nM MpeACTaBICHUE ISl PEIICHUS 3a/1a41
(Sk; fo go)
1+ + +
x=L"g, +(AQL) (f0 - AL go)+QLQAQv, vOH. (2.19)

[Mony4ennsie pemenust (2.18)u (2.19) aBsrOTCS TaKKe PELICHUSIMH CHC-

tembl (2.10).0tcrona 1 u3 1eMMbI 2.3 CIIEAYET CIPABEIMBOCTE 000MX PaBEHCTB
(2.16)u (2.17).
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JlemMma 2.4 noka3zaHna.

3amerum, 9to B hopmynupoBkax jsemm 2.1 — 2.4He TpeOyIOTCS HU HOP-
MaJlbHas pPa3pemmuMocTh onepatopoB A u L, HM uX B3aMMHas IOIOJIHUTENb-
HOCTb. [Ipy HAMTMYMK JOMOJTHUTEIBHBIX YCIOBUN 3TH YTBEPXKICHUS MOXKHO YCH-
JHTh. B 9acTHOCTH, pacCMOTPHUM yCIIOBHE

kerANkerL={§. (2.20)
Teopema 2.1. Cnedyrougue ymeepicoenus sa6aaomcs IKGUEAIEHMHbIMU.
a) cucmema (2.10)0na oannvix fo UF u g, OG umeem eouncmeen-
Hoe pewenue X;
0) 3a0aua (S; fo’ g o) umeem eOUHCMEEHHOe peuieHue X onpeoenen-
Hoe 6 (2.4);
B) 3adaua (S‘ ; fo’ go) umeem eOUHCHIBEHHOE peuleHue X;, onpede-

nennoe 6 (2.5);
r) umerom mecmo exmiouenusn (2.11)u ycnosue (2.20)
n) umetom mecmo exaouenun (2.12)u ycnosue (2.20)
Ipu smom cnpasednuent pasencmea

X=X, = X;. (2.21)

Jloka3aTeJbCTBO UMIUIMKanuu a) = 0). [lokaxem, 4to 3amaya

(S; fo,go) AMEET EIMHCTBEHHOE pEIIeHHEe, W OHO OmpeaelsieTcss GopMynoi

(2.4). HetpyaHOo IpOBEPUTH, YTO BCE PELICHHS 3a1a9U (S; fo' 90) HpECTaBIs-

otest popmyoit (2.6). C apyroii cropousl, st kaxmoro U€E H asnemenr (2.4)
sBisiercst petueHueM cucteMbl (2.10). CornacHo MPEno0KeHUI0 Y CHCTEMBI
(2.10)pemenne emuncTBenHoe. [ToaTomMy

QR uU=0 (2.22)

s Bcex U€E H . Do o3nauaer, uto popmysa (2.6) onpenenser oauH eauHCT-
BEHHBINA 3JIEMEHT X, H, CeI0BATE/bHO, 3a1a4a (S; fo,go> WMEET CJIMHCTBEH-

HOE pelenue, onpeaenentoe B (2.4). IMiunkanus a) => 0) J1oKas3aHa.
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Joka3aTeqbcTBO MMILIMKANUU 6) = a). Kak ObLI0 0OTMEUYEHO BBILIE, BCE
pelleHus 3a0a4u (S; fo’ o] 0) npezcTaBisitorcss pasencteoM (2.6). Io ycosuio 0)

y 9TOM 3aa4H TOJIBKO OfIHO perteHue. [109ToMy cripaBe/iiuBo paBeHCTRO (2.22).

C nmpyroii cTopoHbl, Bce pemienus cucteMsl (2.10) mpeacraBisiorcs pa-
BercTBOM (2.18),rme UE€ H — mpoussonbHbiil anement. OTCIOa U U3 PABEHCT-
Ba (2.22) cineqyer eMMHCTBEHHOCTh 3TOrO pelneHus. Mimmkanus 6) = a) 10-
kazana. OHOBPEMEHHO JIOKa3aHO IePBOE n3 paBeHCTB (2.21).

Joka3aTe/bcTBa HMIUIMKALMIA 2) = B) M B) = a) NOBTOPSIIOT BBIIIE-
NpHUBEACHHBIE TOKA3aTeNbCTBA, C TOM JHIIb pa3HHIEH, 4yTo B cucteme (2.10)
HY)KHO TIOMEHSITh MECTAMH yPaBHCHHSL.

Joka3aTeJbcTBO MMILIMKAIUHU a) = r). CrpaBeInBOCTh BKIFOYCHHN
(2.11) cnenyer u3 memmbl 2.2. [lokaxxeM chpaBeAanBocTh paBeHcTBa (2.20).

Iycts 20 kerAN kerL.B CHJIy SKBHBAJICHTHOCTH YCIIOBHii a) u 0) clienyer,

4T0 X=X, + Z SBISETCHA PELICHHEM CHCTCMBI (2.10). U3 epuHCTBEHHOCTH pe-

wenust cuctembl (2.10) Beitekaer, uto Z=0. DT0 3KBHBAICHTHO PAaBEHCTBY
(2.20).Ummnukanus a) = T) J0Ka3aHa.

JoKa3aTeIbCcTBO MMILUIMKALMH T) => a). 3aMeTHM, 4YTO U3 YCIOBUS
(2.20) BeiTekaer paBenctso (2.22). [letictBurensHo, mis modoro XH wus pa-

sercts AQ, =0 u LQAQLQ =0 umeem

Q.Q oxHkerA,  QQ xOkerl.

Hanee u3 BriarovyeHuid (2.11) mocrnenoBatenbHO CIACAYIOT mpenctaeieHus (2.7),
(2.9) u (2.6). Hakonen, yuurbiBas (2.22), u3 (2.6) BBITEKAET €IUHCTBEHHOCTh
peutenus cuctemsl (2.10).Ummukanus r) = a) IoKa3aHa.

Joka3aTeJbcTBa HMILUIMKALMIA ) => 1) M ) = a) NOBTOPSIOT BBILIE-
NpHUBEACHHBIE TOKA3aTeNbCTBA, C TOM JHIIb pa3HHIEH, 4yTo B cucteme (2.10)
HYKHO MTOMEHSTh MECTAMH yPaBHEHHSI.

Teopema 2.1 noka3aHa.

2.3. O0uuii (HecoBMeCTHBIN) ciy4aii. [Ius Toro 4ro0bl BMECTO 3a1ay

(S; f ,g) u (S"; f, g) ¢ npousBonbHEIMU nipasbivu wactavu T JF u gOG
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paccMaTpruBaTh COOTBETCTBYIOIIUEC PABHOCUJIBHBIC COBMCCTHBIC 3a/la4i, BBOAUM
CIICAYIOIINC DJIEMCHTHI.

£, = AA',

+ , (2.23)
9. = LA™f + L(LQA) (g h LA+f)’

foz:AI‘+9-l-A(AQL)Jr(]c —AL+g), (2.24)
95, =LL'G,

3ameuanue. Tak xak f OF u g0G — npoussonbHblE 3MEMEHTHI, TO
IJIEMEHTBI f01’ 9ypr foz' d,, ompenenensr He Beernma. Hampumep, s Toro

YTOOBI AIIEMEHT f01 ObLI OIIpECJICH, HCO6XO,HI/IMO n 10CTAaTO4YHO, YTOOBI opTO-

roHansHasg npoekuus >nementa f [JF Ha moanpocTpancTBO (A) NpHHALIE-
xKana oopasy R(A) omeparopa A. Ecinu ykazaHHas OPOEKIUS HE TPUHAIIEKUT
o06pa3zy R( A) , TO 2JIEMEHT f01 HE OIIpeJIesIEH.

CIpaBeUTHBEI CIEMYIONUE YTBEPKICHHS:

Teopema 2.2.a) 3adaua (S; f ,g) ¢ NPOU3EONLHBIMU NPAGLIMU YACHIA-
mu TOF u gOG sxeusanenmna zadaue (S; f01,901) ¢ npassimu uacmsa-
mu fou g, us(2.23).

6) 3adaua (S" ) f, g) ¢ npouzsonvuvimu npasvimu wacmanu fOF u
gUG skeusanenmna 3adaue (S" : foz’ goz) ¢ NpagvIMu UACMAMU f02 u
0y, u3 (2.24).

Joka3aTeqbcTBO TeopeMbl 2.2. a) PaccMOTpUM BO3MOKHEBIE CIIyYaH.
3agaua (S; f ,g) : 1) He MMeeT pelneHus; 2) UMEeT pelleHne; 3) UMeeT €IUHCT-

BeHHOe perreHre. IIyHkT a) OyJeT MOJHOCTBIO JOKa3aH, €Clid W 3ajada

(S; f01’901> C MpaBBIMU YaCTAMU f01 u g, u3 (2.23) B cooTBeTCTBYIOLIHX
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cmydasx: 1) He UMeeT pelieHus; 2) UMeeT pelieHHe; 3) UMEeT COUHCTBEHHOE
pelIeHue.

1) IycTs 3amaua (S; f,g ) nist nanHbix npaeeix wacteit f OF u gOG

He UMeeT penieHus. DTo o3Hayaer, 4ro jmbo 1.1) ypaBuenue (2.1) He mmeer
ncepaoperuenus, oo 1.2)ypaBaenue (2.1) umeeT nceBaopelieHus], HO ypaBHe-
Hue (2.2) Ha MHOXKECTBE IICEBIOpeNIieHuil ypasHenus (2.1) He UMeeT KBa3upe-
IICHHS.

Cayuait 1.1). OtcyrcTBHE TiceBHOpelneHust ypaBHenus (2.1) o3Havaer,

YTO OpPTOTOHAJbHAS MPOCKIMs dMeMeHta f Ha moAmpocTpaHcTBO R(A) He
NPUHAIEKAT 00paszy R(A) onmeparopa A. Torma snement f me nmpunamme-
JKHUT 00JIACTH OTIPEICICHUS D(A*) ncesgoo6patHoro oneparopa A’ u, creno-

BaTenbHO, He ompenenen omement f w3 (2.23). Ilostomy u 3ajmaga

(S, f01, 901> He UMeeT PeIleHH .
Cnyuvait 1.2). Ecmu snement f npuHaznexut o6nacTy ompeeieHus

nceBn0obOpaTHOrO onepatopa A’ , To mcesaoperenus ypasHenus (2.1) npen-
CTaBJISIIOTCST POPMYIIOi

x=A"f+Q,y. (2.25)
Onement Y, Bxomsuui B (2.25),0npeaensercs Kak MCeBIOPELICHHE YPaBHEHUS
LQ,y=g—LA"f. (2.26)

Tak xak ypaBHeHHe (2.2) Ha MHOXECTBE INCEBIOpeLIeHNH ypaBHeHus (2.1) nmst

nanaeix f W g He WMeeT KBasupemieHus, TO ypaBHeHue (2.26)He MMeeT TceB-

JAOPCHICHUS. 910 0O3Ha4yacT, 4YTO DJICMCHT g — LA+ f HC NPUHAIJICIKUT obnmactu

+
onpeseneHus D((LQA)+ TMICEBOOOPATHOTO OIIEpaTopa (LQA) . Cnemosa-

TENBHO, HE ONpeAeseH snement gy, n3 (2.23).Ilostomy u 3amaya (S; f01, g 01)

HE NMCCT PCIICHUA.
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2) ITycts 3agaua (S; f,g ) st nanHbix npaeeix wacteit f OF u gOG
uMeeT pemenue. JIokaxeM, uTo U 3a7a4a (S; fo 19, 1) 1MeeT pellcHIE.

JleficTBUTENBHO, TPEACTABILISL MICEBAOPEIICHusT ypaBHeHus (2.1) B Buze
(2.25),naxonuM mceBnopelneHust ypasHeHus (2.26):

y:(LQA)+(g—LA+f)+QLQz, zeH. (2.27)

Torna penieHus 3agaqu (S; f, g) MIPEICTABIISIOTCS GOPMYIIOH

x:A+f+(LQA)+(g—LA+f)+QAQLQZ, zcH. (2.28)

, TO

Tak kax f € D(A*), TO fOlG R(A) u Tak kak g—LA"f € D((LQA)+

Oy, — LA+f01€ R(LQA>. IMosToMy 3amaua (S; f01'901) UMEET pEIleHUE U

OHO TPECTABIIAETCH B BIE
x= AT +(LQ,) (9~ LA f)+QQ W, WEH. (229)
Tackax ATAAT =A™ 1 (LQ,) L(LQ,) =(LQ,)" 1o mveen
ATf =AAATF=A"T, (2.30)
(LQ,) (g5, — LA fy )=
_(LQA)+(LA+f n L(LQA)+(g— LA f)— LA*f)—

=(1Q) (L) (g-LaTf))=(1Q) (s-La'f). @3y

PaBencrra (2.30)u (2.31)moka3sIBaroT, 4TO MpaBasi 4acTh peureHus (2.29)cos-
majaer ¢ npaBoi YacTeio penrenus (2.28).
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3) ITycTs 3agaua (S; f,g ) s nanHbix npaeeix wacteit f OF u gOG
UMeeT eIMHCTBEHHOE pemtenue. Tak Kak s yoboro Z€ H anement (2.28)

SABJIAETCS PEIICHUEM 3a1a4n (S; f,g), TO QAQLQ =0. Orcrona u n3 (2.29)

BBITEKAeT €JUHCTBEHHOCTh PELICHHS 3a1auu (S; fo 1 g0 1) . CornacHo npenpiay-

MEMY ITYHKTY 3TH €AMHCTBCHHBIC PCIICHNUA COBIIAJAIOT.

[Tyukr a) nokasaH. CrpaBeAMBOCTh MyHKTA 0) YCTAHABIMBACTCS aHAJIO-
THYHBIMHU PacCyKACHUAMHU.

Teopema 2.2 mokazaHa.
Teopema 2.3.Cnedyiowue ymeepiicoenus A6AA10McA IKCUCATNEHNMHLIMUL.
a) ona ecex T OF u QUG 3a0aua (S; f, g) Aenaemca 00HO3HAUHO
pazpeutumoi.
0) umeem mecmo ocrnoenoe yciosue,
B) cucmema
Ax-%r

(2.32)
Lx:g01

ABNACMCA 00HOZHAYUHO PA3PEUUMOIL,

r) umerom mecmo yciosue (2.20)u eéxnouenus
f,OR(A),  g,-LA"f OR(LQ,):

n) umerom mecmo yciosue (2.20)u exnrouenusn
9,,OR(L), f,—AL'g OR(AQ ).

Joka3areabcrBo TeopeMbl 2.3. CrpaBelJIMBOCTh 3KBHBAJICHTHOCTH
a) < 0) mokazaHa B TeopeMe 1.1,a cnpaBeTUBOCTh IKBUBAJICHTHOCTEH B) <
r) < 1) HOMy4aeTcsl U3 SKBHBAICHTHOCTEH a) < T) < 1) Teopemsl 2.1 mpu

f0 = f01' g, = 9, [ 3aBepIIenns 0Ka3aTebCTBa JAHHOH TEOpEMBbl 0CTa-

JIOCh YCTAHOBUTD CIIPABEUTUBOCTH SKBUBAIICHTHOCTH 0) <> B).
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Joka3ateabcTBO HMILTUKANUU 6) = B). [IycTh HMeeT MECTO OCHOBHOE
ycnoBre. JIoKakeM OTHO3HAYHYIO paspelmMocTh cucteMbl (2.32) mis Bcex
feF ugeG.

OCHOBHOE yCJIOBHE, BO-TIEPBBIX, BKIIOUACT B cebe HOPMAIBHYIO pa3pelu-

mocts oneparopa A:H — F . ITosromy riceBnooGparHsiii oneparop A’ ompe-

JIEIEH BO BCEM TNPOCTPAHCTBE F M, ClIemOBATENBHO, ONPENENEH DIEMEHT f01 o

dopmyne (2.23). Tak kak fOle R(A), TO TIEpBOC ypaBHEHHE cHCTeMbI (2.32)

SIBIISICTCS COBMECTHBIM. Perienne 3Toro ypaBHeHHUs TpeacTaBiseTcs popMyIroi
+
x=A"f,+Qy, YyeH.

Otcroga U U3 BTOPOrO ypaBHEHHUS cUCTeMBbl (2.32) A7 HaXOKACHUS MPOMEKY-
TOYHOTO HEM3BECTHOTO 3JIEMEHTa Y TOIyYHM ypaBHEHHE

LQ,Y=0,,— LA® for-

OCHOBHOE YyCIIOBHE, BO-BTOPBIX, BKJIIOYAET B ceOe B3aWUMHYIO JIOTIOJHH-

TCJIIBHOCTHL ONEPAaTOpPOB Au L. OTCIO,Ha n U3 CJICACTBUA 1.1 BeITEKAET HOD-

MabHast paspemnmocts onepatopa LQ,: H — G. Iostomy ncesrooGpar-

+
HBII onepaTop (LQ A) ompenener Bo BeeM npoctpanctee G . TlceBnopemenust

HOCAGHETO YPABHCHIA MOHO TPGICTABHTS B e
y=(LQ,) (gy, LA fo)+Q oz, VzZEH.
Tak kak
0o~ LA T, =(LQ,)(LQ,) (9-LA"f)eR(LQ,),  (239)

TO MOJTyYEHHOE TICEBJIOPENIEHHE ABIAETCS peleHneM ypasaenus. CrieoBarein-
Ho, ypasnenne LQ Y=g, — LA"f o1 TBISETCS COBMECTHBIM. Pellenns 9Toro

ypaBHEHUS TPECTABIAIOTCS (OPMYIION
+
y:(LQA) (gm—LA*fm)JrQLQz, VzeH.
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Takum oOpa3om, cuctema (2.32) sBisieTCsl COBMECTHOHM, U €¢ pELICHUs Mpes-
CTaBIIAIOTCS B BHIE

x= A +(LQ,) (9~ LA f )+ QQ oz VzEH.

IMokaxem, ato Q AQLQZ: O nna Bcex z€ H . JlelictBuTensHO, Tak Kak omnepa-

Topet AQ, 1 LQ, QLQ ABIIAIOTCS HyJIEBBIMH, TO JIEMEHT W= QAQLQZ npu-

HAJUIEXKUT U sapy oneparopa A, u sapy omepatopa L. Otcrona u us ycnosus
B3aMMHOM JIOMOJHUTEILHOCTH omepatopoB A u L momywaem paBeHcTBO

w= QAQLQZ: 0. Uraxk, cucrema (2.32) sBISETCS OJHO3HAUHO Pa3pelInMOi

msaseex f €F u g€ G . UMmukanus 6) = B) f0Ka3aHa.

Joka3aTeJbCcTBO UMILTUKANUA B) = 6). [IycTs cucrema (2.32)sBmseT-
cs oaHo3HauHO paspernumoit as Becex f €F u g€ G. JlokakeM BbimonHe-

HHUEC OCHOBHOI'O yCJIOBUA.

W3 onHo3HayHOM paspemmumoctd cucteMbl (2.32) mua scex f €F nu
g €G Burekaer Bumonnenue pasenctsa (2.20). JlelicTBuTensHO, ecmm X —

perieane cuctembl (2.32),T0 X+ Y Takke ABISACTCS PEIICHHEM 3TON CHCTEMBI
ans moboro Y € kerA( kerL . U3 exuncreennocTn peenus cuctemsl (2.32)
BhiTekaeT, uto Y = 0. 310 o3Havaer Brmonnenue pasenctsa (2.20).

Tak kak cucrema (2.32)0aH03HaUHO pa3pemmma, T0 ypaBaeane AX = fo 1

SIBIISIETCSL COBMECTHBIM. [109TOMY 371€MeHT f01 onpenened mna modoro f € F .

10 O3HA4YacT, 4To HCGBZ[OO6paTHLII>i oreparop A+ OIMpeAcJICH BO BCEM IIPO-

crpanctBe F u, cnenosarensho, oneparop A HOPMATBHO Pa3peIlUMBILL.
MoxcraBum permenne X= A" f01+ Q,Y. YEH nmnepsoro ypasHenus

cucteMbl (2.32)Bo BTOpOE ypaBHEHHE M [UIS HAXOXKACHUSA Y TONYYdM ypaBHe-

me LQ,y=0, — A" f o1+ 13 onHo3HAuHOl paspemmmocTn cuctemst (2.32)

BBITCKA€T COBMCCTHOCTD 3TOI'O YPAaBHCHUA U, CJICTOBATCIIBHO,
9o, — A" f, €R(LQ )
01 01 A
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U3 (2.33)moxyunm
+
Op, — A" fo = L(LQA> (g - AT ) '
Tak KaKk MHOMKECTBO {g —~A"f:feF,ge G} COBMAAET C MPOCTPAHCTBOM

+
G , TO HCCBL[OO6paTHI>II/I oreparTrop (LQA> OIIPEACJICH BO BCEM NPOCTPAHCTBC.

CrenoBarenbHo, oneparop LQA HOpPMaJIbHO paspeurnmbiii. OTcloAa, U3 HOp-

MaJbHOM paspemuMocTr omepatopa A u mammumst yciosusi (2.20), BeITekaer
BBINOJIHEHHME B3aMMHOM JOTONHUTENBHOCTH oneparopoB A u L. Mmmukanus
B) = 0) mokaszaHa.

Teopema 2.3 mokazaHa.

Teopema 2.4. Cnedyrouiue ymeeprcoeHus IK6UBALCHMHbL.
a)onaecex T OF u gUOG 3a0aua (S*; f, g) Aensaemcsa 00OHO3HAYHO

paspeutumoi.
0) umeem mecmo ocHogHoe yciosue,
B) cucmema

AX= f02'

(2.34)
Lx= 90,

AGNACMCA OOHOZHAUHO PAPEUUMOIL,
r) umetom mecmo ycioeue (2.20)u exnrouenusn

f,OR(A),  g,-LA"f OR(LQ,):
n) umerom mecmo ycnosue (2.20)u exnouenusn
9, OR(L).  f,—AL'g,,0R(AQ ).

JokazaresnberBo Teopema 2.4, CripaBeUIMBOCTh ATOH TEOPEMBI CIIEAYET
U3 TeopeMbl 2.3, €Clii MOBTOPUTH PACCYIKICHUS, TIPUBEIICHHBIE B JJOKA3aTeIbCTBE
9TOM TEOPEMBI, PEBAPUTEILHO TOMEHSB MECTAMHU YPaBHEHHUsI cucTeMbl (2.32).
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2.4.CBenenne odmiero cay4asi kK copmectHomy. Hmxe copmynuposa-
HBl M JJOKa3aHbl YTBEPXKICHUS, B KOTOPBIX JUI NPOU3BOJIBHBIX IPABBIX YacTeH

f OF u gO0G ycranasnusaeTcs cBA3b MEXLY 3a/aUaMu (S; f, g) , (9‘ : f, g)

¢ coBMecTHbIME cucteMamu (2.32)u (2.34),npu caMbIX 00LIKX NPEIION0KEHH-

X OTHOCUTEIIbHO orepatopoB A u L.

Teopema 2.5. lIyems fOF u QUG — npouseonvuvie snemenmor.
Toz0a cucmema (2.32)c npasoit wacmuio ( for @ 01) u3 (2.23)akeusanenmna:.

a) sadaue (S; f,g);

6) 3a0aue (S‘; f, g).

Joka3zarelbcTBO Teopembl 2.5. a) PaccMOTpuUM TpH cilydyas — CTalHo-
HapHas 3aJa4a (S; f ,g) : 1) e umMeer pemrenust; 2) umeeT Gojiee OIHOTO peliie-
HHA; 3) IMEET eANHCTBEHHOE PENICHHE.

1). Iycts 3anaua (S; f ,g) Juis nanHbIxX npaseix yactedd f OF u gOG

HE MMeET pelieHus. DTO O3HAdYaeT, 4yro Jiubo a) ypasBHenue (2.1) He mmeer pe-
reHus, uoo 6) ypaBHenue (2.2) Ha MHOKECTBE IICEBIOPEIIEHHH ypaBHEHHS
(2.1) He nMeeT KBa3UpPCILICHUS.

Cayuaii a). OTcyTcTBHE TICeBAOpelIeHnst ypaBHenus (2.1) o3Havaer, 4to

f1 O R( A) , TIe fl OpTOrOHANbHAs NpoeKIKs | Ha 3aMbIKaHUe R(A) . Torna
snement f He momazaer B 00MACTh ONpeENeHHs TICEBIOOOPATHOTO ONEPaTOpa

A", crenoBaTenbHO, HE ONPEeIeH dIEMEHT fOl u3 (2.23).ITostoMy U cuc-
TeMa (2.32) ¢ mpaBoii 4acThio ( for 901) u3 (2.23)He uMeeT penieHusI.

Cuyuaii 6). Eciu fl O R( A) , TO TIceBaoperenus ypasaenus (2.1) npen-

craBisitorest hopmysoii (2.25).Onement Y, BXoaswuii B npeacrapieHue (2.25),
oIpeziessieTCs Kak ncepaopenienne ypasaenus (2.26). Tak kak ypaBaenue (2.2)

Ha MHOXKECTBE NceBaopelieHuil ypapaenus (2.1) mis nanneix f u ¢ He mmeer

KBa3HpEIICHHUs, TO ypaBHeHHe (2.26) He UMeeT MCeBIOpeIICH . JTO 03HAYAeT,

aro snement §— A" f e mpuHammexuT 061acTH OnpeneneHus TCEBIOOGPAT-
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+
HOTO omeparopa (LQA> ", CJICAOBATCIIbHO, HC OIPCACIICH JJCMCHT 901 us3

(2.23).T1osTomMy 1 cuctema (2.32)c mpaBoil YacTbO ( for 901) u3 (2.23)He ume-
eT pelICHHS.

JIBIDKEHHE OT «KOHIA» K «HAyally» B KaKJIOM M3 CllydaeB a) U 0) maér

JIOKA3aTeIbCTBO TOTO, UTO eciu cucteMa (2.32) ¢ mpaBoil 4acThio (f01, 901) u3

(2.23) He uMeeT peleHus, TO M 3aj1a4a (S; f ,g) IUTS TAHHBIX MPaBbIX 4acTeit

f OF u gOG ue umeer peteHus.

DKBUBAIICHTHOCTh paccMaTpUBAEMBIX 3aj1a4 B cirydae 1) mokasana.

2). Tlycts 3anaua (S; f ,g) s paHEbIX mpaBeix uacted T OOF u

gUG wumeer Gonee omnoro pemenus. J[okaxeM, 9To u cucteMa (2.32) umeer

GoJiee OTHOTO PELICHUS.
JleficTBUTENBHO, TPEACTABILIS IICEBAOPEIICHusT ypaBHeHus (2.1) B Buze
(2.25),Haxoqum niceBmopelieHus ypaBHeHus (2.26)B Bune (2.27).Torna peuie-

HUS 3a7a4ui (S; f ,g) npenctapisoTes Gopmynoi (2.28). Tak Kak pericHHe

CTaHI/IOHapHoﬁ 3aJa4r HC €ANHCTBCHHOC, TO oI€paTop QAQLQ HC HyHGBOﬁ.

Kaxxaplit sneMeHT X, mpencraBieHHbIH B Buje (2.28),sBisieTcs peLieH -
em cucteMsl (2.32).CnenoBarenbHo, cuctemMa (2.32)cOBMECTHA U peLICHHE OTl-
pelenseTcss HeOXHO3HAYHO.

IMycte cucrema (2.32) coBMecTHa U umeeT Gojiee ogHOTO pemieHus. He-

TPY/HO NPOBEPUTH, UTO 1J1s Jitoboro Z€ H anement

x= AT +(LQ,) (9~ A" fo)+Q,Q 0z  zEH

ynosierBopser cucreme (2.32).Tak kak
At =Af (LQ,) (99— ATfo)=(LQ,) (g—A"f),

To U3 (2.29)monyunm (2.28)wu, cnegoBaTenbHO, 3a1a9a (S; f ,g) paspemmma u

uMeeT OoJee 0THOTO peIIeHUs.
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3). IycTs 3anaua (S; f ,g) 1A paHEeIX mpaBeix uacted T OOF wu
gUG mmeer emuncTBenHOE pemenne. Tak Kak s moboro ZE€ H  amement

(2.28) sBnsieTcs perieHHEM 3aaun (S; f ,g), TO QAQLQ =0. Orcrona u wus

(2.29) cnenyeT eqMHCTBEHHOCTH pelIeHUs cucTeMbl (2.32). JIBUKEHHE OT «KOH-
[a» K «HaJany» 1aéT J0Ka3aTeabCTBA OOPATHOTO YTBEPIKACHHSL.

Takum 06pa3oM, HaMH J0Ka3aHa SKBUBAJICHTHOCTh CHCTEMBI (2.32)c mpa-
BOM 4acThIO (fOl, 901) u3 (2.23)u 3agaun (S; f ,g) .
Teopema 2.5 mokazana.

Amnanorn4Ho teopeme 2.5 J0Ka3bIBAaeTCS CIPABEMJIHBOCTH CIEAYIOLIETO
YTBEPIKICHHUS.

Teopema 2.6. IIyems f OF u gUOG — npouseonvuvie snemenmor.

Tozoa cucmema (2.34) ¢ npasoii wacmoio ( ) u3z (2.24)sxeusanenmua:

f02 902
a) 3adaue (S; f ,g);

0) 3adaue (S"; f, g).

JloKa3aTelbeTBO TeopeMbl 2.6 IPOBOIUTCS aHAJOTMYHO JOKA3aTENbCTBY

Teopemsl 2.5.

2.5. BapnanuonHnas aABoiicTBeHHas 3agava. Hapsay ¢ OCHOBHBIM yciio-
BHEM PacCMOTPHUM aHAJOTUYHOE YCJIOBHE W JIJISl IBOMCTBEHHOU 3amauu. bynem
TOBOPUTH, YTO UMEET MECTO IABONCTBEHHOE OCHOBHOE YCIOBHE, €CIH ONEpaTop
L HOpMaibHO pa3pemiuMblii U onepatopbl A u L B3auMHO JOMOJHHUTENBHBIE.
BeenenHoe ycnoBue SBISCTCS HEOOXOIMMBIM M JOCTATOYHBIM CYIIECTBOBAHUS
pelIeHus: BApUallMOHHOM ABOMCTBEHHOM 3a/1a4i U €r0 CXOJIUMOCTH.

Teopema 2.7. /Ina mozo umoowt 3a0aua (V*; f, g) ona ecex fOF,

gUG u a>0 umena eouncmeennoe pewenue X;, cxoosaujeeca npu

o — 0O, He0OX00UMO U OOCMAMOYHO 6bINOJIHEHUE 080UCHEEHHO20 OCHOBHO-

20 ycnoeus; npu IMoOM 011 6cex o<:0<,0C>C <a <00 cnpaseonueo npeo-

cmaejieHue
-1
X :(A*A+aL*|_) (A*f +aL*g) (2.35)
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U umeem mecmo oyeHKa

*

*
X(Y_XO

=Ma 1, (2.36)

20e XS — pewienue 3a0auu (S*; f, g), p,, u M >0 — nexomopuie nocmo-

AHHBIE, HE 3aeucauiue om (. .

JoxazaTenbcTBo Teopembl 2.7. Iomaras (3 =1/a, pemenne (2.35)

MOJKHO IIPEACTAaBUTH B BUAC
* -1 * *
G = (UL R ) (LgaaT)

JIIst TIOJTyYEHHOTO PEIICHHUS BBIIOIHSIOTCS BCE YCIOBHS TeopeMbl 1.2 H, ciemno-
BaTEJIbHO, MIMEET MECTO OIIEHKA CKOPOCTH CX01uMOCTH (2.36).
Teopema 2.7 moka3aHa.

3. OITUMAJILHBIN MOPAJIOK CXOJAUMOCTH
PEIIEHUSA 3AJAYH L -ICEBJOOBPALIIEHUS
C IPUBJIN)XEHHBIMHU JAHHBIMUA

3.1. ITocTaHOBKa 3aAa4yu M OCHOBHBIE pe3yJbTaThl. B nanHOM mapa-
rpadge HW3y4HM BOIPOC ANMPOKCHMAIMHM <«TOYHOr0» pelueHust 3amaun L -
NICEBIOOOPAICHNST <TIPHOJIMKEHHBIMU» PEIICHUAME BapUalMOHHON 3amadud,

KOT/JIa BMECTO «TOYHOM YETBEPKU» (A, L, f, g) 3aJ1aH0 MHOXECTBO IPUOIIHU-
JKEHHBIX YETBEPOK» (A, L, f,g ) )

ITycts mo-mpexuemy A:H - F u L:H - G — nuneiinsie orpanu-

uennsle onepatopsl, a H , F u G —runs6eprossl npocrpanctsa. Bynem cuu-

TaTh, 4YTO HaM MH3BCCTHBI {A}, {L} — MHOJKECTBA JMHEHHBIX OrepaTopoB

A:H - F,L:H-Gu {?}, {g} — MHOYKECTBA TIPABBIX YaCTEH ?DF,

g UG, yIoBIeTBOPAIOIMX YCIOBHAM

HA—A”S/J, Hl:—LHS,U, (1=z0), (3.1)
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|7~ t|<elfl. lo-dl<el]. (e20). @2

rae (>0, £€>0 —npousBoNbHEIE, JOCTATOYHO MAJIBIE BETHIUHEIL.
3ameruM, uTO M3 orpaHuueHHocTH omepatopoB A, L u ouenox (3.1)

BBITEKAET OTPaHUIEHHOCTE onepatopos A, L.
B 1aHHOM NyHKTE 1O NMPHONMKEHHOW YETBEPKE, MpH & ~ [, TO €CTh,

KOTJla TapaMeTp PEeryJspH3aluy BEIOMPACTCS PAaBHBIM MOTPEIIHOCTH B 33aaHUH
OTIEPaTOPOB:

JUIs COBMECTHOTO Cy4asi JIOKa3bIBaeTCs CXOAMMOCTH PEUICHHs] BO3MY-
IICHHOM BapHallMOHHOW 3aJlayd K PEUICHHUIO TOYHOM CTallMOHAPHOW 3a/Jayu Cco

CKOPOCTBIO O(,u + é‘) ;

JUTS HECOBMECTHOTO CITydasi — CXOJAUMOCTh PEIICHUS KOHCTPYHPOBaHHOM
MO MPUOJIMKCHHBIM JAHHBIM BapHAIMOHHOW 3a7a4dl K PEIICHUI0 TOYHOH cTa-

LIMOHAPHOM 331841 CO CKOPOCTBIO O( M+ E) )
Ipeanonoxum, 4T0 TPH 3aJAHHBIX MPABBIX YaCTAX fo OF u 9, oG

CUCTEMa
Ax = fo,

3.3
x=g, (3.3)

SIBJIIETCSI COBMECTHOIA. HyCTB BMECCTO TOYHBIX JaHHBIX fO n gO HU3BCCTHBI UX

IPUGIIKCHHS f~0 UF, §,UG Takue, uto

[fo-tal <l - foo-ad<elod (@4)

PaccMoTpuMm BapHanMoHHYIO 3a1a4dy (V; fo' go): HaWTH MUHUMYM )~(0a

¢yHKIMOHATA
~ ~ =12 ~ 2
., (x) = Ax= | +a|ix-g . xOH (3.5)

npu @ >0 u uccnenoBath €ro GIU30CTH ¢ PelIeHHEM cHCTeMBI (3.3).
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B nmampHeiimem HeoTHOKpATHO OyneM oOpamaThcsi K BRIOOPY IMapaMerpa
perymsapuzanma & . [loaToMy nmns ymoOcTBa M3IIOKEHHUU YCIOBUH TeopeM H
JeMM TpHUBEIEM Clefylollee omnpeaercHne. byaemM roBopuTh, 4TO Tapamerp
peryisipuzaii @ YAOBJIETBOPSIET YCJAOBHMIO COIJIACOBAHHOCTH, €CJIM OH OTpe-
JIeJIsieTCs paBeHCTBOM

a="y (3.4)
ay

rae Mu q — OPOU3BOJIbHBIC ITOCTOAHHBIC, YAOBJICTBOPAIOIINEC YCIOBUAM

mzm, 0<qg<l], (3.5)

m, =2(L+] Al +|L]).- (3.6)

ITonoxum
1 + +
ml=m(l+y‘A efjar). 3.7)
Ty -
(1-a)y

CripaBeUTHBO CIIEAYIONIEE YTBEPXKICHHUE.
Teopema 3.1. IIycmsb cucmema (3.3) aénsemea coemecmuoi u umeem
Mmecmo ocnosHoe ycrosue. Eciu napamemp pezynapuszayuu yooeiemeopsem

yenosuio coznacosannocmu, mo npu @ — 0 cnpaeeonusa ouenka

[%00 =%l < (my#m)ufx ]+ m|f - fl+mla g | @9
20e )~(Oﬂ — peuienue 6apuayuoOHHOI 3a0ayu (\7, fo, go), xO — peutenue cuc-
membsi (3.3), a nocmoannsie M u M, onpedenenst (3.7)u (3.8).

JlokazaTenbcTBO TeopeMbl 3.1npuBoaurcs B 11.3.3.
IMomoxum

f=Pf f

a a

(AA+aE) A, g,=0f,+8,(g-L

—hn

)
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rac

amapamerp @ >0.

CripaBeIHBO CCIYIOIICE YTBEPIKICHHIE.

Teopema 3.2. Ilycmb umeem mecmo OCHOBHOe ycloeue u Rapamemp
pezynsapusauuu yooeiemeopsem ycioguio coznacosannocmu. Tozoa eapuayu-
OHHaA 3a0aua

~ ~ 12 ~ 2 .
HAX— faH +aHLx—gaH - min, x0OH (3.11)
umeem eOuHCmeeHHoe peuienue )~(ﬂ unpu @ - O cnpaseonusa oyenxa
Hxa —xous ma+mu+me,

20e X, —pewenue 3adauu (S; f, g) va M, m,, M, —nocmoannvie, Komo-
pble onpeoenaromcs 6 Xxooe 00Ka3amenbcmaed.

JlokazaTenbcTBO TeopeMbl 3.2 mpuBoAMTCS B 11.3.3.
Amnamornano Teopemam 3.1 u 3.2 H0Ka3bIBAIOTCS COOTBETCTBYIOIINE YT-
BEpOKACHHUS [UTS IBOMCTBEHHBIX 3a/1a4.

Teopema 3.3. Iycms cucmema (3.3) aénsemea coemecmuoi u umeem
Mecmo Osolicmeennoe ocnosnoe yciosue. Ecnu napamemp pezynspusauuu
Y006/1emeopaem ycioGulo Co2iaco8aHHOCHU, Mo npu O — © cnpagednusa
OUeHKa

Koo ~ Xol| = (M, + M, ) 4[| X ~o_ 9,94
[0 =6l () aax ] + ) o= £+ i Jo - |

20e )~(Oﬂ — peuieHue 6apuayuoOHHol 3a0auu (VD; fo’ go) , Xo — pewenue cuc-

memwt (3.3), a mi u I’l’l'2 — HeKomopbvle nOCMoAHHbIE.

TTonoxxum
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-1 .

LY S =(AA

d
—_
14
[}
+
Q
m
iR
Q>I

e |5£;=(|:I:D+O'E) AE,
A=AQ, A=AQ, aQ, =([L+aE)"
a a’ L’ a !

amapamerp @ >0.

CrpaBeJIMBO CIeyIomee YTBEpKICHHE.

Teopema 3.4. Ilycmov umeem mecmo 080licmeeHHOe OCHOGHOE YCll06UE
U napamemp peyiaApuzauuu yooeaemeopaem Ycioeuio co2iaco6anHoCmu.
Tozoa éapuayuonnasn 3aoaua

-2 - 2 .
HAX— faH +aHLx—g;H - min, xOH
umeem eduncmeennoe pewienue X unpu @ — © CHpasednusa oyenKa
'y — I
|%, =] < mig+mip+me,
20e X, —pewienue 3adauu (SD; f, g) ,a M, M, " —nexomopsie nocmo-

AHHblE.

3.2. BciomorareJibHbIe YTBep:KAeHUs. B TaHHOM MyHKTE JOKaKEM He-
KOTOPBIC BCIOMOTATEIbHBIC YTBEPXKACHHUS, UCIONB3yeMbIE B JOKA3aTCIBCTBE
OCHOBHBIX TEOPEM.

Ilomoxum

R =AA+all, R =AA+all.

a

Jlemma 3.1. ITycmob umeem mecmo ocHo8HOe ycio6ue u napamemp pe-
2ynapusayuu yoosiemeopaem ycioguio coznacoéannocmu. Tozoa cnpageonu-

6bl OUECHKU
‘R;l(fea —Ra)qu, (3.12)
H é;lu < m , (3.13)
Hfz;lAE“ <m, (3.14)
HIQ;%F” <m,, (3.15)
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20e nocmosnnvie ¢, M, M, onpedenenst ¢ (3.5), (3.7), (3.8)a Yy —nocmo-
AHHAA U3 YCIOGUA 63AUMHOT OONOIHUM ESILHOCIU OREPANIOPOE.

Joxa3aTeancTBo JeMMbl 3.1. BHavane nokaxem 00paTHMOCTB OIIepaTo-

pa Ra npu kaxaom @ > 0. W3 OCHOBHOTO YCIOBHUs BBITEKAET OTPAHHUCHHAS

obpatnmocts oneparopa R mpu kaxnom @ >0. Kpome Toro, n3 ycnosus

B3aUMHOM JOTNOJHUTENbHOCTH onepatopoB A u L Gynem umets

HRaXH > ay||x|| st Beex XOH .

Otcroza, U3 caMOCOIPSKEHHOCTH OIEPATOpa Ra u teopemsl 2 [41,c. 204] BbI-

TEKAET OLIEHKA

HRjH sa—ly. (3.16)
Hepexo;{s{ K HOpMaM B TOKICCTBEC
R, -R, =(A"-A)(A-A)+(A7- A7) A+ AT(A-A) +
+af (C-1)(C-L) + (- L)L+ (E-1) .
B cuny (3.1)u (3.4)npu Beex @ : 0<a <1, nonyunm

Héa _Ra“s I’n0'u'

Orcrona, u3 (3.16)u (3.4)0ynem umetsb

Orenka (3.12)noka3zana.

RY(R, —RG)HSHQ;HHIQG—RaHsy—lahM :yh—thM =q. (317)

n

Jokaxkem onenky (3.13).Us3 ouenku (3.17)u yenosus 0< (<1, B cuny

teopembl banaxa [41, c. 206] BbITekaeT O0OpaTHMOCTH OmEpaTopa

E+ R;l ( Iia - Ra) U CIPaBEUTUBOCTE OIIEHKH
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<1 (3.18)

H[E +RY(R, - Ra)]_l =

ITepexomst K HOpMaM B TOXKIESCTBE
-1
R= [E+R (R -R )] R 1
a a

U ucnonb3ys oueHky (3.18), momyumm cmpaBeanuBocTh oueHkn (3.13).
Orenka (3.13)n0ka3zana.
JHoxkaxem oueHky (3.14).Ilepexoas kK HOpMaM B TOXKIESCTBE

RIAT =R AY(A-A)+(A7- A7) A}_l A+ A" -aRLAT
1 yuuThiBas oleHKy (3.13),momyuanm
R A< |Rla- A(1A+ |4 A«

A+ alrleea]<

< a0 AA) - au(as L) vl Jla o]

=l 1A T+ g o=

Al MG e )yHLDLHHA*H=

R (Gt I Y

Ouenka (3.14)noka3ana.

JToxkaxem onenky (3.15).ITepexost K HOpMaM B TOXKIECTBE
RIAD= F”Q—l(AD_ AD) + F~Q—1AD’
a a a
u3 oueHok (3.13)u (3.14)nonyunm crnpaBeTUBOCTS oLeHKH (3.15).
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|

JlemMma 3.1 noka3sana.
TTonoxxum
= (Lo 24)|

A ATl

M=

A+

N, =n,,

= Yo 1s Elae 24|

n=n|A"

2
5 1 +n2n3, n6—n2(n4+1).

Jlemma 3.2. ITycmob umeem mecmo 0CHO8HOe ycl06ue U napamemp pe-
2ynapusayuu yooeiemeopaem ycioguio coznacoéannocmu. Tozoa cnpageonu-

6bl OUEHKU
H(AADWE)_W <n, ‘(ADA+0'E)_1 Alsn, (3.19)
H(AAD+aE)_14 <n,, ‘(ADA+ crE)_1 Alsn,, (3.20)
Hﬁa ~AAT|<na+nu, (3.21)

(AA+aE) AP - A

Joka3zateabcTBo Jemmbl 3.2. JlokaxxeM mepBoe u3 cooTHomenui (3.19).

sna+np. (3.22)

.
Tak kak A= AAD( AD) , TO UMEEM

(AR a'E)_l A=(AR+ aE)'lAAD(AD)+ -
= (AAD+ afE)_1 AAD(AD)+ +,

-1 +

+( AR+ aE) [A(AD—AD) +(A-A)AT-(A-A)(A7- AD)](AD)
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Iepexons Kk HOpMaM B MOJYYEHHOM mpenacTaBieHnu U yuutsiBas (3.1), (3.4)u
COOTHOIICHHUS

(Ax+ag) s, (AR vag) AR]st @29
a

MOJIyIUM
(AR aE) " A< |(AR+ae) " Aa| o]+ A7+ ) e

<

- A0~ A+ |a- Al 1Al a- &1)|(4)

+ = +2| A1) + Y142

Iepsoe u3 coortHomenuii (3.19) nokazano. BTopoe w3 COOTHOIICHUI

<|A* ATl <A A"

<

(3.19) noxassIBacTCst aHAIOTHYHO.
Hoxaxem nepBoe u3 cootHomenuii (3.20).Tak kak

(AA"+aE) " A=(AA"+aE) ' (A-A)+(AR"+aE) A,
To, yuutbiBas (3.1), (3.19u (3.23),moxyunm

H(MD+ aE)_14 (AA['+ aE)_luuA— A” +

(Aw+aq*4

Ieproe u3 coorHomenuii (3.20) mokazano. Bropoe M3 COOTHOLIEHHI

<

+

H _ay -
SE+rll—E+nl—n2.

(3.20) moka3sIBaeTCS aHATIOTUYHO.
JTokaxem ornenky (3.21).Ilepexosst K HOpMaM B PaBEHCTBE

P - A" =-a(AA"+aE) " AA" +
~ ~ -1

+(ARC+aE) A(A7- A)(E-ANT)
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U yuuthiBas oreHku (3.19)u (3.20),moxyunm

(MD+ aE)_lﬁ{
(AAD+aE)_14

(A7 a€) " |+

|B, - AA"|<a

|~1+

+

|- Al - an] <

(AAD+ aE)_14

<a

< anluAJ'” +un,.

Coorromenue (3.21)m0ka3aHo.
JHoxaxeM cootHoenue (3.22).Mmeem

(AA+aE) AP - A" =-a AMA+aE) " A(AN) +
+(A%A+aE) " AT (B, - ART)+ (A= A) A ].

[epexons k HOpMaM B MOJYYSHHOM paBeHcTBe U yuuThias (3.1), (3.19), (3.20),
(3.21),mommyunm

+

(AA+aE) " &7, - A | =a

(AA+aE) " & (an)

+

(wArag) &[5, - an+|a- A1) <

<[alA T o =n o,

Coorromenue (3.22)m0Ka3aHo.
JlemMma 3.2 noka3saHna.

TTonoxxum

= AL e =nlf 42
o B ) Ot A

K, :k1+k3+k2%/, ke=kj, kU] K=Kk,
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Jlemma 3.3. Ilycmb umeem mecmo 0CHOGHOe yciogue u napamemp pe-

2ynapusayuu yoosiemeopaem ycioguio coznacoeannocmu. Tozoa cnpageonu-
6bl COOMHOULEHUA

HEa - LOH <ka+kpu, (3.25)
(C,00 +aE) "L | <k, (3.26)
(E [ +aE)_1I:a <k,, (3.27)
‘éa l<ka+ky, (3.28)

T/ie IOCTOSIHHBIE kI (i ZR) ompeneneHsl B (3.24).

Joka3zareancTBo Jemmbl 3.3. Jlokaxem cootromrenue (3.25).Ilepexost
K HOpMaM B PaBEHCTBE

Q -Q= a(ADA+ aE)_1 AD(AD)+ +(ADA+ aE)_lAD(A— A)Q

U npuHuMas Bo BHuManue oreHku (3.1), (3.19), (3.20u paBeHCTBO ||Q|| =1,

OyzneM UMeTh

|2, -Q=n

OTcroa moIyquM

|, = Lol <lE -l |+l - <n

Ouenka (3.25)10ka3aHa.
Joxkaxem omeHky (3.26).13 (3.25)nonyqnm

| = ool < - HlQu] MR, -l <

Al |La +(n L) +2) . (3.29)

A'litla + (n, ) +1)

21z



Merton perynspuzanuu caBurom: Teopust U NPUIIOKEHUS I'maBa 2. §3
|

Tax kak omepatop L, =LQ:H - G mopmanbho paspemmmbiit, To on mpea-

CTaBMM B BHJIE L0 = LOL%(LDO) . TTooTomy, yumteiBas (3.4), (3.29)u onenky

Héau <1, 6ymem umetn

H(L [)+aE) L <
<|(CC a8 ot~ L () |+l (1) | <
<[] +[el (2, H+1)(k + zr:y]

rne éa ompeneneH B (3.10).Ouenka (3.26) noka3aHa.

Joxkaxem oneHky (3.27).Ilepexoas kK HOpMaM B paBEHCTBE

(C,00+aE) L, =(C,0 +aE) (L, -L,)+(L,C) +aE) L,

u yuutbiBas (3.25)u (3.26),nony4nm

<

(c,C +aE)‘1 C

1 _ k,ay
S;(kla'+k2,u)+k3 =k * k3+2? :

<

+ aE)

0

Ouenka (3.27)noka3zaHa.
JokaxeMm ornenky (3.28).Mmeem

|5,

H(L - +aE) L (C-1)(E-LoLy)-a(C, 0 +aE) LLJS

s
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Ouenka (3.28)noka3zaHa.
JIemMma 3.3 nokaszaHa.
ITonoxum

a=n, a,=n, a,=1, (3.30)
)||f||+k lall.

Thelkdal, @32

(3.31)
6 =(Ju+1 (
[||L||+1( A'lkg)+ A

,=2(IL+ by ] +[gl.
Jlemma 3.4. Ilycmov umeem mecmo 0CHOBHOE YCllogue U naApamemp pe-

2ynapusayuu y0oeaemeopaem ycioeuio conacosannocmu. Tozoa cnpaseonu-
6bl COOMHOUWIEHUS

|7, - fo|<(aa+au+ag)lf]. (3.33)
[T, -] <(na+bu+bg)|t]. (3.34)
Hga - goH SCA*CHUtCE, (3.35)

TJle OCTOSHAbIE &, bI , C (i =]T3) onpezenens B (3.30) — (3.32).

JlokaszaTeabcTBo JemMbl 3.4. Jlokakem HepaBeHCTBO (3.30).MMmeem
f—=f,=(P,+AA )T +P (f-1).
a 0 a a
Iepexons 3mech kK HopmaM, yuuthiBass (3.1), (3.21)u HepaBeHCTBO HFN’aH <1,
TOJTYIUM
H f - fOH < (n3a+ n4,u+£)||f||.
Hepagenctgo (3.33)10ka3aHo.
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+
JlokaxxeM HepaBencTBo (3.34).Tak kak A" = AD(AAD) , TO IMeeM

f,-Af =-a(AA+aE) Al (AR) £+
+(A%A+aE) " AT (B, - AR )+ (A= A) A | F AT (F- 1),
[epexons k HopMmawm, yuuTbias (3.1), (3.20 (3.21),nomy4unm

< [(Zn5 +n,

Hepagencto (3.34)nokaszaHo.

+

)a+(2n6+4A

JHoxaxem HepaBeHCTBO (3.35).Mmeem

H? NS AY AY
a

el

o

Qa—go=Sa[(g—g)+I:(A+f —?aﬂ+|:(1§a—A+f)+
+(8, - L) (g - CA"F) +(L-L) A" f + L Ly (L-C)A"f .

Iepexoas k HOpMaM, yuuthiBas (3.1), (3.2), (3.28 HepaBeHCTBO HSaHS]"

MoJIy4Ynm

A+

o, = o] = | (1L +2) (2, #| &)l + o] o+

o[ ((1L1+0) (2, +| A+ A1+ ol [+

+H2(Lf+ Y| ]+l Je-

Hepagencto (3.35)n0kazano.

A" A

JlemMma 3.4 noka3zana.

3.3. Joxa3areancTBo Teopemsl 3.1. BHauane 3ameTnm, 4To U3 ycrnoBus
B3aMMHOM JOMONHATEIRHOCTH oneparopoB A, L wu coBmecTHOCTH CHCTEMBI
(3.3) cnenyer omHO3HAYHAs Pa3peLINMOCTb 3TOM cucTeMbl. [IoaTOMy pelieHue

X, CHCTEMBI (3.3) sBisieTCst e MUHCTBEHHBIM.
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Hepr,HHO HpOBepI/ITL CHpaBe[[J'II/IBOCTL TOXIECTBA
S _ — P-1x0 £ _ [ A_
%, —%, = R'A [( f, fO) (A A)xo]+

+aR* [(g0 g) (I:—L)xo]

Iepexost kK HOpMaM B 3TOM ToxecTBe u yuuthiBast (3.1), (3.15u (3.17),6ymem
[0 = =R Ao~ 1 +nlpe ]+
RN oo - +nlbol }<
<m -1+ l00-0d

o me *"L"J ol

Otciona u u3 obosnauenuit (3.7) u (3.8) cmemyer crmpaBemnuBOCTH

HMCETH

ouenkH (3.9).
Teopema 3.1 mokazaHa.

JokazaTeancTBo Teopembl 3.2. CormacHo Teopeme 2.3 crar[oHapHas

3ama4ua (S; f, g) ¢ npousBonbHeIME TpaBbiMu wacTamu f OF u gOG ak-

BUBAJICHTHA CTAllMOHAPHO 3aaue (S; fo' g 0) , TIe

fy=AATT, g =Ll (g-LA")+LA'S . (3.36)

Ipu stom cucrema (3.3), mpaBasi yacTh KOTOPOM OmpejesieHa PaBEHCTBAMH
(3.36),sBisteTcst coBMecTHOM. I103TOMY JIOKa3aTENBCTBO PacCMaTpUBAEMOM TEO-
PEMBI MOXKHO MPUBECTH K JJOKA3aTEIbCTBY TeopeMbl 3.1.

Hycrs X — pelenue 3aauu (S; f, o ) . B cuny cnenanHoro 3ameua-

HUA, X, SBISCTCS M PCLICHHEM 3a1a4i (S; fo' go). W3 ycnoBust B3aMMHOI
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|
JOMOJIHUTENLHOCTH OomepatopoB A u L BBITEKaeT eIMHCTBEHHOCTH 3TOTO pe-

[IEHUS.
Tak xak

X = Ii;l(A* fa +a|fga) =R* (A f +al go)
+I§;1A*(f~a—f0)+aR ( )
TO pa3HOCTB )‘Za - XO MOKXHO HpeﬂCTaBI/ITL B BUJIC
%, =% = R (T, = 1) +(A-A)x, |+

+aR'C[ (g, = 9)+(L-C)x, .

[epexons Kk HOpMaM B MOJNYYEHHOM PaBCHCTBE M MPUHKUMasi BO BHUManue (3.1),
(3.14), (3.15), (3.33), (3.35yMmeem

5, =l = KA1 = o+ A=Al +
wa R (lo, ~gol + I ~ ) < me +myemee,

ma|f] + (” L+ o

[

L
m, =mya,| f ||+(1

m, =ma,|fl+7

3.

q)y

Teopema 3.2 1okazaHa.
Teopemsr 3.3u 3.4 10Ka3bIBAIOTCS AHAIOTUYHO.
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4. ONITUMAJIbHBIN MMOPSJIOK CXOJUMOCTH
METO/JIA PEI'YJIAPU3AIIUU A.H. TUXOHOBA

3aBepIINM AaHHYIO TJaBy PACCMOTPEHHEM KIIaCCHYECKOW PETyIsIpH3alin
A.H. Tuxonosa [104].

PaccMoTpuM 3amaun HaXOXKICHUS pelueHus (ICeBIOPCLICHUS) C MUHH-
MaJIbHOW HOPMOH ypaBHEHUS

Ax= f (4.1)
n muHIMyMa ¢yakimonana A.H. TuxoHoBa
||Ax—f||2+cr||x||2 ~ min, xOH, (4.2)

rne A:H - F — nuneiinsii orpanmuenneiii oneparop, f OF — 3amanmas

npasas yacth, a H u F —runsGeprossr mpoctpancrea.

ByzneM cumTaTh, 4TO BMECTO TOYHOTO omeparopa A u mpasoif yactu f

HaM HM3BECTHBI ypoBHH ux norpemnocta U 0<y<1lwu £>0, 10 ects MHO-

KECTBa {A} — nuueinbix omeparopos A:H - G u { f} — IpaBbIX YacTeit

f OF , ynoBneTBopsomux ycuoBusM

|A-Al<u, Hf—f”se”f”. (4.3)
CrpaBeIMBHI CIeYIONINE YTBEPKICHUS:

Teopema 4.1.2) /lna mozo umoowvt ona ecex T 1F ypasnenue (4.1)
umeno ncesoopeuteHue ¢ MUHUMAIbHOU HOPMOIL, HEOOX00UMO U 0OCMAMOUHO
HOpMabHas paspewumocms onepamopa A

0) 0112 mozo umoowt ona ecex t UF gynxyuonan (4.2) umen eduncm-
sennblil Munumym, cxooawuiica npu @ — O | neodxooumo u docmamouno
HOpMabHaA paspewumocms onepamopa A.

Bcroony B mamHoM maparpade OymeM mpeamojarars, uro omeparop A
HOPMAJIbHO Pa3pelIuMbIii.

IlceB006paTHEIA orepaTop s omepatopa A o6osnaunm A’ a opro-
roHanbHBIH poexTop Ha axpo KerA omeparopa A —uepes Q.
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Bce ncepnoperuenus ypasHenus (4.1) npeactaBnusiorcs GopMyoi
x=A"f +Qy, (4.4)

rac y[l H - HpOPI3BOJ'H:HLIfI QJICMCHT, @ HOPMAJIbHOC IICEBAOPCHICHUC — TICEB-

JIOpelIeHne ¢ MUHUMAaJIbHOW HOPMOH — (opMyIIoii
X, =A"f. (4.5)

Enuncreennsii MuaumMyM ¢ynkiuonaia A.H. Tuxonosa (4.2) npeacras-
astiercst popmyIion

x, =(A'A+aE) " Af (4.6)

-1 -1
Jnst omepatopoB (ADA+ a E) u (ADA+ a E) A" cipaBeuBBI pasioxke-

HHU B CTCIICHHBIC PAObI

(ADA+ aE)_l a0+ i(—l)k a [(ADA)+Tl , 4.7)
k=0

(A'A+aE) " A= A" +3 (-1 a* [(ADA)TA* . (4.8)
k=1

Cxomumocts psanos (4.7) u (4.8) oGecrnieunBaercs yenosuem 0<a < pg ! rme

+
. O
/9, —CHEKTpalbHbIH pajuyc oneparopa (A A) .
OueHKa CKOPOCTH CXOUMOCTH PETYJISPH30BAHHOTO pemenns X, ompe-

nenennoro pasenctsom (4.6)mpu @ — 0, X, — HOPMaNbHOMY ICEBIOpEILIe-

HHIO ypaBHeHus (4.1), ompeneneHHOMY paBeHCTBOM (4.5), mpuBoauTCs B Clie-
JyIollel Teopeme.

Teopema 4.2.Cnpasednusa oyenka

e
A

[, = x| s‘ a. (4.9)

ﬂeﬁCTBHTeHLHO, nepexoasa K HopMaM B TOXKACCTBE
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(AA+ aE)'1 A A =—a( A+ aE)'1 A'aa (AA)

N YYUTBIBAsA OLICHKH

- + 3

H(ADAmE) lAw <1, A (A <A

MOJIYYUM CIIPaBEUTMBOCTD OlleHKH (4.9).
ITonoxum

N <% -1 o2
% =(A A+ aE) AYf (4.10)
5 — [ ADA = AF
%, =(AA+aE) Af (4.11)
- <0 -1
f =(AA +aE) AAYF . (4.12)

OCHOBHBIM PE3YJIETATOM JAHHOTO maparpada sBISeTCs CIeIyrolee yT-
BEp)KICHUE!

Teopema 4.3.Ilpu O = [ cnpasednusvl oyeHKu.

[%, =], <(mp+me)lt], (4.13)

ecmu 0O R(A) :

o =ll,o, s (mpcemelfl. @

ecnu [ R(A) ,20e X u ):(H — onpeoenenst pagencmeanu (4.10) — (4.12).

JlokazaTenbcTBY TeopeMbl 4.3 IpenolieM IBe JICMMBI.

3aMCTI/IM, YTO NPUBCACHHLIC B TaHHOM naparpa(i)e YTBEPKACHUA MOXKHO

noy4ntsh w3 8 1u 8§ 2 macrosmmeii rassl, nonmaras L =E u g =0. Oxnako
TMOCTOSHHEIC M (i 2171) , yuactByromme B oreHkax (4.13)u (4.14),B ciydae

KJIACCHYECKOI peryisapusannun A.H. TI/IXOHOBa, MOXHO OLCHHTH 0oJiee TOYHO.
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TTocTostnHbIE ml (i =1, 4) OTIPEJICIIAIOTCS HUXKE B XOJe NTOKa3aTeIhCTBa TEO-

PEMBL.
OnTuMasbHBIH TTOPSI0K O( ,u+£) CXOAMMOCTH METOJa peryispusa-

muu A. H. TuxoHoBa A1 ypaBHEHHIA ¢ HOPMAJIBHO Pa3peliuMbIM OIEepaTOPOM
mpu @ =K - 0, rne K >0 — HekoTopas mocTosHHAS, NOTyYEH OJHOBPEMEH-

Ho u HezaBucumo C. JIxymaeBeim [31] u B. A. Mopo3oseiM, C. @. ['mis30B6IM

[62]. DTomy OKOHYATENPHOMY peE3YyJIbTATY MPEAIICCTBOBANN HCCICIOBAHUS
2/3
MHOTHX aBTOPOB, B KOTOPBIX MAaKCUMAIbHBIM mopsiakom seisuics O p°'° + &

npu @ ~ U . Crexyiomuii mepedeHb padoT, OTHOCAIINICS 3TOW TeMe, SIBISeTCS

naneko we monueM: [16, 17 — 19, 20, 24, 26, 27, 32, 38, 40, 51, Bl 104,
109, 113Ju ap.

Jlemma 4.1.1Ipu O = |4 cnpasednugvl OUeHKuU.

<n, H(AAD+aE)_14

<n,, H(MD+ aE)_14

H(ADA+ aE)_l AT <n, (4.15)

(WA ag)" &

e n, =2(1+4)|

JokaszareabcTBo Jemmbl 4.1, Jlokaxxem nepBoe u3 onenok (4.15). Tax

<n,, (4.16)

A+

, n2:n1+1.

. O_ ADpp+
Kak onepatop A HopMambHO paspemmmsbiii, To A~ = A"AA" . Tlostomy cmpa-
BEIUINBO TIPEICTABICHHE

(AA+aE) " A'=(AA+aE) AAA" +
+( A+ aE) [ AY(A- A)+ (A0 A) A-(A7- A0)(A- A) | A
Ilepexost 31eCh K HOpMaM, YUUThIBas HEPAaBCHCTBA
<>, [(aArae)" A4

H(ADA+ aE)” <1

u nonarasg @ = U , IOIy4YuM
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<|A* A"

H(ADZ\+ aE) " A <

L e ey

2] Al+ u) | = 2(|Al+ AT =y

IepBas u3 oueHok (4.15)mokazana. Bropas u3s onenok (4.15) nokassiBa-
€TCS aHAJIOTHYHO.

<[|A" A’ A’

Tak xak

|(AA+aE) A < (AA+aE) AT

(ADA+aE)'1HHAD-AD“+

To ucnoib3ys (4.3) u (4.15), moxyunm crpaseiuBocTh oueHku (4.16). Bropas
U3 oLeHOK (4.16)10Ka3bIBacTCs aHATOTHYIHO.
Jlemma 4.1 noxasana.

Jlemma 4.2 IIpu O = [l cnpasednugvl OUeHKU.

o L XX0_ Ant
(AA +aE) ARD- AR <, (4.17)

|(AA+aE)” KA-A'A

<nu, (4.18)

rae n,= (2n2 + n1|| A”) '

Jloka3zaTeabcTBO JeMMbl 4.2. B crily HOpMaabHON pa3pemnmMOCTH OIle-
patopa A, umeem

(AADmE)'l AAT - AAT = —a(AAD+aE)'l AA" +

~ o~ -1 -

+(AA"+ gE) A[(AD—AD)—(AD—AD)AN]

Iepexons 3aeck K HOpMaM, yunthiBas oueHku (4.3), (4.15), (4.16) monaras
a = U, nony4nm

H(AAD+0'E)_1 AA”- ApY A+

fean) s
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|

(Ak+aE) " A )s.

sanl

Onenka (4.17) mokaszana. JokaszarensctBo oneHkd (4.18) mpoBoautcs

+

(|- a2 A an

A+

+2un =nu.

AHAJOTUYHO.
JIemMma 4.2 nokasaHna.

HoxazaTeabcTBo Teopembl 4.3. ITycts f [J R(A) .Torma f = A)go, e

DIIEMEHT X, ONpENeNcH B (4.5).CnenoBaTensHO, HMEEM
o A0A e
%, -x,=(AA+aE) A -A'f=
a 0
o -1 ~rry - -
=(AA+aE) AT|(f-1)-(A-A)A'f |-
~~ -1 +

—a(AA+aE) A'(AAY) f

TMepexoms 30eCh K HOpMaM, Tojiaras @ = [ W yuutsiBas Jiemmy 4.1, monyuum

(AAD)+ fl|+

E

I1) = (mgceme)l €],

%~ %|<a

(AA+ae) A

(I -l+1A-4

A+

+(AA+aE) " A Af

<an A"

2
[+, (el ]+

A" A, m.=n

2
+
nZ 2 2°

rae m=n,
Orenka (4.13)n0ka3ana.

JHokaxem ouenky (4.14). ITycrs f DR(A). HecnoxHo mnposepsieTcs

TOXICCTBO

223



Meron perynaphsamim cnprom: TeopHs  IpHIOXeHAS Fnapa 2. § 4
%, -x,=(AA+aE) AF -A'f=
=(AA+aE)  A(A-A)A'f +[(ADA+ aE) " AA- A+A} Af+
+(AA+aE) " AY(AR+aE) T AR(T- )+
o[ WA+ ) A (AR s ) AR - a1

Iepexons 3aech K HOpMaM, mojaras Q = [, y4uTbIBas oueHku (4.3), meMMbI

4.1u 4.2, mony4um

(A%A+aE) " A

|-

[% x| =
+{(A"A+aE) " AA- A"
A+ aE) Eﬂ”f f[+

(AADmE)' AA”- AA

+ (ADA+ aE) AD

. (ADA+aE)‘1 A

=(mg+mg)lf].

— + —
rae m, —(n2+n3 HA H+n2n3, m,=n,,

Ornenka (4.14) noxa3zana.
Teopema 4.3 nokazaHa.
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I'JIABA 3

1. AHTETPAJIBHBIE OIEPATOPBI THIIA TWIBBEPTA.
ITPOCTPAHCTBA I'EJIBJIEPA U JIEBET' A

B Hacrosmeil rmaBe M3ydaeTcsl BOIPOC Pa3peIIUMOCTH U, B YaCTHOCTH,
OTHO3HAYHOHN Pa3pelIMMOCTH CHHTYJISIPHBIX HHTETPANBHBIX ypaBHEHHH ['wiib-
OepTa HEMTpaIbHOTO THIIA

(Ax)(t) = f (t) (1.1)
— IIEPBOTO POAA;
ax(t)+(Ax)(t) = f (t) 1.2)
— BTOPOTO pojia U pa3paboTKa OBICTPHIX aJTOPUTMOB PEIICHHS COOTBETCTBYIO-
[IAX AUCKPETH30BAHHBIX CHCTEM.
31ech NCTIONB3YIOTCS CIIETYIOIIHE 0003HAYCHYISI:
A=T+K (1.3)

— CHHTYJISIPHBIA MHTETpabHBIN onepatop ['mibp0epra HEHTpaIbHOTO THIIA,

(Tx)(t =—Ictg 5 x(s)ds (1.4)

— CHUHTYJSIPHBIA UHTETpajibHbIN oneparop ['minbpbepTa, HHTErpal B KOTOPOM TIO-
HMMAETCS B CMBICIIE TIABHOTO 3HaueHUs MHTerpana no Kommw [64, c. 42-43];

K=K +K, (1.5)

— peryJISIpHBIA MHTETPaIbHBINA ONepaTop HEHTPaIBEHOTO THIIA;

1 n
(le)(t) :ZT:[Tkl(t—s)x(s)ds (1.6)
- peryns{pHLIﬁ HHTerpaHLHLIﬁ OIIEpaTop C Pa3HOCTHBIM SIPOM,
(K x) ——.[k (t+s)x(s)ds 1.7)

— peTyJsIpHbIHA I/IHTeraHLHLII/I OIIepaTop C CyMMAapHBIM SIIPOM;

K () = z b ™. k()= 3 cém 18)

=-M
— peryJsIpHbIE YacTH PacCMAaTPHBAEMBIX YpaBHEHHH;
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a b,c (m=-M,...M) (1.9)
— NPOM3BOJILHBIE KOMIUIEKCHBIE 4ncia, a M — Ipou3BOIBHOE HATypanbHOE
qHCIIO;
f(t)OHY,  x(t)OH (1.10)
—3alaHHas U HCKoOMas (byHKIII/II/I, COOTBETCTBCHHO,
He =R [ ={ £ (1):]F (t+7)- £ (B) <M, | 7]7] (1.11)
— npocTpancto [énsaepa 277 -MepuoIuIECcKX KOMIUIEKCHO3HAYHBIX ()yHKIHIA;
[l =lfle +He ¢ (112)
— Hopma B rpoctparcte H 7 ;
[ fllc = max]f (t) (1.13)

— HOpMa B IIPOCTPAHCTBE HEMpPephIBHBIX QyHkmuii C = C[O, 27T] ;

[F()-f(s)

H = 1.14
a.f —nStLiFs)sn |t - SIa ( )
—nocrosaHas I'énsaepa pynkuun | (t) ;
[ (t)=f(s)|<H,  [t-9" (1.15)
—ycnosue ['énpaepa ¢ nokazarenem J ;
Vs
L2=L2[—7T,7T]={f(t)2 j|f(t)|2dt<+oo} (1.16)
-

— mpoctpancTBo JleGera 2/ -IepHOAMIECKUX KOMILIEKCHO3HAYHBIX ()YHKIIUI
CYMMHUPYEMBIX C KBaIpaToOM;

m

£, = [1f (@) ot (1.17)

-

—Hopma B npocTpaHcTse L, .
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2. YACTUYHBIE CYMMbI ®YPHE U ®EMEPA
2.1.CpoiicTBa yacTu4aHbIX cyMmM @ypbe u cymm Deiiepa. [lycts f (t)

— cymmupyeMasi (PyHKIIUS Ha OTPE3Ke [—7‘[, 7'[] . [Honoxxum

1 f —ikt
=—|e f dt, kOZ. 2.1
k 21T {T ) ( )

Yucna fk HasbiBatoTes Kodpduuuenramu ®ypne Gpynxuun f (t) , & pan

> f ek (2.2)
k=-00
— psimom Dypoe pynxmun | (t) , IpU 3TOM eciu psif (2.2) CXOMUTCS B TOM HITH

HWHOM CMBICJIC, TO 6yz[eM nucaTtb

f(t)= Zf ek, (2.3)

k=—00
€CJIN K€ HC YCTAaHOBJICHA CXOJUMOCTh, TO IMHUILIEM Cl)OpMaHBHOC PaBEHCTBO

f(t)~ i f ek (2.4)

k=—00

B nanbHeiinieM 6yaeM cuMTaTh, uTo AaHHas GyHkuus f (t) MIPOJOIDKECHA

HEPUOIMIECKH Ha BCIO YHCIOBYIO C IEpUOIoM 27T .
Ompepenum s kaxgoro N=0,1, 2,.. TpUroHOMETpHYECKHE MHOTO-

YJICHBI
(s,f)(t)= Zn: f ek, (2.5)

k=-n

Ha3bIBACMBIC YACTHYHBIMHA CYMMAaMM psAla CDpre.
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JIis mosTyYeHus. HHTETPaIbHOTO MPECTABICHUS YaCTUYHBIX CYMM MPOH3-
BeZieM uX npeoOpaszoBanue. C 3TOU IETBIO MMOJCTABUM B (Sn f )(t) BMECTO fk

UX MHTErpaibHble Beipakenus (2.1):
(5,0)(0)= 3| 2 [ et (s)as | =2 ] 1(s) 3 s, (26)
: 2 2 =

k=-n 7T

BeluncniuM  monpiHTErpansHyro  cymmy. Eemn t—S#2mir, mUOZ, 1o

i(t-s)

i(t—-s
e( #1 u, cnenoparenbHO,

Z”: GK(t-9) = grini-9) 4 rilnD(e-s) 4y nlt-s) —
k=-n

el e

t-s
n+1)(t-s) _ _-in(t-s) e_'7 (ei(n+1)(t—s) _ e—in(t—s))

gts) _q it=s

s s
e2 —g 2
(2n+1(t-s) . (n+I(s-t)
smx—_t sins—_t ,
2

TO €CTh

D ki sin(2n+1;(s_t)

ik(t-s) _
k;ne Tt (2.7)

Ecm t—s=2mmr, mOZ, 1o dt=s) =1 H, CIIeZI0BATEIBHO,

n . n
3 9= 1=0n+1.
k=-n

k=-n
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Takoii ke pe3yipTaT mojdydaercs u3 (2.7) mpH TPeeibHOM MHepexone
t—s > 2mr, mOZ . Tlosromy dopmyiny (2.7) MOXKHO HUCTIONB30BATh U B CITy-
qae t—S=2myr, mUOZ , nouumas mpu 3TOM, 4TO €€ MPEACTHLHOE 3HAUECHHE
mpu t—S - 2mr, mOZ.

U3 (2.6)u (2.7),nonyuaem

- (2n+1)(s~t)

(7)== (92 g
) 2m 2, sins—_t
2

[IpousBens B MOJTYYCHHOM HHTErpaje 3aMeHy MepeMeHHoit S—t=Z u
YUUTHIBast 277 -IEPUOINYHOCTE QyHKIMH f (t) , IOJIy4aeM UHTErpajbHOE Tpea-

CTaBJICHHE OOIIETO YeHa YaCTHIHON CyMMBI psiga Dypre

17 Sin7(2n+1)z

(Snf)(t):gTJ‘ f(t+2)——2—dz. (2.8)

-7 sin=

2

OyHKIHS

. Sin(2n+1)z

D, (2)=7 2 (2.9)
T sinE

HasbIBaeTCs AaApoM Jupuxie.
Hapsiny ¢ yacTuunbiMu cymMMamu (2.5) paccMOTpUM HX cpenHue apupme-
THYECKHE!
m-1

(0,1)®)==(s,1)).,  moN, (2.10)

n=0

KOTOpBIE Ha3bIBaloTCs cyMMaMu Deliepa.
Hcnonb3ys TPUTOHOMETPHIECKOE TOXKIECTBO

sin? M2

™l (2n+1)z 5

sm( ) = 22 ,
n=0 sin—
2
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MOJYYHUM UHTEIPAJIbHOC MPCACTABIICHUEC CYMM CDeﬁepa:

Sin(2n+1)z

(O'mf )(t) =

2T S in s
2
mz
1 7| sin—-
=—| 2 | f(t+z)dz,  mON. (2.11)
2mrit inZ
-7 sins

[Nomy4deHHBIH MHTETpaN Ha3bIBacTCsl HHTerpanom Peiiepa, a pyHkuns

2

. mz
sin—
2

(2.12)

—saapom Deiiepa.
Takum 00pa3oM, Ui 9aCTHYHBIX cyMM psina Pypre u cymm Detiepa mo-
JTy4YEeHBI CIEeNYIOIINE HHTErpaIbHbIe MPEACTaBICHUS

(s.6)(t)= | D,(2) (t+7)dz. @13)
(anf)(t)z_’fqan(z) f(t+2)dz. @.14)

OTMeTHM HEKOTOpHIE cBolcTBa sapa dupuxie (2.9)u Deiiepa (2.12).
Caoiictio 2.1.Jlna scex N=0,1, 2,.. umeeT MeCTO paBEHCTBO

]T D (z)dz=1.

v/
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CrpaBeTIMBOCTB 3TOTO PAaBEHCTBA cieayeT u3 (2.7).
CoiictBo 2.2. Jns Beex NUN dynxims CDn (t) SIBIISIETCSA YETHOU
@ (-t)=o (t). (2.15)
CmoiicrBo 2.3.lms Becex X[ [—7T, 7T] u NN umeer Mecto paBeHCTBO
® (t)=0. (2.16)

CopaBeminBocTh paBeHcTB (2.15) (2.16)cnenyer u3 ompeaeneHus sapa
Detiepa — pyakun (2.12).

CoiicTBo 2.4.Jlns Beex NN umeer MecTo paBeHCTBO

[, (t)dt=1. (2.17)

Ecm f (t) =1, to koo durmentamu Oyphe ABNAOTCA

‘= 1, ecmm k=0,
k10, ecnm k#O.

Torga (Snf)(t) =1 s Bcex tD[—]T, 7'[] , n=0,1, 2,.. u, ciegoBaTenabHO,
(Jnf)(t) =1 min Beex tD[—]T, iT] , NON. Orcrona u u3 (2.14) cnenyer
crpaBeIUBOCTH (2.17).YTBepKIeHHE T0Ka3aHO.

CaoiicTBo 2.5. JIna mo6oro ¢uxcuposannoro O:0< J < 7T umeer me-

CTO IMPEACIbHOC COOTHOIICHUE

limn (3)=0, (2.18)
rIe
m -0
n,(8)=[@, (t)dt= [ (t)dt. (2.19)
o -
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IlelictButensHo, ecoiu OS<t< 7T, To HMeeT MecTO HEPaBEHCTBO

. o
SIN— 2 — . IlosTomy
2 2

sinn—t 2
2 | 1 =(3J. (2.20)

sin£ é ’ o
2 2

U3 (2.12)u (2.20)nonyyaeM crpaBeaauBoOCTh COOTHOmEHUs (2.18):

_nt)
T 1 | SIN—
[o, ()dt=_—[| —2&| dts
% 2n7T(y sinE
m 2 _
Si (Ej dt=2(n—25)—>0 npy N - oo,
2””5 o N7

YTBep)K,HeHI/Ie JI0Ka3aHo.

2.2. Jlocrarounble yCJOBUs cxogumocTu psiga dypbe. BaxHbIM BO-
NPOCOM, CBSI3aHHBIM ¢ psigamu Dypee, SBISETCA BOMPOC UX cxoammocTtH. Ilo-
9TOMY, C TOUKH 3PEHHsS IPUMEHEHHUS ITHX PSIOB K PEIIEHUIO TEX MM MHBIX 3a-
J1a4, CYIIECTBEHHBIM SIBJSETCS YCTAHOBJICHHE YCIOBHUI, MTPU BBIMOJHEHUH KOTO-
PBIX TAPAHTUPYETCS CXOMUMOCTh PsAnoB Pypbe B KAKOM-IMOO CMBICIE: B CPEll-
HEM, B TOYKE, BCIO/Y, IOYTH BCIOLY, PABHOMEPHAS U TaK JaJIee.

OIHMM M3 JOCTATOYHBIX MPU3HAKOB CXOAUMOCTH psina Dypre B JaHHON
TOYKe sBjIsieTcs npusHak Juuu [43, ¢c. 399].

Npusnak duun. Hycms f (t) — cymmupyeman ynxyusn. Ecnu npu

Kaxcoom ukcuposannom t cywmecmeyem unmezpan

j‘. f(x+t2—f(x)dt

npu kaxom-1ubo O >0, mo wacmuunvie cymmot Snf paoa Dypve ynkyuu

f (t) cxooamesn 6 ymoii mouke t k f (t) )
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Ipusnak JuHu o6GoOlIaeTcss u A ciydvas, korma t sBIseTcs TOYKO#M

pa3pbiBa IepBOTo poja.
Hycmyp f (t) — ozpanuuennasn 27T -nepuoouueckas QyHKyus, umeio-
was auub paspvievt nep6ozo pooa. Ecnu f (t) umeem 6 Kaxcooil mouke Jjie-

6YI0 U npagyIo npou3eooHvle, mo npu Kaxcoom t cnpasednueo coomunouienue
1
(s,f)(t) - E(f (t+0)+f(t-0)) (n - ).
Ecin B Touke t Qpynxius f (t) SIBIISI€TCSI HEIPEPBIBHOM, TO

f(x+0)=f(x-0)=f(x)

H, CJIEA0BATEIbHO,

(S,1)(¥) = F(x) (n-w).

HenpepsIBHOCTE (DyHKIMH HE SBISIETCS TOCTATOYHOH AN CXOAMMOCTH
psna @ypoe. CymecTBYIOT HelpepbIBHbIE (YHKIHHU, A KOTOPBIX psix Dypne
CXOJHTCS HE BO BCEX TOYKAX.

PaccmoTpuM Temeps BOIpoc paBHOMEpHOH cxoxumocTd psna Dypsbe.

OuesnaHo, 4o ecnu Qpynkmus | (t) pa3pbIBHAs, TO CXOAUMOCTS ee psina Dypee

HE MOXKET OBITh PABHOMEPHOH, TaK KaK CyMMa PaBHOMEPHO CXOJSIIETOCs psiaa
HENPEPBIBHBIX (OYHKIUN SBIIIETCS HETMpephIBHOW (yHKIMeH. OTcloga cieayer,

YTO HENPEPHIBHOCTh (QYHKIIUH f(t) — HEoOX0auMoe yCJIOBHE PaBHOMEPHON

cxoaumoctH psna Oypee (HO, OTHIONG, He moctatouHoe). Chopmynupyem moc-
TaTOYHBIN MPU3HAK PAaBHOMEPHOU cX0AUMOCTH psifna Dypbe, aHATOTUYHBIN MIPU-
3HaKy JuHu.

Hycmb ozpanuuennas cymmupyemas gynxuyus f (t) DABHOMEPHO no

tOEQ [—7T, iT] yoosnemeopaem ycnosuio JJunu, mo ecms 0na 1io6ozo € >0

naitoemes makoe 0 >0, umo

5Mds<g tOE.
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Tozoa pao @Pypve pynxyuu f (t) cxXo0umcsa K ImMoi yHKuuu pasHomMepHo
na E.

2.3. Psiapl @ypbe HenpepbiBHO#i pynkuun. Teopema Peiiepa. Hempe-
pBIBHAS QYHKIUS OJHO3HAYHO OIpPEICNsAeTCs CBOUM psigoM Dypbe, TO ecTh, ec-

hie f1 (t) u f2 (t) — JIBE HEeNpepBIBHBIC (DYHKIMH, ISl KOTOPBIX BBITIOIHSIOTCS

paBeHCTBa X K03 puimeHToB Dyphe:
f,=f kOZ, (2.21)
TO OHH TOXJIECTBEHHO PaBHEI
f(t)=1,(t). (2.22)
JIeHCTBUTENIbHO, U3 HEMPEPHIBHOCTH (DYHKIIHIA f1 (t) u f2 (t) cienyer

UX TPUHAJIICIKHOCTD HNPOCTPAHCTBY L2 . Tak kak B 3TOM IMMPpOCTPAaHCTBE CUCTEMA

. ikt . . .
byHKITHH ¢k (t) =", kOZ ssnsercs nonuoit OpPTOTOHAILHOHN CHCTEMOM, TO

puts pasiocth otux dymxmmii f = f = f, umeer mecto pasencrso Iapcesans:

2 _ d 2
I, = 2[4 (2.23)

W3 pagenctra (2.21)mony4aem

fo=f,—f,=0, kOZ.

[oatomy u3 (2.23)cnenyer paBeHCTBO

| f ||L2 =0. (2.24)

PaBenctBo (2.24)03nauaer, 4to GyHKIms f (t) MOYTH BCIOAY paBHa Hymo. Ho
¢ynkius  f (t) KaK pa3HOCTb JIBYX HEIPEPBIBHBIX (DYHKIMH SBISETCS HEmpe-

PBIBHOH, IOTOMY OHa TOXAECTBEHHO paBHA Hymto: f (t) =0. [onyuyenHoe pa-

BEHCTBO DKBHUBAJICHTHO paBeHCTBY (2.22).YTo 1 TpeboBanock q0Ka3ath.
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Kak 0ObL10 OTMEUYEHO BBIIIC, HC JIA BCSKOM HerepLIBHOﬁ (byHKLII/II/I
f (t) €C psana CDpre SABJIACTCA CXOOAINIUMCA, U ITO3TOMY HECJB3A 3Ty q)yHKIII/IIO

TOJTyYHTh HEMOCPENCTBEHHBIM CyMMHUpoBaHueM ee psga Dypbe. B Teopeme
Detiepa [43, ¢. 405] naeTcst criocod BOCCTAHOBIEHUS HENPEPHIBHON (BYHKIMHU TI0
€€ YaCTHYHBIM cymMmmaM Dyphe.

Teopema ®eiiepa. Ecru f(t) — Henpepuienasa 27JT -nepuoduueckasn
dyukyus, mo nocnedosamenvbHoOCHb {Jnf} ee cymm Deitepa cxooumca K
camoit pynxyuu f (t) DABHOMEPHO Ha 6cell YUC10801 OCU.

Joxa3zareabcTBo. JlokakeM paBHOMepHOe npuommkenue cymm QDeiie-

pa Unf k f (t) npu N — oo . J[eHCTBUTENIBHO, U3 HENPEPHIBHOCTU U TEPHO-

audaHocTd QyHKIuU | (X) BBITEKAET €¢ OTPAaHWYCHHOCTh M PaBHOMEpHAas He-
npepbiBHOCTL. [lostomy cymectByer Takoe wucio M >0, yro min Beex

tQ [—ZT, 7'[] BBINOJIHAETCS HEPABEHCTBO

[f(t)sM, tO[-m n]. (2.25)

Kpowme Toro, ms kaxmoro £ >0 maitnercs takoe O >0, uro mpu |t" —t'| <0

BBITIOJTHACTCA HEPABCHCTBO

()= £ (t) <§ (-t <9). (2.26)

I[H}I 3aBCPUICHUA T0KA3aTCIbCTBA CICAYCT OLICHUTH PAa3HOCTH

((0)-(a,1)0)= [[F()-f(t+s)]o,()ds. @2

BBenem 0003HaueHUA:

J. =T[f (t)-f(t+s)]® (s)ds, (2.28)
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t)-f(t+s)]o (s (2.29)

t)-f(t+s)]® (s (2.30)

ol
i

U3 (2.19), (2.25), (2.28) (2.30)6ynem umetsh

9_|<2mn (8),  [3,]<2m7,(9). (2.31)

Yucno Ny BeIOEpeM HACTONBKO GONBIIMM, YTOOBI Mpu N2 1N, ¥ xaH-

HOM 5 >0 BBITIOJIHAJIOCH HEPABECHCTBO

£
ZM””(5)<Z' (2.32)
U3 (2.26)u (2.29)0ymem uMeTh
o
9| < [ (1)~ f(t+s) @, (s)ds<
-0

o V4
<§J5®n f—; jﬂqn (2.33)

IMepexonst k MOAYIIO B paBeHCTBE (2.27) U McHonb3ys oueHk (2.31) —
(2.33),mommyunm
f F)O)] <o +[3+|a < S+Z+5=
0= (o, )0 ool +[a.) <5+ 545 =

PaBHOMEpPHO MO tD[—]T, 7'[] W3 momyueHHOro HEpaBEHCTBA, B CHIY IPOU3-

BosbHOCTH € >0, clienyeT yTBEPKIEHUE TEOPEMBI.
Teopema Deiiepa noka3aHa.
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3.MIPU3HAK ANMPOKCUMHUPYEMOCTH T'EJbJIEPOBBIX
®YHKIAN TPUTOHOMETPUYECKAMHA IMOJUHOMAMHA

3.1. AnnpoxkcuManus réibaepoBbix (yHKIMIE HenmpepbIiBHO audde-
peHuupyeMbiMH (QyHKUMSAMH. [IpOCTPaHCTBO TENbAEPOBBIX 27T -IIEpHOANYE-

CKUX (YHKIIUH HE SBIIETCS cemapadeNbHBIM, 1 MHOXKECTBO BCEX TPUTOHOMET-
o o — Akt
PUUYECKUX MTOJMHOMOB, TIOPOXKICHHOE CHCTEMOH (hyHKIHUH ¢k (t) =e", kOZ,

HE SIBJISICTCS TUIOTHBIM B 3TOM TpoCTpaHCTBe. [103TOMy mpencTaBisieT WHTEepeC
M3ydeHHe BOIIPOCa O BO3MOXKHOCTH alIPOKCUMAHNU (PYHKITHH TEIbpIepoBa Mpo-
CTPaHCTBa TPUTOHOMETPUYCCKUMH TIOJHHOMAMH 110 HOPME 3TOTO MPOCTPAHCTBA
Y BBISIBJIICHUE YCJIOBUS, IIPU BBITIOJHEHUH KOTOPOTO BO3MOXKHA TaKas amIpoKCH-
MaIIHs.

Ba)XHBIM MOMEHTOM B W3yYEHHUH ITOCTABICHHOTO BOIIPOCA SIBISETCS Clie-
JyIollee yTBEP KICHHUE.

Jlemma 3.1. ycmso f (t) OH? [O, 271] . Ina npedcmasnenus ynkyuu
f (t) KaK npeoena nociedo8ameabHOCmu Henpepuleno ouggepenyupyemvix

o« a
gynxuuii 6 npocmpancmee H [O, 277] , He0OXO0UMO U 00CMAMOYHO 8bINO-
HeHue ycnoeus

lim sup M:O.

3.1
9 -00<|t-g<5 |t—$|a Gy

HoxazateabcrBo. Heodxomumocers. Ilycts ¢ynxmmio  f (t) MOXHO
MPEICTaBUTh KaK Ipenes MOCIeN0BAaTEeNbHOCTH HENPepBIBHO IuddepeHunpye-
MbIX yHKIHiT B ipoctpanctee H 7 [O, 277] . Torma ang mo6oro £ >0 cymect-
BYET Takasi HenmpephrIBHO and depenimpyemas GyHkuus g (t) , ITO

&
I = Ohogog <5 2

W3 menpepriBHON nuddepenHmpyemMoctr GpyHKImm g (t) clemyeT cyIie-
creoBanue yncia K >0, mis koToporo cripaBeiInBo HEPABEHCTBO

|g(t) - g(t’)| <K |t —t'| s mobeix —TSt £t <77, (3.3)
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Tlo 3anannomy € >0 BbiGepeM Bemmunny O >0 Tak, 4TOGBI BBITIONHAIOCH yC-
J0BHE

Kot e <§. (3.4)

Torma mna Bcex —/T<t#t' < 77, ynoBIeTBOPSIOMUX YCIOBUIO |t —t'| <J,B

cuiy (3.2) — (3.4)pynem umetsb

(-1 ()] _|f()-0()- £ (1) *+a(t)], lo(1)-o(t)] _

-t et et
Klt-t| _
<|f = o029 et
=||f _g”H”[O,Zﬂ] +K|t_t'|l_a <§+%=‘9- (3.5)

Takum 00paszoM, mepexo s K mpeneny u cynpepmymy B (3.5), monyunm

lim sup Ms

3.6
d-00<|t-t'|<a |t—t'|a 39

cnpaseyuBoe it Beex € > 0. B cuny npousBonbHOCTH £ , U3 COOTHOIIEHHS
(3.6) BBITEKACT CIIpaBEeTHBOCTh paBeHCTBA (3.1).
HeobxoanmocTs noka3aHa.

Hocrarounocts. Ilycts gpynxmus f (t) yaoBieTBopsieT ycnosuo (3.1).

PaccmoTpum cemericTBO pyHKIMH

f (t)= Iwg(t—e) f(s)ds, &>0, 3.7)
_ &
rie w, (u)=1Ce £ eomn |ul<e,
0 ecnin  |u|ze€
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auncno C_ BBIOMpACTCs U3 YCTOBHS

T @, (u)du=1: (3.8)

© 82 -1
c = __[ exp[—gz_uzjdu . (3.9)

IMpousBens 3ameny U = £V, 3aMETHM, YTO MHTErpall B paBoii yactu (3.9)
CYIIECTBYET M OTJIMYEH OT HyJIs npu Beex € >0

Loz -]l

Oysxnus fg (t) , OIpeneNieHHas paBeHCTBOM (3.7), iBrsieTcss OECKOHEYHO

mddepeHInpyeMoii Ha BCel YUCIOBON ocu. 3aMEHOW MepeMEeHHOM (S =t+ u)

byHKIHIO fg (t) MOKHO TIPEICTABUTH B BHIIC
fe(t) = j a)e(u) f(u+t)du, &£>0.

ITokaxxem CITPABCATIUBOCTH NPEACIBHOI'O0 COOTHOIICHUA
|t~ 1

JleficTBUTEBHO, B CHITYy paBeHCTBA (3.8),monyunmM mpescTaBieHue

-0 mu ¢&£-0. (3.10)

H7[0,27]

[

fg(t)—f(t)zng ) f(u+t)=f(t)]du.

HepeXO,HI/IM K MOAYJIIO B 3TOM PAaBCHCTBC

1,00~ 1(0] = | @, (]f (ws) £ () du

—o00

< [ @ (u)du D_§<ut£)”|f (u+t)=f (1) <H(F)". (3.11)
- T
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Ouennm CI€YIOIICEC OTHOIICHHUE:

()~ 101, ()+ 1 (1) _

t-t]” i

2 )= ()= (urt)+ 1)

< | w(u du<
J () e

IN

(3.12)

« f t)—f(t)-f t')+ f(t
Iwg(u)duD sup | (urt) = (1) a(u+ )+ f( )|
e -nst#t'sm |t —t’|

lul<e

U3 ycnosus nemmel (paBenctso (3.1)) crenyer, uro mus modoro g >0

moxHo Haittn 0 >0, an3 yenosms |t =t <J Bbrrekaet mepasencTso
HOEG) <%|t ~t]". (3.13)
Mycts [t —t'| < J. Torna us (3.13)w11 Beex U TOTyqHM HepaBeHCTBO
[ (ust)= f (ust)| <2
M oTCIOMa CIeTyeT
| F(u+t)=f(t)=f(urt)+f (1)<

<[ f(u+t)=f(u+t)+]f (1) - £ () <oft-t]". (3.14)

W3 (3.12), cuy (3.14),6yemM nveTs

1,00-1(0)-1,(0)+ £ ) _

t-t|" = [t=t

=0. (3.15)

£ =%5". (3.16)
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B cuny mepasenctsa (3.11)npu 0< £ < &, Oynem umeth

.0)-1()- 1, (0)+ £ () _

t-t]”
L= 10 |- 1)
t-t|” t-t|
ag
a a 7@0
<2 (f)e =22 =g. (3.17)
o o

Takum o6pazom, npu 0< £ < &, ami Beex t# t', u3 (3.15)u (3.17)BBI-

TCKACT CIIPABCAJIMBOCTL OLICHKHN

[0~ () + £ (¢)

t-tf”

<Oo. (3.18)

Otcrona npu O<e< 80 clienyer
H”(ff—f)<a, (0<£<50). (3.19)
U3 (3.11), (3.16), (3.18) (3.19)nonyunm crpaBeyIMBOCTb OLEHKH

|t~ 1

<o mpu 0O<eg<eg,.
H7[0,27] P 0

Orcrona, B cuity npoussosibHoctd O > 0, BeiTekaeT coornomenue (3.10).
Jlemma 3.1 noka3zana.

3.2. AnnpokcuManus rejbAepoBbIX QYHKIHH TPUTOHOMETPHYECKH-
MH NoJHHOMaMH. [IpH3HaK aNmpOKCUMHPYEMOCTH TENBICPOBBIX (QYHKIHMH

a
IMMpOCTpaHCTBA H [0, 27-[] TPUTOHOMETPUYCCKUMU NMOJIMHOMAMU IIPUBOJUTCA B

CIIE/LYIOLIEM YTBEPIKACHHH.
Teopema 3.1. IIycmo f (t) OHY [O, 277] . [na exooumocmu nocnedo-

eéamenvHoCMU {Jn f} — wacmuunvix cymm Deiiepa k camoii Pynkyuu f (t)
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a
¢ npocmpancmee H [0, 27T] Heo0X00uMo u 00OCMAMmMoOUHO GbINOJHEHUE YC-
noeus (3.1).
Hoxka3zareabcrBo. Heob0xoaumocts. IlycTe mocienoBaTelnbHOCTh yac-

THUHBIX cymm Deiiepa {Unf} CXOIUTCSl K (DYyHKUUH f(t) o HOpME Ipo-

crparcrea H Y [0, 27T] , TO €CTh

\f—af

n

-0 npuy N - o, (3.20)

H7[0,27]
Joxkaxem cnpaBemmuBocts cootHoueHus (3.1). Cymmer ®eiiepa mo mo-

CTPOEHUIO SBIISIOTCS HEMPEPHIBHO MU GEepeHIUPYyEMbIMU GYHKITUIMU. Torna u3

YCIIOBHS HEOOXOIUMOCTH JIeMMbI 3.1 cnenyer crpaBeaanBocts (3.1).
HeobxoanmocTs noka3aHa.

Jocrarounocts. [Tycts umeer mMecto paBerctBo (3.1). Jlokaxem crpa-
BEIMBOCTH cooTHOMIeHus (3.20).

Iycts € >0 — npoussonsHoe uucno. Tak kak f (t) SIBJISIETCSL HeTpe-
pBIBHOM 2]T -neprogudecKoil pyHKIHUEH, To B cumy TeopeMbl Deiiepa nakmercs

TaKO€ YHUCJIO no , UTO IpU nz no BBITIOJIHACTCSA HEPABCHCTBO

£
Hf =0, o0 <5 (3.21)
ITo HepaBeHCTBY TpeyroibHuKa s Beex t #t' Gymem umeTs
|1 () =(, 1))~ £ (1) +(o, 1) (V) )
et i
BUORIONCAIORCAID] 022
t-tf” e-tf”

B cuny pasenctsa (3.1) no mannomy & >0 moxso Haiitu O >0, uTo

1
npu |t -t | < 0 paBHOMEPHO MO X BHINOJHSIETCA HEPABEHCTBO

|f(X+t)_f(X+t')|<£ U1 BeeX X. (3.23)
et
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m
Tax kak (O'n f )(t) = I f (X+t)CDn (X) dx, To u3 (3.22)u (3.23)6ynem umeTnh
-

‘(anf)() CAE ‘ I|f (x+t)-f( X+t')|q> (x)dx<

t-t|” it |t t|” "
|f(x+t)—f(x+t‘)| c

< j ® (x)dxO sup = <—. (3.24)
g — IS X< TT |t—t| 4
o<t-t{<d

CkuaneiBas HepaBeHctsa (3.21), (3.23)u (3.24), mony4rM OKOHYATEIb-
HYIO OIIEHKY
- n
|1

KOTOpas U 3aB€PIIACT A0KA3aTCIBCTBO JOCTATOYHOCTHU.

E € €
<Z+Z+Zc=g,
“ T2 4 4

Teopema 3.1 1okazana.

4. ”YHBAPUAHTHOCTD CPE3O0K PSIJIA ®YPBE

Iycre f (t) OHY . Pan ®ypee pynxuun (t) 0003HaUMM

f(t)= i f e, (4.1)
k=—0c0
TIe
I
fk—gr_j”e'sf(s)ds, kOZ (4.2)

— k03 punuentsl Pypre Ppynxiun | (t) .

Kaxxmoro u3 ocratkoB psaa @ypee (4.1)

9y (1) = Zf e, (4.3)
O z fke”<t (4.4)

m=—o0

Ha30BEM cpe3koil paga Dypbe, r1e N —IPOU3BOJIBHOE LIET0E YUCTIO.
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HpI/I JA0Ka3aTCJIbCTBC MNPUHAIICIKHOCTU 06pa3a CUHTYJIAPHOTO HWHTEC-

. a
rpanbHoro orneparopa I'mnbGepra mannomy kinaccy [énsaepa H® wucnonssyer-
Csl CIeyIolee YTBEPKIACHHE.

Teopema 4.1.IIycmo f (t) OHY —npouseonvnan gynxuyusn. Toz0a ona

100020 uenozo N kaxcoas uz cpesok (4.3) u (4.4) aensemcesa 2énv0epoeoi

dyukyuei oannozo Knacca.
O seo (t)OHY, O o (t)OH. (4.5)

Joxa3zareabcTBo TeopeMsl 4.1. [lokaxxeM BHadane paBHOMEPHYIO CXO-
auMocTh psaga ®ypee Qpynxiuu  f (t) K 910l QyHkimu. C 3Toii Lenbio odpa-
THMcs K npusHaky duuu [43, c. 403]:

Ecnu na nexomopom munozxcecmee E [J [—iT, iT] cymmupyeman QyHk-

yus f (t) ozpanuuena u ona 1bozo £ >0 cywecmeyem maxoe O >0, umo

f|f(t+f)—f(t)|

dr<e
7]

-0

oonoepementio ona écex t 1 E , mo psao @ypve pynxyuu f (t) cxooumces K

amoii hynkyuu paenomepno na E.
IIpoBepuM BBHITIOJIHEHHE YCIOBUM ATOW TEOPEMBI JIJIsl HAIIIEH CUTYyalIUH.

Tak xak QyHKIUS f(t) MIPUHAJISKUT MpocTpancTBy ['€nbaepa, To

OHa HCIPCEpbIBHA Ha OTPE3KC [—iT, 7T] H, CJICA0BATCIIbHO, OIrpaHUYCHA HAa 9TOM
OTPE3KC. HepBoe YCJIOBUC TPpU3HAKA I[I/IHI/I BBIIIOJIHCHO.

ITycts Teneps & >0 — npoussonsHoe. Bemmuuny O BeiGepeM U3 yc-

a&Ee
goeus 0<O<, oH , tne H — moctosiHHas [€nprmepa QyHKIUH

a,f
a,f

f (t)DHa.Torﬂa

244



Meron perynspuzauuu cIBUroM: TeopHs U IpUI0KEHUS I'naBa3. §4

I|f(t+r)_f Z_<J‘ af| =2H;,f5a<g

OTHOBPEMEHHO U BCEX '[D[—IT, IT] Bropoe ycrmoBue mpusHaka JluHM BEI-

TIOJTHEHO.
TakuM 00pa3oM, HAMH TPOBEPEHO BHIIOJHEHUE OOOMX YCIOBHI IpH-

3Haka uau. CremoBatensHo, psin Dypee (4.1) cxoautes K QyHKIHH f(t)
paBHOMEPHO Ha [—7'[, iT] , TO €CTh UMEET MeCTO paBeHCTBO (4.1).

JlokaxkeM BHAYalle CIPaBEIUBOCTh YTBEPKAeHUs TeopeMbl pr N =0

Up4e DHT (4.6)

Momaras ¢ =€' u ¢(Z ) =f (t) , paseHcTBO (1.5)3anumem B Bue

#(¢)= Y 1.0 (@.7)
Ke—eo

OvueBHIHO BKIIOYCHHE ¢(Z ) OHY.

U3 teopemsl [lnemens — [Ipusanosa [64, c. 58] cienyer, uro MHTErpal
tuna Komu

1 d
— J' M, |Z|<1 (4.8)
-z
BHYTPHY €IMHUYIHOIO Kpyra | Z| <1 ynosnerBopsier ycnosuio ['énpepa ¢ moka-
sarenieM @ :0<@ <1 u uMmeer HENpepHIBHOE TPOJOTIKEHHIE oM (Z) Ha eau-

HUYHYIO OKPYKHOCTb | Z| =1, Taxke yaoBieTBOpsioniee yciosuio ['énpaepa:

GJ(Z), eclin |Z|<1,
®*(z)= limo(w), ecm |z|=
w<1
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HOJ'Iy‘II/IM q)OpMyJ'ILI JJIA IPEACTAaBJICHUA T'PAHUYHBIX 3HAYCHUI HUHTCrpajia

THUIIA KOHII/I HpI/I | Z| = 1, a UMCHHO, JOKa>XEM paBeHCTBO
¢+(2)=kaz", |z| =1. (4.9)

Jlnst mpou3BoNbHEIX Z U (- |Z| <lmu |Z | =1 ummeeT MecTo pa3ioxe-

HHUE B Pl
RS 10
Z -Z Z m=0 Zm
Ioacrasum (4.7)u (4.10)s (4.8):
o(2)=5 iiz—i 447 @11)
‘( lZ m=0 K=—

Psanpr B mpasbix yacTsx (4.7)u (4.10)cxonarcs paBHOMepHO 110 ( | { | =1 n,

cienoBarelibHo, B (4.11) MOXKHO IIOMEHSTH MOPSI0K CYMMUPOBAHUS C HHTETPH-
poBaHUEM:

o]

()zziz i f [ ¢mdg. (4.12)

m= k=-00 ‘(‘:1

— At o
Tpoussens 3ameny ¢ =€, BEIYMCIUM HOJIyYEHHBIH HHTErpa

— [ g =—17fe‘(k‘m)tdt SO cemn KEM g
271 5 21T - 1, ecm k#m
|¢|=1 T
U3 pasencts (4.12)u (4.13)monyunm
®(z)=) 2 |z|<1.
k=0
IokaxeM, uto cpeska psa (4.7) @pu ¢ =€ ! )

#y..(¢)= fok [¢]=1 (4.14)
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CXOJUTCS] PABHOMEPHO HAa €IMHUYHONU OKPYKHOCTH | { | =1. ins sTOTO CIEMYET
YCTaHOBUTK, 4To Juist Jroboro & >0 wmaiinercs takoit nomep N (é‘), YTO NpH

n=>N (8) nuscex M=0,1, 2,.., BITeKaeT OLIEHKA

n+m

2 it
k=n

JleiicTBUTENBHO, U3 paBHOMEpPHOH cxoxumoctu psiia (1.5) BeiTekaer, 4To

<e. (4.15)

1o 3ananHoMy £ >0 MOKHO HAWTH Takod HOMED Nl(é‘ ) , 9To TIpu N = Nl(é‘ )

u Beex My, M, = 0,1, 2,.., BeITeKaeT OlLCHKA
ikt| €
f(ty- > fé <§ (4.16)
=~(m+m)
OJJHOBPEMEHHO IS BCEX tD[—]T, 7'[] . Honoxum N (8) = Nl(é‘) +1. Torna

npu = N (é‘) nuscex M=0,1, 2,.., B cuny (4.16),0ynem umeTsh

n-1 ) £ n+m
(-2 <5 [100-2 185
k=-n 2
W3 >trx oneHok npu { =e“ MOJIyYUM
n+m n+m n+m ) n-1 )
> fN = Zf e Z fe—f(t)-> fe+f(t)s<
k=n k=-n k=-n
S ¢ ik S k| €L E
< f(t)—k;n f e+ f(t)—Z | <5 +5=e.

Ornenka (4.15) mokazana. Takum oOpasoM, psn (4.14) cxomuTcss paBHO-
MEpPHO Ha eMHUYHOM OKPYKHOCTH | { | =1

PaccmoTpum teneps psn

¢0(z)=§szk, 7]<1. (@.17)
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JloxaxkeM paBHOMEPHYIO CXOAMMOCTE 3TOTO Psifia Ha 3aMKHYTOM KpyTe | Z| <1.

Ilpu Z=0 pax (4.17) oueBugno cxomurca. Ecmu Z# 0, 1o BBEms 060-

3HA4YCHUA

7 k
7 :m, a =17 b= z|k, S« =§an+, , (4.18)

sanuieM psix (4.17)B Bune
@ (z)=> ah, . (4.19)
k=0

OrnenuM yactuuHyro cymmy psga (4.19) ¢ momoripio mpeoGpa3oBaHus
Abens [34,c. 15].
Ilycte £ >0 — npoussonsHOE. B crily paBHOMEPHON CXOIMMOCTH psja

(4.14) Ha eqMHUYHON OKPYKHOCTH | { | =1 MOXHO HaliTH TaKO! HOMED N2 (8) ,

410 pu N = N2 (é‘) nBcex P =1, 2,.., BHINOIHEHO HEPABEHCTBO

n+p
z f " <_ (4.20)
i B 0603HaueHusx (4.18)
s |<£, k=012
<5 =0,1, 2,...p. 4.21)

HetpynHo mpoBepuTh CIIpaBeIMBOCTD CIEAYIOMIECH IIETIOUYKH PaBEHCTB M Hepa-
BEHCTB!
p

P
z: n.k n+k z n+k

n+k n+k

‘z n, k—l) n+k

p-1
+
z ( n+k n+k+1) n,p n+p n Obn+I‘

p-1

<208

b

n+1—

+|S

n,p

b

n+p

+|S

n,0|

( n+k n+k+1)
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p-1
= (kZ_l(bmk B br1+k+1) * br1+p + bn+1J OTIZ%( Sn K = 2)n+1022235n Kl* (4.22)
Tax kak | Z| <l,tob. =| Z|n+1 <1. U3 (4.20) — (4.22)cnenyer, uTo
P
da,.b [<2b kG{sg. (4.23)
= n+k n+ n+ 2

Iepexons B (4.23)k cTapbM 0003HAYCHUSIM, TIOTYIHM

p
2z

k=n+1

<g, |z|<1

Ut Bcex N> N2 (é‘) u p=1 2,... PaBnomepnas cxomumocTs psaga (4.17)ma

€IMHUYHOM KPYyTe | Z| <1 poxazana.
Jlist 3aBEpIIEHAS TOKA3aTeNbCTBa BKItoueHns (4.6) 3ameTnM, 410 QyHK-

st PF (Z) , | Z| <1 sBnsieTcs HEMPEPHIBHBIM NMPOAOIDKeHneM GpyHKkuun P ( Z) ,

| Z| <1. C npyro#i cTopoHbI, BHYTPH €IMHHYHOTO Kpyra | Z| <1 umeer mecto

PaBEHCTBO CDO(Z) = CD(Z) . YuuTBIBasl TOIY4YEHHOE PABEHCTBO U HEIPEPHIB-

HocTh (yrkmmit O (Z) nu®d, ( Z) , TIOJTy4aeM TOXIECTBO
o (z)=(z), |z|=<1.

Orcrona u u3 teopemsl Ilnemens — Ipusanosa [64] BhITEKaeT CIpaBeIMBOCT
BKJIIOYeHus (4.6).

Takum o6paszoM, yrBepkaenue reopeMsl 1.1mpu N =0 goxazano.

ITycts Tenepsr N7 —npoussonbHoe. OUEBUIHBI PABEHCTBA

n-1

9, o (t) = 90,40 (t) _Z fkeikt- eclu n>0, (4.24)
' ' k=1

-1
9, 1o (t) =05 4o (t)+ z fkeikt, eciu n<o0. (4.25)
' ' k=-n

249



Merton perynsipuzanuu cABUroM: Teopus U NPUIOKEHUS ['maa3. 85

Oynkuus g, (t) npuHaanexut npoctpanctey HY | a gynkuum

-1 -1 ,
Stk (n>0) w3 e (n<0) (4.26)
k=1 k=-n

a
YIOBIETBOPSIOT YCIOBHIO JIMMIIMIA ¥ TOTOMY MOAaBHO mpuHamiexar H° .

Ortciona, u3 (4.24) — (4.26)cnenyer Brmodenue g, (t) OHY npu mo6om
ndZ.
CnpaBeIBOCTS BKIIOYeHUS J _ (t) OHY npu mo6om NOZ creny-

€T U3 paBCHCTBA

9, ()= f(t)-9,,..(), nOZ,

- a o
TaK KaK pasHOCTh ABYX (pyHKumi m3 mpocrpanctsa H™ spisercs QpyHkimei
3TOT0 MPOCTPAHCTBA.
Teopema 4.1. nokazaHa.

5.MMPEJICTABJIEHUE 3HAYEHUI UHTETPAJIBHBIX
OIIEPATOPOB

B ganHOM myHKTE mosydeHa (GopMyla, NpeacTaBiIAiomas 3HaAYEHUS OIle-
paropoB A m aE + A, onpenenennsimu pasencteamu (1.3) — (1.9)8 mpocrpan-
ctBax ['€npaepa u JleGera.

Jlemma 5.1.Ecau

x(t) ~ i x &, (5.1)

k=—00

TO UMEIOT MECTO (OpMaJIbHBIE paBCHCTBA

(A1)~ Y %€+ 3 [(i+0)% +cx,, [ +(b, +c,)x,+
k=—00 k=—M

+§:[CKX_|< +(_i +bk)xk]eikt - i X (5-2)

k=1 k=M +1
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Joka3zarenbcTBo JiemMbl 5.1. CripaBeanuBocTb paBeHcTBa (5.2) yerano-
BUM ITO9TAITHO.
[Tokaxkem BHadase CripaBelIMBOCTh PaBEHCTBA

(T)(t) ~i 3 x & —i>x e 5.3
k=—00 k=1

Ilonaras
17 u,
r =— [ ctg—€"du, kOZ, 5.4
; Zﬂ_j 95 (5.4)
T
JIOKa)KEM, YTO
r. =isignk, kOZ. (5.5)
JlelicTBUTENBHO, HETTOCPEJICTBEHHBIM BBIUMCIEHUEM MPOBEPSETCS PABEHCTBO
u u . .
cthe'u = ctg§+| +ie", (5.6)

YMHO)UM paBeHCTBO (5.6)Ha e (k=tu :

ctgs e = cig el W righ W +igh,

3aTE€M MNPOUHTECTPUPYEM 1IO U Ha OTPE3KC [—iT, 7T] n C y4eToOM 0003HaUeHUS

(5.4) momyunm
i T (k 1) | Vs
— I(K=Lju iku
M —rk_1+§TJ e du +2—nj €““du, kOZ. (5.7)
m v/
3amMeTuM, 4TO
T 1, m=0,
1 [ emdu= een . (5.8)
2, 0, ecnu m# 0.

Orcroma v u3 (5.4)npu K =0 nonyuum

r —ifctggdu—o (5.9)
0 2ml T2 ' '

251



Merton perynsipuzanuu cABUroM: Teopus U NPUIOKEHUS ['maa3. 85

U3 cootHowenwuii (5.7) — (5.9Pynem nmetsb

r =i, k=1 rk=—i, k<-1. (5.10)

TMonyueHHbIE PaBEHCTBA 3aBEPIIAIOT JOKa3aTeNbCTBO cooTHOmeHus (5.5).
IMpoussens 3ameny t —S=U u yuntsiBas (5.10),0yneM uMeTh

I ctg Sgkogs= —— gt .[ ctg—e"”du =-ie" sigrk .

Takum 06pa3oM, IpuUMeHss oreparop 1 K popmansHoMy paseHCTBY (5.1), mo-
Ty4UM

(Tx)(t ~ o _[ ctg— z x €ds =

k=—co
= Z x &< — I ctg U dkugy = — Z x € sigrk . (5.11)
k=—c0 k=—00

Pasenctro (5.3) noka3zaHo.
Jlanee, nmeem

(K x) N_.[ k (t—s)x 2;]‘1 i bkeik("s) i x ™ds =
—k=—M m=—co

o S im 1 i —i(k-m)s S ikt
=31 Y xe —Zﬂje ds= > bxe, (512
T k=-M

K==M  me—e :
(sz)(t)““i ﬂk (HS)X(S)ds:—l]T i c gk(t+s) i « d™ds =
2’ 2 ! =, K 2 %
M = 17 (kem)s M ‘
= k;M c, m;w x € o J,,e Jds = k;M c X €. (5.13)

Cnoxus ¢opmansabie paBeHctBa (5.11) — (5.13)monyunM cnpaBeasu-
BocTh (5.2).
JlemMma 5.1 noka3zana.
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Teopema 5.1.IIycmo

x(t) = > x e . (5.14)
k=—o0

Tozoa

-M-1

ax(t)+(A)(t)=(a+i) 2, X+

¢ 3" [(ari+h)x +ox, | +(a+b, +c,)x,+
k=—-M

0

+§:[ckx_k+(a—i+bk)xk]e”‘t+(a—i) > xe<  (5.15)

k=1 k=M +1

npuuem, eciu.

a) X(t)OH?, mo ax(t) +(Ax)(t)OHY;

6) x(t)OL,, mo ax(t)+(Ax)(t)OL

2’ 2"

JlokaszaTeabcTBo. a) Eciu ¢ynkius X(t) u3 (5.14) npunamrexur HY
M o .kt
TO B CHIIy TeopeMbl 4.1 cpe3ku Z xke' u Z xke' MIPUHAJJICIKAT MPO-
k=—c k=M +1
crpanctBy H? . CnenoBarensHo, 1Ba KpalHMX CaraeMbiX B IPaBOH dacTH

a
(5.15) npuramnexar H™ . Tpu cpemnme crnaraeMble yIOBIETBOPSIOT YCIOBHUIO
Jlumuna. OTcrosa clieayeT ClpaBeaIHBOCTh BKIIOYCHUS

ax(t)+(Ax)(t)OH.

ikt < ikt
, - Brmodenme cpesox Z xet oy x €
k=—00 k=M +1

6) Ilycts X(t)DL

M2 e 2

npoctpanctey L, crenyer m3 Toro, uto Mx HOpMEI Z |xk| u Z ‘xk‘
K=—eo k=M +1

00
2
SIBJISIOTCS.  OCTaTKaMHM  aOCOJIFOTHO cxomdauerocss  psaaa z |Xk| — HOPMBI

k=-0c0
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3JIeMEHTa X(t) B L2 . CnegoBatensHO, 1Be KpaliHUE cllaracMble B IIPaBOil YacTH
(5.15) npunagexat L2 , @ TPU CPEIHHE CiaraeMble SBISIIOTCS HENPEPHIBHBIMH

(HDYHKIHUAMU H TO3TOMY UX CYMMa NPHUHAIIICKUT L2 .

Teopema 5.1 nokazana.

6. CBA3b MHTETPAJIBHBIX YPABHEHMMH C
BECKOHEYHbBIMHU CUCTEMAMHM

Hapsny ¢ ypaBrenusamu (1.1)u (1.2) paccMOTpuM GECKOHEUYHBIE CHCTEMBI
JIMHENHBIX ANreOpandecKuX ypaBHEHHUIM

ix, = f,, —w<k<-M -1,
(i+B)x *+cx, = f,. -M<k<-1,

(b, +¢,)%,= k=0, (6.1)
X, +(-i+h)x =1, 1<ksM,

-ix =f, M +1<k <+oo,

(a+i)x, —w<k<-M -1,
(a+|+b)xk+cx =1, -M<ks<s-1,
(a+hy+c,)x,= f, k=0, (6.2)
C X\ ( —|+bk) 1<ksM,

(a=i)x, M +1<k <+,

KOTOpHBIE COOTBETCTBYIOT ypaBHeHusM (1.1)u (1.2).
ByneM roBopuTh, 4TO OECKOHEYHAs CHUCTEMa JIMHEHHBIX anrebpamde-
CKHUX YpaBHEHUU

Ax=f,  f=(f) (6.3)

IKBHUBAJEHTHA HHTEIPAJIbHOMY YPaBHEHHIO
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m
[ K(t, s)x(s)ds=f(t), (6.4)
rae (fk)::_w — xodbdumuentel Pypre GyHKIME f(t), €CITH pEIlIeHHe

[oe]
(Xk) OeckoHeuHo# cuctemsl (6.3) siBisieTcs Koddduunentamun Oypwe pe-

k=—0c0

HICHUS X(t) UHTErpanbHOro ypaBHeHus (6.4) u, HA000pOT, KO3D(DHUIHECHTHI

@ypbe penIeHnsT HHTETPAIEHOTO yPaBHEHUS X(t) SBIISIIOTCS peIieHrneM OecKo-

00
HEYHOH CHCTEMBI (Xk )k .
=—00

Teopema 6.1. a) Beckoneunan cucmema (6.1) sxeusanenmna unme-
zpanvromy ypasuenuio (1.1),

0) Beckoneunan cucmema (6.2) IKeusaneHmna uHmMezpaibHOMy ypas-
nenuio (1.2).

Joka3zateabcTBo Teopemsbl 6.1. locTaToyHO JOKa3aTh MyHKT 0), TaKk Kak

ypasuenue (1.1)u cucrema (6.1) monywarorcs u3 (1.2)u (6.2)npu a=0.

ITycts X(t) SBIISETCS] pelieHueM ypaBHeHus (1.2) mis qaHHOW mpaBoit

o]

vactu f (t) . Koapduruentsr @ypobe 31HX QyHKIHMHA 0003HAYNM (Xk) u

k=—co
( fk )::_w :

x(t)=§ X f(t)= Y ek, (6.5)

k=—00

IoacraBum (6.5)B (1.2)u, ¢ yuerom Teopemsl 5.1, monydaem TOXAECTBO

-M-1 -1 _
(a+i) D x e+ > [(a+i +bk)xk +ckx_k]e"‘t +
k=—co k=—M
M

+(a+b0 +CO)XO+Z[Ckx—k +(a—i +b|<)xk]eikt +
k=1

+(a-i) i x € = i f ek, (6.6)

k=M +1 k=—co
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)
U3 TMOJYYCHHOT'O TOXKACCTBA BBITCKACT, YTO (Xk) SABJISICTCA PCIICHUEM CHUC-
=—00

TeMbl (6.2) qust IpaBol 4acTh (fk ):__ . Bepro u obpartHoe, eciu (Xk)“’

k=—00

[oe]

peuienne (6.2) nst mpaBoii yacTu ( fk) , TO UMeeT MecTo ToxaecTBO (6.6).

=—00
IT0 03HAYAET, YTO X(t) ABIseTCs perueHueM ypasHenus (1.2) nis qaHHoOlM npa-
Boif yactn f (t) )

Teopema 6.1 mokazana.

Jnst uccnenoBanus Bompoca paspemmmoctd ypaBHenuit (1.1) m (1.2)
B&KHYIO POJIb UTPaeT HHAOPMAILHS O CIIEKTPE ONEPATOPOB

AHT - HT, AL, - L, (6.7)
aE+A:H? - HY, aE+A!L, - L,. (6.8)
O003HaYNM:

o, (A) no, (A) — criekTpHI orepaTopos (6.7),

2

o, (aE + A) no, (aE + A) — criekTphI orepaTopos (6.8),

2

7, ={#i,b,+cy Ay k=12, M},

g, ={aii, <51+b0+co,/1a’k c k=1, 2,...M},

1 . \2
/]O,k =E[b—k *h, lL\/(b—k -b, +|2) +4c_, G, ]

1 - )\2
A =E[2a+b_k+bk4_r\/(b_k—bk +i2) +4c_kck)

Nupopmanust o criekrpax oneparopos (6.7)u (6.8) naéres Hike.
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Teopema 6.2.Cnpasednuent pasencmea

JLZ(A) =0, (A)=a,, (6.9)
aLz(aE+A):aHa(aE+A):aa; (6.10)

npuiem Kascowlil 3j1emMenm 0-0 AGNACMCA COOCMBEHHBIM 3HAUECHUEM onepa-

mopa A, a xaxcowuii Inemenm 0, — cobcmeeHHbIM 3HAUEHUEM Onepamopa
aE+ A ¢ kaswcoom uz npocmpancme H u L,.
JlokazaTeabcTBO TeopeMsl 6.2. PaccMoTpuM ceMelCTBO ypaBHEHHH
Ax(t) = Ax(t) = f(t), (6.11)

3aBHUCAIIEE OT KOMILIEKCHOTO napametpa A . Pasnaras 3aanHyro MpaByro 4acTh
U 1cKoMoe peleHue B psaasl Oypwe (6.5) u moacrasmss B (6.11), monyuum Gec-
KOHEYHYIO CHCTEMY

(i-A)x = f,, —o<ks-M -1,

(i+b -2)x +cx, =1, -M <ks<-1,

(b, +c,=4) %, = k=0, (6.12)
cx, +(-i+th -A)x =1,  1sksM,

—(i+2)x =1, M +1<k < +oo.

Ecm AO 0,4, TO TIOK&KEM OJHO3HAYHYIO PA3PEINMOCTb YPaBHEHHS
(1.1) nna xaxmoro f (t) OHY u f (t) O L2 , TO €CThb B KQKJIOM M3 TIPOCTPAHCTB
a
HY u L2 )

Iycts A 0, . Torna

Az, Azb+c, B =(i+b, -A)(-i+b -A)-c g #0
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H, chenoBatenbHo, u3 (6.12) HaxoauMm kodbduimeHTsr Pypbe HCKOMOTO pelie-

HUS X(t) ypaBHenus (6.11):

x =——f ~0<k<-M -1, (6.13)

X, :Ai[(—i b, A -6, f, ] k=-M,..-1  (6.14)

= k=0, 6.15
% b0+c0—,] 0 ( )
1 .
Xk:A_[_Ckf—k+(l+b—k_/‘)fk:|' k=1..M, (6.16)
k
1
=——, M+1<k<+4oo, (6.17)
i+ K

Ecm f (t) OHY, 1o cormacuo paenctam (6.13) — (6.17)u nyHKTY a)
TeopeMbl 5.1 cripaBemIMBO BKIIOUCHHE X(t) OHY; ecm e f (t) UL,, o
COTJIACHO MYHKTY 0) 9TOM TEOPEMbI CIIPABEINBO BKIFOUCHHE X(t) UL,.

Iycte AU 0. Tlokaxem, uto A sBnsercs cOGCTBEHHBIM 3HAUEHHEM

onepatopa A. J{s 3TOro A0CTATOYHO YKA3aTh COOCTBEHHYIO (BYHKIIUIO X(t),
OTBEYAIONIYIO COOCTBEHHOMY 3HAYCHUIO A

Lecmu A =i, 10 X(t) =& s moboro K:—co<k<-M -1:
ikt

2)ecru A ==, 10 x(t):e st moboro KM +1<k < +o0;

3)ecn A = b0 +C,, 10 X(t) =C =const;

4)ecrn A =%(b_k +b, +\/(b_k -, +i2) + 4c_kckJ,To
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X(t)=2c_ ™ —[b_k ~ +i2= (b, - +i2) + m_kck]eikt

p b, +i2—\/(b_k—bk +i2) & ¢ |# 0,
x(t) = [bk -b_ —|2\/ -b +i2) “rac c] - x e
: |2 '
p b, +|2—\/(b_k—bk +i2) +4c,c|=0,
+|b, b—|2\/ bk+|2 +4c_ ¢ |#0,
X('[)=C1e_ikt +Ce Ikt , C, u C, —npoussoibHble NOCTOAHHbIE
. \2 _
pn +b_k—bk+|2—\/(b_k—bk+|2) +4 ¢ [=0,

, L \2 .
+bk—b_k—|2—\/(b_k—bk+|2) +4,c|=0,

5) cemn =%(b_k +, (b b, +i2) +4c 6, |, o

x(t):ZC_ke'”“—(b_k—bk+i2+\/(b_k—bk+i2) +&.C j gk

. \2 '
+b_k—bk+|2+\/(b_k—bk+|2) +4c,c | #

npu

On

x(t) =(bk b, —i2+\/(b_k —b, +i2) + 4 q je‘”“ -z M
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b, b, +i2+\/(b_k ~b, +i2)2+ 4.,c|=0,

Ipu ‘C_k‘ +

6+ ~b,, ~i2+ (b, b, +i2) + & 6| # O

x(t) = Cl(-:-'ikt + Czei K C, u C, —nponsBosibHbie MOCTOSHHbBIE

mn foy [+, b +i2+ (b, b, +i2) + 40 6 |= 0

6+ ~b, ~i2+[b, b, +i2) + &6 | = 0

Pagenctsa (6.9) noka3zansl. JlokaszatenbcTBo paBeHCTB (6.10) mpoBoauTcs
aHanoruyHo. [IpuBeaém NuIlb €ro 3aBepIIaAONIYIO YaCTh.

Iycts A Dda. IToxaxkeMm, uto A sBIsSeTCS COOCTBEHHBIM 3HAYEHHEM

omeparopa aE+ A. Jlns 5T0ro m0CTaTOYHO yKa3aTh COOCTBEHHYIO (YHKIIUIO

X(t) , OTBEYAIOIIYIO COOCTBEHHOMY 3Ha4eHUIO A :

Lecmm A=a+i,To X(t) =& s moboro K:—cw<k<-M —1:
2)ecrn A =a-—i, 10 X(t) =& 1 moboro K:M +1<K < +00 :

3)ecmu A :a+b0+c0, TO X(t) =C =const;

4)eciu A :%(2a+b_k +b, +\/(b—k -b, +i2)2 + 4C_kaJ,TO

X(t) = ZC_ke‘ikt _(b_k —bk +i2_\/(b—k _bk +i 2)2 + 4:_ka jeikt

. . \2
pu ‘c_k‘+ b_k—bk+|2—\/(b_k—bk+|2) +4c ¢ [# 0,

x(t) :(bk -b, —i2—\/(b_k —b, +i 2)2 + m_kckje‘ik‘ -z "
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npu -b, +i2—\/(b_k—bk +i2)2+4c_kck =0,
+|b, b—|2\/ bk+|2 +4c ¢ |#0,
X(t) =C1(-Z‘_ikt +Ce Kt , C, n C, —nponsBosbHbIE OCTOSHHbIE
. 32
pn +b_k—bk+|2—\/(b_k—bk+|2) +4 c[=0,

_ _k_iz_\/(b_k ~b, +i2)2+4c_kck =0;

5)ecrn A =%{2a+b_k +by, —\/(b_k ~b,+i2) + 4c_kckJ,To

x(t)=2c_ e —[b_k ~b, +i2+\/(b_k ~b,+i2) + m_kckJeik‘

npn tlo, - +iz+ (b, - +i2) + &g |2 0

X(t) =(bk b, -i2+\(b, - +i2) + 40, je‘”“ -z M

p +b, —b, +i2+\/(b_k ~b+i2) + 4= 0,

. )2 '
+bk—b_k—|2+\/(b_k—bk+|2) +4 ¢ |#0,

X(t) = Cle ikt +C2 gt C u C — IIPOM3BOJILHBIE TOCTOSTHHbIE
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pu e | *+[o, —h, +i2+\/(b_k -b +i2) + & g |= 0,

6+ ~b, ~i2+[b, b, +i2) + & 6| = 0

Teopema 6.2 mokazaHa.

7.PASPEHIMMOCTD MHTET PAJIbHBIX YPABHEHU

B nacrosimem maparpade 3aiiMemcst mpoGiieMoit pa3peiuMoCTH U OJJHO-
3HAYHOW Pa3pelMMOCTH CHHTYJISIPHBIX WHTETPAIbHBIX ypaBHeHWH [minbepTa
(1.1) u (1.2) B mpocrpanctee HL . Cumon HL 6Gyner oGosnauars moGoe u3

a o
npoctparcts HY u L2. CornacHo Teopeme 6.1, TaHHBII BONPOC MOJHOCTHIO

3aMEHSICTCS HCCIICIOBAHIEM COBMECTHOCTH M OIIPEACICHHOCTH OECKOHEYHBIX
CHCTEM JIMHEWHBIX airebpamveckux ypaBHenuid (6.1) u (6.2). Hwke npuBoaum
yTBepaKIeHHUs 0 paspetnmoctu ypasaenus (1.2). Eciau B Hux nosnoxuts a =0,
TO TIOJYYHMM aHAJIOTHYHBIC YTBEepXKIeHus u s ypaBHenus (1.1). [lns dpopmymu-
POBKH YKa3aHHBIX YTBEP)KACHHH MMOHATOOSTCS CIEAYIOLIME MAaTPHIBI BTOPOTO
nopsiKa

ati+b, C,
X ) , k=1,...M
C, a—|+bk

1 UX ONPCACIUTEIIN
A =det(B )=(a+i+b,)(a-i+h)-c,c,.  k=1..M.

ByzaeM npeamoarars, 4To 4dcio a, Bxogsuiee B ypasaenue (1.2), ymos-
JIETBOPSET YCIOBUIM

azi u az-. (7.1)

CoracHo Teopeme 6.2, ypasaenue (1.2) ABiseTcst OMHO3HAYHO pa3pellu-

mbiM B nipoctpanctee HL , ecmn 0L O . Ha sisbike koddduumentos ypasuenus

OTO YTBEPKACHUC MOKHO (bOpMyJIPIpOBaTL CJICAYIOUM 06p330M:

262



Meron perynspuzauuu cIBUroM: TeopHs U IpUI0KEHUS I'nmaBa3. §7

Teopema 7.1. /[na oonosnaunoii pazpewiumocmu ypasnenusn (1.2) ons

noboin f (t) OHL reobxooumo u oocmamouno svinonnenue ycnoguii
a+b +c,#20, (7.2)
A #0, k=1,..M . (7.3)

Joxka3artenabcTBO TeopeMsl 7. 1mnpuonurcs B § 8.

Ecin ODO’a, TO HEKOTOpbIe W3 HepaBeHCTB (7.2) u (7.3) 3ameHsOTCS
paBeHcTBaMU. B 3TOM citydae s paspeiuMocTr ypaBaenus (1.2) HaknajabiBa-

1oTcst TpeboBanus k npasoi wactu f (t) OHL, a nns oxHo3HauHOU paspernu-

MOCTH — U K HICKOMOMY PEILICHHIO X(t) OHL.
Teopema 7.2.ITycmo umerom mecmo ycaosusn (7.3)u

a+b,+c,=0. (7.4)

Tozoa ona paspewtumocmu ypasuenus (1.2) ona oannon f (t) OHL neobxo-

OUMO U O0CMAMOYHO 6bINOJIHEHUE paeencmea
1 m
— | f(t)dt=0, 7.5
277_L (t) (7.5)

npuuém, ecnu ypasuenue (1.2) paspemumo, mo 01s 1106020 KOMRIAEKCHO20

yucna do cyugecmeyem moabKo 00HO peuleHue X(t) UOHL, yoosremesopsio-

uiee ycioeuro
—j x(t)dt=d . (7.6)

Jloka3aTteabCTBO TEOPEMBI 7.2 MPUBOIUTCS B § 8.
PaccMoTpuM citydaii, koraa st Hekotopbix K D{l, e ,I\/I} BBITIOJTHACTCS

PaBCHCTBO

A =0, kO{1,..M}. (7.7)
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Jnst GopMyNTUPOBKH YTBepKIACHHH O pasperinmoctd ypaBHeHus (1.2) B aToM
cilydae Juls KakKI0ro 3HadeHusi K, mis kotoporo mmeer mecto ycinosue (7.7),

HY’KHO 3HAaTb TPUBUAJIBHOCTH WUJINM HECTPUBHUAJIBLHOCTL 3JICMCHTOB COOTBETCTBYIO-

IMAX MaTpHUI] Bk‘ Oror dakT qUKTYyeT BBOAUTH B paccmoTrpenue 10 paznmuHbix

CUTYyaLM:

—
=
N—

a+i+b_k=0, c,=0, c =0, a—i+bk:c;

a+i+b_k¢0, c,=0, c =0, a—i+bk:c;

2 -k k
3 a+i+b_k:0, c_k¢0, ck:O, a—i+bk:c;
. ati+b, =0, ¢, =0, ¢ #0, a-i+h =¢(

a+i+b_k:O, c,=0, c¢ =0, a—i+bk¢ C

a+i+b_k¢0, c,z0, ¢ =0, a—i+bk:o;

(=)

a+ti+b, =0, ¢, =0, ¢ #0, a-i+h #0

~

(e)

a+i+b_k¢0, c,=0, c #0, a—i+bk=c;

& F 2 2P

©

—_— —  — ~—— —  ~— ~———  ~——

a+ti+b, =0, c,#0, ¢ =0, a-ith #(

z0, c #0, a—i+bk¢ C.

-k k

— e e e e e e e —

A, 10) ati+b, #0, ¢

Ecnu nns mamsoro K ompepenumrens Ak =0, To UMeeT MecTO OfHA H

TOJNILKO OJHA W3 CHUTyalui (A( j), j =1,...,10. Kaxnoit u3 >Tux curyauuit

COOTBETCTBYET CBOC YCJIOBHUE Pa3pCIIUMOCTH, KOTOPHIC IIEPEUNCIIMM HUXKE!:
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T /g

(B..) %Tj f (t)edt =0, z_m f (t)e ™ dt = 0;
(Bk,z) %T]Tf(t)e_i“dt=0;

(6. =] r0e™a=o
(Bk,4) . (t)e"dt =0;

(Bkys) %Tj f (t)e"dt =0;

(B %Tf f(t)e™dt=0:
(Bm) %TI f(t)e"dt=0;
(Bk,s) ;—';T_]Z f (t)e”“dt _LZ:Tb_k_-’.Z f (t)e—iktdt —0:

(Bk’g) a-i+h ]‘T f (t)eiktdt_cz;]kT ]‘T f(t)e ™ dt =0;

2 L
C T - a+i+b 7 ~
(Bk,m) ﬁj f(t)e dt- o —k j f(t)e™dt=0
i i

501858
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(B 20) _'+bk j 'ktdt—cz;l';’f f (t)e™dt=0.

-
Ecnn BbImonHens! ycnosus paspemmmoctu ypasHenus (1.2) —curyanun
(Bk, j ) , 1 =1,...,10, To ypaBHEHUE NMeET GECUUCIEHHO MHOTO pemteHui. Js
TOTO YTOGBI OT/ENUTH KOHKPETHOE PELIEHNE, HA PENICHHE HAKIIAIBIBAIOTCS yC-

noBust. Kaxkmas U3 9TUX curyaruii (A( j) , J =1,...,10 tpebyer cBou ycnorus

Ha pelIeHHe X(t) ypaBuenus (1.2). Ilyctb dk_ u d: — IPOU3BOJBHBIE KOM-

TUIEKCHBIE 9nciia. PaccMoTpiM ycnoBus:

( ) 171()-kt llf()-kt
C — | x(t)eMdt=d", — | x(t)e™dt=d"
k1 2’ K 2T k

-

m

(Ck’ 2) %TJ‘ x(t)edt=d’
-
17 -
(Ck‘s) — [ x(t)e"dt =d;

21T

T

(Ck,4) %T_,[ﬂx(t)e_iktdtzd;

(Ck,S) 1] x(t)edt =d, ;
(ck‘e) —”j x(t)eMdt=d; nm Z—;I x(t)e"™Mdt=d’

(Cm) —.[Tx(t)e”“dt=d|; wm %J‘x(t)e‘”‘tdt=d;
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(Ck 8) — ]T x(t)e™dt=d;
-

e 2 roeraa

(Ck.lo) %T ]T x(t)edt=d_ wm %T ]T x(t)edt=d, .
- -

CripaBeIUTHBEI CIICTYIONTHE YTBEPIKICHIS:

Teopema 7.3. Ilycmv umeem mecmo ycnosue (7.2) u 01sa HeKomopwlx

kl]{l,...,M} — yenosue (71.7). Tozoa ona paspewmumocmu ypasnenusn (1.2)

ona oannon f (t) OHL 6 cumyauuu ('Ak j) , HE0bX00uUMO U docmamouno

6bINOIHEHUE PABEHCMEA (Bk j) ; npuuém, ecu ypasuenue (1.2) pazpewumo,
- +
mo 0na n100bLIX KOMNIEKCHBIX Yucen dk u dk cyujecmeyem moJibKo 0OHO

peutenue X(t) OHL , yoosremeoparwee ycnosuio (Ck j) v D{l,...,l(} .

Jloka3ateabCTBO TeopeMsbl 7.3mpuBoauTCs B § 8.

Teopema 7.4.Ilycmv umeem mecmo ycnosue (7.4) u 0ns nekomopwix

kl]{l,...,M} — yenosue (71.7). Tozoa ona paspewmumocmu ypasnenusn (1.2)

onsn oannoii (t) OHL ¢ cumyauuu (A{ j) , He0OXO0UMO U 00CMAmMOUHO

6bINOJIHEHUE PAGCHCMEA (B ) u (7.5), npuuém, ecru ypasuenue (1.2) pas-

K, ]
- +

PewumMo, mo Ons U0ObIX KOMNACKCHBIX YUCeN do’ dk u dk cywecmeyem

MoabKo 00HO peuienue X(t)DHL, Yyooenemeopsaiowiee ycioeuio (Ck j)’

i0{1,....10 u (7.6)

JlokasaTenbCTBO TeOpeMbl 7.4npuBoanTcs B § 8.
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8. JOKA3ATEJbCTBO
TEOPEM 7.1 -7.4

Joka3zaTeancTBO TeopeMbl 7.1.B cuny teopemsr 6.1 ogHo3HauHas pas-
peUIMMOCTh HMHTErpanbHOro ypaBHeHHs (1.2) SKBHBalCHTHa ONPENCICHHOCTH
(TO ecTh COBMECTHOCTH M €IMHCTBEHHOCTH PEIICHHS) OSCKOHEYHOW CHCTEMBI
(6.2). TToaToMy BMecTO MHTErpanbHOro ypaBHeHus (1.2) MOXXHO paccMaTpUBaTh
0eckoHEUHYI0 cHcTeMy (6.2).

Heo6xoaqumoctb. [Iycts cuctema (1.2) sBnsercs onpeneneHHoi. Torna,
BO-IICPBBIX, OJHO3HAYHO Pa3pELINMO TPEThe ypaBHEeHHe chucTeMsbl (6.2), koTopoe
SKBUBAJEHTHO ycioBHio (7.2). Bo-BTophix, a1 moboro K D{l,...,M} KaXkaas
U3 CHCTEM BTOPOTO TIOPS/KA, COCTABICHHAs M3 BTOPOTO M YETBEPTOTrO ypaBHE-
HUH cuctembl (6.2), ABiseTcsl onpeneseHHOW. DT0 03Ha4YaeT HETPUBHAIBHOCTD

OTIPENIEITUTENSI 3TON CHCTEMbI — BhIMOJHEHUst ycinoBus (7.3). Heob6xoammocTs
JIOKa3aHa.

Hocrarounocts. [Tycts uMeroT Mecto yenosus (7.2)u (7.3). U3 ycinosus
(7.2) BBITEKAET, YTO HEU3BECTHOE X, CHCTEMBI (6.2) maxomutcs ogHO3HAYHO. V3
ycnoui (7.3) BEITEKAET OJHO3HAYHAS Pa3PEIIUMOCTh CUCTEM BTOPOTO MOPSIKA,
COCTaBIEHHBIX M3 BTOPOrO M YETBEPTOro ypaBHeHWM cucteMsl (6.2), TO ecTh
OJIHO3HAYHO OIPENENSIOTCS HEU3BECTHBIE X, | k=%1,...xM . U3 ycnosus
(7.1) BBITEKAET, UTO W OCTAJbLHBIE HEM3BECTHBIE cHCTeMBI (6.2) ompenensroTes
onHosHauHo. ClienoBaTenbHO, W MHTerpanbHoe ypasHenue (1.2) paspernmo

OAHO3HAYHO. J[0CTATOYHOCTH JOKA3aHa.
Teopema 7.1 mokasaHa.

PaCCY)K,Z(eHI/IH, NMPUBCACHHBIC B JOKA3aTCJIbBCTBC TCOPEMbIL 71, 6yﬂyT uc-
ITOJIB30BAHBI U ITPHU JOKA3aTCIIbCTBAX OCTABUINXCSA TCOPEM. HpI/I HCO6XO,Z[I/IMOCTI/I
Ha 3TU PACCYKACHU 6y,HGM YKa3bIBaTh, HO HC 6yz[eM TMOBTOPATD.

JlokazaTeabcTBo TeopeMbl 7.2. IlycTh BBINOJNHEHBI yenoBus (7.1) u
(7.2). Torna u3 cucremsl (6.2) OIHO3HAYHO OMPEIEISIOTCS BCE HEU3BECTHBIC!

X k#0.
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B cuny ycnosus (7.4) ypaBHeHue, colepiKalliee HEU3BECTHOE X, » AMeeT
BUJT OD% = fo. Heo6X0MMBIM M JOCTATOYHBIM YCIIOBHEM Pa3pEIIMMOCTH TO-

r'0 YpaBHEHUSI SBJISIETCS YCIOBHE fO =0, xoropoe skBuBaneHtHo (7.5).

TakuM 06pa3zoM, npu BeimonHeHud ycenosuil (7.3) u (7.4) cucrema (6.2)
SIBISICTCSI COBMECTHOM M 3HAYCHHS BCCX HCM3BECTHBIX, KDOME X, OPCICIIIOT-
csi onHo3HauHO. HemsecTHOE X, Kak CBOOOIHOE MEPEMEHHOE, MOKET NPHHH-
MaTh JI00bIC 3HAYCHNS.

ITycts ypaBuenue (1.2) paspemnmo Ipu JaHHOM f(t)D HL wu mano
d0 UC. Torma monaras dO = X, OIHO3HAYHO ONPEJCIUM PEUICHHE CHCTEMbI
(6.2). Psin @dypbe, cocTaBICHHBIA M3 3THX KOI()OHUIHUCHTOB, CXOIUTCS H €ro
cymMMa X(t) SIBIISICTCS] €IMHCTBEHHBIM pelieHneM ypaBHenus (1.2), ynoeneTso-

psirommM yciouto (7.6).
Teopema 7.2 moka3aHa.

Hoxa3zateancTBo Teopem 7.3 m 7.4. [lycTe AN HEKOTOPBIX HOMEPOB
kD{l,...,I\/I} BBITIOJIHSIETCS ycoBue (7.7). VI3 COOTBETCTBYIONUX ypaBHEHHN

cucTeMsl (6.2) cocTaBUM CHCTEMY BTOPOTO TOpsiIKa
(a+| +b_k)x_k +c X =f,,
_ (8.1)
C X, +(a—| +bk)xk =f.

Tak kak onpezaenutens cucteMsl (8.1) paBeH HYJI0, TO HE ISl BCIKHX f—k " fk

OHA SIBJISIETCS COBMECTHOM. [IJisi ompeienieHust CoOBMecTHOCTH cuctembl (8.1) He-
00X0TMMO paccMaTpyBaTh CUTYAITUH (A( j) , J =1,...,1C.
Ecmu nmeeT MecTo cutyanus (A( 1) , T0 (8.1) npunuMaet Bua

Ox, +0x =f_, 6.2)
Ox_, +0x =f, .
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Heo0XoquMbIM U JOCTATOYHBIM YCIOBHEM COBMECTHOCTH CHCTEeMbI (8.2) siBis-

I0TCSI paBE€HCTBA f—k =0u fk =0, KOTOpbIE B Pa3BEPHYTOM BHJIE 3AMHCHIBA-

I0TCA KaK (Bk‘ 1) )

Eciu uMeeT MecTo yCIoBHUE (B ) , To cucteMa (8.2) ABIsieTCs COBMECT-

k, 1
HOM, TIPH OTOM HewsBecTHbIe X, H X, , KaK CBOGO/HBIE MEpEMEHHbIE, MOTYT
NPUHAMATH TPOW3BONGHEIC 3HAUCHMS. ECIH ONpeNenuTh 3HAYCHHs 3TUX HEH3-
BECTHBIX, Monaras X , = dk_ moX = dI: , TO OHO3HAYHO OMpeseNseTcs pele-

Hue cucteMsl (6.2). Psg ®@ypee, cocTaBIeHHBIH U3 3TUX KOIP(HUIHESHTOB, CXO-

JUTCA, U €TO0 CyMMa X(t) SIBJISAICTCS] MHCTBEHHBIM pelieHieM ypaBHenus (1.2),

YAOBJICTBOPAOIIUM YCIIOBUAM (Ck 1) .

Eciu nMeeT MECTO CHTYaIHst (A( ) , T0 (8.1) npuHHMAaET BUJI

, 2

(a+i+b )x +0x =f
L) X TUXE T (8.3)

Ox_, +0x =f .
Tak kak a+i +b_k # 0, To HemsBecTHOE X_, OMPENENIETCS OAHO3HAYHO U3

nepBoro ypaBHeHus cucteMsbl (8.3) mst moboro f—k‘ IToaToMy COBMECTHOCTB

CHUCTCMBI (83) CBOAUTCA K COBMECTHOCTH BTOPOTO YpaBHCHMUH. I[J'IH COBMECCTHO-
CTH BTOPOT'O YpaBHCHHUA CHUCTEMBI HCO6XO,I[I/IMO N TOCTATOYHO BBITIOJTHEHHUE pa-

BCHCTBA fk =0 , KOTOPOC B Pa3BE€PHYTOM BUJIC 3alIMCBIBAIOTCA KaK (Bk 2) .

Ecin uMeeT MeCTo yciaoBUe (Bk 2) » TO HEH3BECTHOE X, , KaK cBoOoOIHOE

MCPEMECHHOC, MOXKET IMPUHUMATL ITPOU3BOJIBHOC 3HAYCHUC. Ecmu OIIPEACIUTD
+
3HAa4YCHUC 3TOI'0 HCU3BCCTHOTI'O, ITOJIaras Xk = dk , TO OAHO3HAYHO ONPCACTACTCSA

pemienre cucrteMbl (6.2). Ps dypbe, COCTABIEHHBIH U3 3THX KOY()(QHUIIMEHTOB,

270



Merton perynsipuzanuu cABUroM: TeopHs U NPUIOKEHUS [maBa3. §8

CXOJIUTCS, M €r0 cCyMMa X(t) SIBIISICTCA €IMHCTBEHHBIM PEIICHHEM YpaBHEHHS

(1.2), y1oBIETBOPSAIOIINM YCIOBHIM (Ck 2) .

Ecnu umeet MecTo cutyanus (A( ) , T0 (8.1) mpuHKMMaeT BUI

, 6

1
—h

(a+i +b—k)x—k +C_ka -k’

(8.4)
Ox,, +0x

1
—h

Tak kak a+i+ b_k Z0u C, # 0, To HeOOXOIUMEIM M JJOCTATOYHEIM YCIIOBH-

€M COBMECTHOCTH cHUCTeMbI (8.4) sBisieTcsi paBeHCTBO fk =0, koropoe B paz-

BEPHYTOM BHJE 3alUCHIBAIOTCS Kak (Bk’ 6). OpHO W3 HEW3BECTHBIX, HE BAYKHO

KaKoe, ONPEeNsIeTCs U3 IePBOro ypaBHeHus cucteMsl (8.4) ws 106010 f_k .
Ecnu umeet mecto ycnosue (Bk’ 6), TO OJHO M3 HEM3BECTHBIX X , —WIH

X, » KaK CBOOOZHOE TIepEMEHHOe, MOXKET MPUHUMATh MPOU3BOJIHLHOE 3HAUCHHUE.

- +
Ecmm OIMNPCACINTb 3HAYCHUEC OAHOTO M3 HUX, HOJaras X—k = dk nin Xk = dk y

TO IPYroe OJHO3HAYHO ONpPENESeTCs M3 MEPBOrO ypaBHEHHs cHCTeMBbI (8.4).
Psim @ypre, cocTaBlieHHBIN U3 3THX KO3(QQUIHMCHTOB, CXOAMUTCS, U €r0 cyMMa

X(t) SIBIISCTCS] CAWHCTBEHHBIM pelIeHHeM ypaBHeHuUs (1.2), yIOBICTBOPSIOIIIM

YCIIOBHSM (Ck’ 6) .

OcranbHble CUTYalluy pacCMaTpUBAIOTCS aHAJIOTUYHO.

VYenosue (7.2) paccMOTpeHO B J0Ka3aTenbcTBe Teopembl 7.1,a (7.4) —B
JI0Ka3aTeIbCTBE TEOPEMBI 7.2.

Teopemsr 7.3u 7.4 noka3aHsbl.
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9. IMCKPETHBIE AHAJIOT'Y UHTET'PAJIbHBIX YPABHEHU I
HNEPBOI'O POJA

Hccnenyem 3aauu YUCICHHOTO PEIICHHUS CHUHTYJSPHBIX HHTETPabHBIX
ypasuenwuii Tuna I'mis6epra (1.1) u (1.2). OTBeTHl Ha BOIIPOCH! Pa3pelIMMOCTH,
B YACTHOCTH, OJHO3HAYHOW paspernumoctu ypasaenust (1.1), momywarorcs us3
OTBETOB Ha aHAJOTHYHBIE BOIpockl st ypasaenus (1.2) mpu a=0, to ectp
ypaBHenue (1.1) MOXKHO paccMaTpHBaTh KaK 4acTHBIH ciaydail ypaBHeHus (1.2).
OnHako auckperHble ananoru ypasHenuii (1.1)u (1.2) oTaM9aroTcs CymecTBeH-
HO U, CJIEZI0BATEINIbHO, YUCICHHBIC AITOPUTMbI PEIICHHS TUCKPETHBIX YPaBHEHHI
HPHHIHUITHAIBHO OTINYAI0TCS MEXKIY COOOM.

Hapsiny ¢ ypaBHenusmMu (1.1) u (1.2) paccMOTpUM CHCTEMBI JTMHEHHBIX
anreOpandecKuX ypaBHEHHM

AXy = fy 9.1)
Al = £(e) ©.2)
rac
A :CY -V, (9.3)
AR N (9.4)

JIUCKPETHBIE OTIEPATOPhI — KBaaparHbie MaTpuisl opsaka N u 2N ;

f,ocy,  f@oc, (9.5)

x,0cN,  xdoc™ (9.6)
3aJaHHbIC U UCKOMBIC BEKTOPBI, KOTOPBIC OIIPCACICHBI HUKE.

9.1. Cerounnie (pyHKUHHU U JUCKPeTHbIe onepaTopkl. [lycte N =2 —
TPON3BOJIIFHOE YnCIIo. [Tomoxmm
_am

hNN

(9.7)

Touxa

s D[—hN, —0,5hN] (9.8)

O,N

BI)I6I/IpaeTC$I IMMPOU3BOJILHO.
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Ilannomy umcny N comocTaBuM aBE PaBHOMEPHBIE CETKU {S; N} u

{t; N} , IPHHAUIEKAIINE OTPE3KY [O, 271] :

SN T SN +th’ m=1...N, (9.9)
ton =ty tMh, m=1..N, (9.10)

rac
tO N~ SonN +O'51N . (9.11)

Touxkn S, ut BeesieHnbie B (9.8)u (9.11),Ha3bIBalOTCS HYJIEeBBIMH

o,N’
y3J1aMH CETOK {S; N} u {t; N} ,a hN —marom stux cetok. Crnexys 1. K. JIu-

(banoBy [55 ¢.265], MmHOMKecTBO y3110B ceTok (9.9)u (9.10)Ha30BEM KaHOHHYe-

CKHM pa30HeHHneM OTpe3Ka [O, 271] .
PaccMOTpHM OIEpaTOpEI qJ{ snp M qJ{t,N} , CTABSAIIUE HA CETKaX {S; N}

u {t; N} KX 0¥ YyHKIHH X(t) OHY cerounsie hyskimu

, S:N}x:(x(sLN), x(sZ’N),...,x(sN ’N))T, (9.12)

i) o]

Z[HH KOMITAKTHOCTH 3aITUCH BBOJWM CJICAYIOIINE 0003HaYCHUS

&) = —s m=0,1,...N- 7, (9.14)

m,N 1N m+1,N’

Er(r1+2\l :th +Sm+1N, m:O,l,...,N -l (9'15)

JuckpeTHsIit aHamor A\‘ CHHTYJISIPHOTO HHTErpaimbHOro oneparopa (1.3)

OTIpeNIeINM PaBEHCTBOM

AN =TN + Kl,N + KZ’N , (9.16)
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rae T, K 1 K, —auckpernsie ananoru oneparopos (1.4), (1.6)u (1.7):

2,N

T, —UuMpKyIsHTHAS MaTPUIA C TIEPBOM CTPOKOM

N
(- () ()
1 Son 1 $in 1 . Snoin
—ct . —ctg——— ... — ctg—|; 9.17
N g 2 N 2 N 2 ( )
K, ., —IMpKyJISHTHAs MaTpHLA C IEPBOM CTPOKON

1N

I ) I ) B (U | R

K 5 —HCPUHPKY/ISHTHAS MATPULIA C TIEPBOIi CTPOKOI
1 + 1 + 1 +
[Nkz(gc(m) Nkz(fg,l\}) Nkz(fl(\l—)lN )} (9.19)

¢dyHKINH kl(t) " k2 (t) ompenencHsl papeHcTBamu (1.8).
IMycTs X(t) OH?. Torma (TX) (t) O0HY . Paccmotpum 3Hauenus pyHK-
0701 (TX) (t) B y3JIaX CETKH {t, N}

{(M(60) ™) 0 Mten)}- (9.20)

IMonyuennoe MHOkecTBO 3HadeHui (9.20) MOKHO IpPEACTaBUTH Kak 00pa3 sie-

MEHTa (TX) (t) OHY npu neiicteun omeparopa qJ{ N}

@00 (70 =t ) (0t ) (T30t ). e

v a
PaccmoTpuM Temeps MHOKECTBO 3HAYCHUN ()YHKITHH X(t) OH® B ysmax

CETKH {S, N}
(5 o) - Hlson) 02
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INony4yeHHOe MHOXKECTBO 3HaueHH (9.22) MOXKHO MpPENCTABUTh Kak 00pa3 sie-

MeHTa X(t) OH? npu xeitctun oneparopa CD{ SN} :

, S:N}x:(x(sLN), x(szﬁN),...,x(sN ’N))T. (9.23)

K nonyueHHOMY BEKTOpY NMPUMEHUM JUCKPETHBIN OrepaTop TN 1 TIOJTy4YEeHHBIN

BeKTOp cpaBHuM ¢ BekTopoM (9.21).B [14, c. 35] nokasana crpaBemIMBOCTh
OLICHKH

‘(GJ{t;N} (Tx))m —(TNCD{ S,;N}x)

=O(N'”In N), m=1..N, (9.24)

m

rie (CD{t;N} (TX))m u (TNCD{ SN} X)m ABJIAIOTCS M -MHU KOOpAUHATAMH BEKTO-

poB CD{t;N} (TX) u TNCD X.

{siN}
Jlnst IByX peryispHbIX MHTETPAJOB, COCTABIAIONINX CUHTYJISIPHBIA WHTE-
rpasIbHBIH onepaTop Tuna ['minpbepra, crpaBeUIMBEI CIETYIONINE OLIEHKH

‘(q:){ t;N} (le))m - ( K1,NqJ{ siN} X)

‘(q){t:N}(KZX)) _(Kz,Nq){s;N}X)m

U3 coortHomenuii (9.24) — (9.26}1eayroT OLEHKH anpoOKCHMAIUN

‘(q’{t:w} (AX))m‘(’Nq’{ s:N}X)m

:O(N'”), m=1,...N, (9.25)

m

=o(N‘”), m=1,...N . (9.26)

m

=o(N‘”|n N), m=1,...N,

HQD{HN}A_AN@{ SNHIL, :O(N_Hm N), (9.27)
e
[Al. = sup [Ay], (9.28)
2,N HyHLZVN_l 2,N
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18, 2
Ivl,, = 2% (9.29)
! m=1

T
— IUCKPETHBIN aHaJIOT HOPMBI B L2 Y= (yl, y2, e ,yN ) .

9.2.IIpeodpa3oBanue @ypbe AMCKPETHBIX ONEPATOPOB. J[MCKpETHEIE

oneparopsl T, K n K onpezieneHubie B § 1 cBOMMM IEPBLIMHU CTPOKA-

2,N’

mu (9.17) — (9.19) gBist0oTCS MUPKYJISHTHBIMA W HEPLMPKYJISSHTHHIMA MaTpH-
namu. [l penieHus CHCTEM, MaTPHIBI KOTOPBIX - HUPKYJISHTHBIC, NEPLUPKY-
JISIHTHBIE WM HedTpaiapHoro tuma B 88 1 — 3rmaBbl 1 mpemsioxkeHsl ObICTPhIE
aNrOPUTMBI, OCHOBaHHbIe Ha Merone Dypee [21, 23, 75].Tak Kak dIEMEHTHI

matpun T, K 1 K, | ABISIOTCS TPUrOHOMETPHYECKNMHU BBIPAXKEHUAMH,

TO yz[aéTc;{ BBIYHCIIUTD AaHAJIUTHYCCKU IIPOU3BCIACHUA

0 0
Fl\?TNFN’ FNKl,NFN u FNK2,NFN’

rae FN —wmarpura Oypee mopsaka N onpenenena pasencreom (1.1.19).

Jlemma 9.1, /[na nioé6oz0 N = 2 cnpaseonueo pasencmeo

FUT Fy =diag(A), 4, Ay ). (9.30)
20e
(2]
A,=0, A =e? N k=1..N-1 (9.31)
Joxa3aTeanbcTBo Jemmbl 9.1.[Tonaras
1 1:1 N B Sm+1 N
a =—ctg———, m=0,...N—- [,
™ N g 2

MEPBYIO CTPOKY MaTPHUIIBI TN MOXKHO 3aIicaTh B BUIE [ao al aN_J . Co-

rnacHo paBeHcTBY (1.29,Teopema 1.7,rnaBa 1), umeem
FT Ry = diag(¢N (WO) By (Wl) RRNN (WN_l)),
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N-1
e g (wW)=>aw".
m=0

BbIUHCINM 3HAYCHHS ¢N (Wk) : k=0,...,N -1 ITo onpenenenuio To-

yeK Sm’N u tm‘N HMeEEM
o
LN Sm+iN N ' =0,..N-1,
OATOMY
1, (1-2m)m
a =—ctg——, m=0,...N—_. 9.32
o= N (9.32)

Ecmn monoxurs @ =@, (oTo paBenctBo moiyuaercs u3 (9.32) npu
m=N ), TO YHCJIa TaOJIHLIBI al, a2, ...aN_l, aN 00J1a1a10T CBOMCTBOM HEYET-
HOCTH OTHOCHTEBHO CEPETUHBI TAOIHUIIBI, TO €CTh

a =-a, m=1...N. (9.33)

N+1-m m’
PaccmotpuM, Jasiee, Mo OTAENBHOCTH CIIyYan YeTHOro 1 Heyetnoro N .
Iycts N =2N, —uernoe uncno.. Toraa s cuiy (9.33),umeem
Nl
9, (W) :Zam(vxl‘“—wN‘m+1). (9.34)
m=1
Hcnonb3yst O4eBHIHOE PABEHCTBO

K
er(n_WL\J—mﬂ:ZSin(zm 1)k” _'(721 r\ﬂ
N

xoTopoe cripaBemaubo s cex K=0,...,N—-1u m=1,.. .,Nl, HOJTyIUM

¢N(w):—i (7 k“‘”)z ctg (2m- )HS'n(ZﬂN]) . (9.35)
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TTonoxum
N -1
b(k) =Y ctg(2m+Ja,, sirk( 2n+ 1o, (9.36)
m=0
N,-1
c(k)=> cosl(aN + mJN), (9.37)
m=0
T T
a'N =m, 6N :N. (938)
Torma
b(k+1)—b(k):
N-1
= > [sin(k+1)(2n+ )5, - sirk( + )3, | ctf @+ Yo =
m=0
N1 cos(a +md )
=2 i mo. R mj |— N N/
m:OS|n(aN + N)coi + )(aN + N)sin(aN +mc5N)

N,-1 N,-L
= mZZOCOSE(k+ J)(aN +mcSN)+ > cosIZ(aN +mJN) =

m=0
=c(k+1)+c(k). (9.39)
,/:[J'Iﬂ HaXO0XICHUA 3HAYCHUA C( k) HCIOJIb3YEM TOKIACCTBO

cosa+ coga+9)+ .+ cowr+(n- )B)=

n-1 . no
co a+75 sw%2 5
5 , ecnu  Sin—# 0,
= sin— 2 (9.40)
2
.0
ncosa , eciu smE =0,
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KOTOpOE CIpaBeuHBo s Beex @ , O u K. U3 (9.37)cnenyer C(O) =N,,ams

(9.40)mpu k =1,...,N — 1, umeem paBencrsa

N, -1 - 2kN. O,
co§ Xa, +-1 -~ X5 |sin—1N
N 2 N 2 sinkNJ
c(k) = = N, (9.41)
. 2ko, 2sinkd,
sin—>N N

rae BeJIHYHHA JN onpenenena B (9.38). Tak xax npu K =1,...,N — 1 semon-

HAKOTCA COOTHOIICHUA
kNG, =k, 0<kd, =<T<,
N
TO SinkNg = 0; sinkg # 0, k= 1,.N-,

u, crenoBatelbHo, u3 (9.41)monyunm

c(=c(2)=..=c(N-9)=a (9.42)
U3 (9.39)c yuerom (9.42)umeem
b(1)=b(2)=..=b(N-1. (9.43)
Brruncium 3HaucHME b(l) . 13 (9.36)cnenyer
N,-1
b(1)=>" ctg(aN +mJN) sin E(O’N + mJN) =
m=0
S 1+cosia +md, ) =N +SinN15N =N 9.44
_n%[ N N:|_ 1 sind, T (9:44)
U3 (9.43)u (9.44)noayuum
b(k)=N,, k=1,...N-1. (9.45)

IMoxacrasiss (9.43)u (9.45)s (9.35),0ymeM uMeTh

8y(w)=0  4(w) =ei(g_%j, k=1,..N-1

279



Merton perynsipuzanuu cABUroM: Teopus U NPUIOKEHUS [maa 3. 8§89

CopaBemuBocThb paBeHcTBa (9.31)nokazana.

IMycrs N =2N, +1 — neuernoe uncno. llpu M= N, +1 u3 pasencrsa
(9.32)cnenyer

1 (1+ 2N1)7T_ 1

— - _ ]T_O
am—aN1+1— NCth__N Cth— .

IMonydeHHOE PABEHCTBO O3HAYAET CIIPABEIMBOCTh paBeHCTBa (9.34)u B ciyuae
neuetdoro N . JlanbHelIee I0Ka3aTenbCTBO MOBTOPSET JOKA3aTENLCTBA CIIy-
yasg yetHoro N .

JIemMma 9.1 nokaszana.

Jlemma 9.2. /Ina mooozo N =22M +1, 20e M — cmapwas cmenens
mpuzonomempuuecxkux nonurnomoe (1.8), cnpaseonuso pasencmeo

D _ .
Fy KLNFN —d|ag(,ul’0, Moo ,,ulN_]), (9.46)
20e
bo’ ecin n=0,
s
b_ne N, eciu n=1,...M,
= 9.47
0 7o, cctn N=M+1..M+M,, 647
i(N—n)ﬂ
bN_ne N | eciu Nn=M +MO+1,...,Z\/I +M0

Hokazarenbcrso jgemmbl 9.2. [lo yenosuro nemmer N = 2M + 1. Tlo-

9TOMY HaNIETCA TaKOe |\/|O 20,90 N =2M +1+M 0"

Ilonaras

a, =%k1(5(‘}“), m=0,..N-1

m

¢ yuetoM paBercTBa (9.14),momy4nm

:ik(w} m=0,...N - 1. (9.48)
,m N 1 N
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[punumas Bo BHEMaHue onpeneneuue Gpynkuuu (1.8),u3 (9.48),0ynem umetsb

1 M ik(1—2m)lr
almzﬁ Z be N , m=0,..N-1 (9.49)
’ k=-M

CornacHo paBencTBy (1.29,teopema 1.7,rnapa 1), umeem

FoKiWFu = diag(¢1’N (WO) 2N (WJ) s Py (WN_ 1))

rae
N-1
g (w)=>a w" (9.50)
m=0
BeruncniM 3HaYeHUs ¢1N(Wn): n=0,....N—-1 "3 (9.49) u (9.50)
nMeeM
¢1,N(Wn)_ NZ be " Wrzﬁzbkze Noe N o=
m=0 'Y k=-M k=-M  m=0
1 M ik N 2ken)
:—ZbkeN ze N =H
N k=-M m=0

TAe [ |, —OTIpeieeHbI B (9.47).

PasenctBo (9.46)n0Ka3ano.

0 .
Jlnst GIOYHOTO TpeaCTaBIEHHS FN K1 N FN BBEJIEM 0003HAUEHHUS

o7
b_x?
k() = . (9.51)
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e
v
x=el; (9.52)
Kg_z) — HysieBas KBajparHas Marpuia nopsgka M (mpn M =0 mar-
puia Kg_z OyJeT OTCYTCTBOBATE);
-y .
b, X
M-1
by X
K{) = ; (9.53)

i bx

B MaTpulax K]F;) u K‘,:(; 3 BCC HCOTMCUYCHHBIC DJICMCHTBI paBHbBI HYJIIO. Tor,ua

b, 0 0 0]
()
I AL O
NOLNTN T (-)
o o k{J o
o o o k!

JlemMma 9.2 noka3zana.
O6osnaunm ), = ZSO,N + 2,5hN , TII€ BEITHUHHBI hN S ompenene-

uel B (9.7)u (9.8).

Jlemma 9.3. [na nwoozo N =2M +1, 20e M — cmapwaa cmenens

mpuzonomempuueckux nonunomos (1.8), cnpaseonueo pasencmeo

FK, W Fy = pd(,uz‘o, Hoy s oo s o ]) (9.54)
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20e
Cor ecin n=0,
c e'™, ectu n=1,...M,

(9.55)
0, ecity n=M +1,...M +M0,

¢, & "V, ccnn n=M+M +1..,M+M,.
JokazareancTBo jJemmbl 9.3. Kak u B nemme 9.2, Hailifercss Takoe
MOZO,‘{TO N=2M +1+ Mo'
U3 (9.9), (9.10M (9.15)cnenyeT paBeHCTBO

g(*?\l =2s) +(m+2,9h =y, +mh , m=0,..N-, (9.56)

m,

IMomaras a, = 1 k2(5(+)

m =Ko €0h). m=0N -1

¢ yuetoM paBeHcTBa (9.56),monyunm
=1 Kk +mh =0,...N-1
B (v +mhy), m=0,..N-1 (9.57)

[punumas Bo BHEMaHue onpenenenue Gynkuuu (1.8),u3 (9.57),0ynem umetsb

M .
a, :% > ckék(yN+th), m=0,...N -1 (9.58)
k=M

Cornacuo paBeHcTBY (2.12,Teopema 2.5,rnasa 1), umeeM

Fo oy =PA(We, (We) W, (W) s w6 (W)

rae
N-1
¢, (W) =28, W (9.59)
m=0
BbIaucIM 3HAYEHUS ¢2 N (Wn) : n=0,...N—-1 U3 (9.58) u (9.59)
nMeeM
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S LG ik(ryhy-mhy) _imnh
- il NN Ty -
¢2,N (Wn) - Z N Gée e "
m=0 'Y k=-M
1 M |ky i(n+k)y; i(k+n)hy M _
_N _Z: Ne N Ze /12‘n ,

m=0
rae M, = —Ompe/ieNieHb! B (9.55).

Pasenctro (9.54) nokasaHo.

Jlist GII0YHOTO TIpEeaCTaBICHHS FN K2 N FN BBEJIEM 0003HAUCHHUS

c @
c &
(+) = -
Kis = : . (9.60)
—M-1
C @
AV @' |
e
w=e"; (9.61)
K £+2) — HyneBas KBaJpaTHas marpuna nopsaka M 0 (mpu |\/|O =0 mart-
puna Kg; OyIeT OTCYyTCTBOBATS);
c, "
1
) Cu _le
Kax = - : (9.62)
c, o

i cla)

+ +
B MaTpHIIax Kl( 3) " Kg 1) BCE HEOTMEUEHHBIE 3JIEMEHTHI PaBHBI HYJII0. Toraa
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c, 0 0 0]
o o o kU
FOK = ’
N “2,N N (+)
0 0 K 0
(+)
0 Ky 0 0|

Jlemma 9.3 noka3zana.

W3 nokazanubIx leMM 9.1 — 9.38pITEKaeT OCHOBHOE YTBEP)KICHHE JaHHO-
ro maparpada:
Teopema 9.1. [na nw6oz0 N =2M +1, 20e M — cmapwas cmenens

mpuzonomempuueckux nonunomos (1.8), cnpaseonueo pasencmeo

b, +c, 0 0 0
o A _+kKD 0 K ()
FUA F = v Yol (963
N 0 0 A,, 0 (9-63)
0 k() 0 A,+K()

20e bo’ C, —cpednue snauenus Qynxyui kl(t) u k2 (t) (1.18) Kl(;), Ké?’,

Kl(;) u K£+1) — onpeodenenvt ¢ (9.51) (9.53) (9.60) u (9.62) coomeemcmeen-

HO, a
A, =diag(A,, ... 4, ),
N, :diag()IM+1, ,/1M+MO) ,
Ny, = diag(/lM+Mo+l, ,/1M+MO+M )

yucna /]m, m=1,...,N— 1—onpeodenenvi ¢ (9.31) N =2M +|\/|0 +1.
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10. PEHIEHUE JJUCKPETHBIX YPABHEHUM ITEPBOT'O POJIA

B nannoMm maparpade pa3pabaTbIBalOTCs OBICTPBIC AITOPUTMBI PEIICHHS
JUCKPETHBIX YPaBHEHUMA, JOKA3BIBAIOTCS MX OJTHO3HAYHAS Pa3pelINMOCTh U CXO-
JMMOCTh PEIICHUI ITUCKPETHBIX YpaBHEHHUH K pemenusM ypasHenus (1.1) (o-
OTBeTCTBYIOIIKE TeopemaMm 7.1 — 7.4).

PaccMoTpuM cuctemy IHHEHHBIX anreOpamdecKux YpaBHEHWHA — JHUC-
KpeTHOe ypaBHeHHe nepBoro poza (9.1):

A, =y (10.1)

riue A\‘ — omrepaTop u3 (9.3), MaTpuua koToporo ompezeieHa B (9.16); Bekrop

(9.5) onpeenseTcss paBEHCTBOM

— UCKOMOE pellleHHE.
TTonoxxum

y, = F X g, =Ff- (10.2)
Yunteisas npeacrasienue (9.16) matpuust A, cBoiicTBa yHUTapHOCTH

matpuust Oypse: Fy 1= F,\? u o6o3uauenust (10.2),cucremy (10.1)3anumem B

BUIC
D O —
(FI\?TNFN+ FOK,  Fy +F KZNFN)yN =g, (10.3)

Marpuna cucremsl (10.3)uMeeT ClieyIONIyIo CTPYKTYPY

|
|
O e £ —=|_L__Z1__ _
FuTFy + FKL W Fy + FOKG G Fy o ., (10.4)
|
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rae
a1 | N
ALk o b kD)
|
e e e X i
kKO0 IA, +kD)
i 3,1 : : 3,3 3,3_

I[I/IaFOHaHBHBIe 010K MaTpHUIbL DN ABJIAIOTCA KBAaAPATHBIMU W HUX IOPAIKH

cooTBeTcTBEHHO paBuel M, M o’ M (N =2M +M ot 1) . Tonyuyennas

CTPYKTypa MAaTpHUIIbl MO3BOJSIET TpeacTaButh cuctemy (10.4) kak OTmenbHBIC
YpaBHEHHS C OJHUM HEU3BECTHBIM W OTAEJbHBIE CUCTEMBI BTOPOTO MOPSIKA C

IBYyMsl HEU3BECTHBIMHU. A UMEHHO, B Buge M 0 +1 nuHeiHbIX ypaBHEHUH mepBo-

To nopsaaka u M JIMHEHHEBIX CUCTEM BTOPOI'O MopsaKa:

(b0+c0)(yN)O=(gN)o, (k=0), (10.5)
Adva) =(9y),s (k=M +1.M+M ), (10.6)
(/]k+b—k)_(k)(yN)k+C—kwk(yN)N-k:(gN)k’
cka)k(yN )k+(/1N‘k+kak)(yN)N_k :(gN)N—k' (10.7)

(k=1,...M),

rae BeMUYuHbl X U W ompezenensl B (9.52)u (9.61),a (yN )k u (gN )k —0060-
3HayeHus K -X KoOpaAMHAT BEKTOPOB yN " gN .

10.1. Cayuai bO +C, # 0, Ak # 0. Buauase uccieyeM BOIPOC OJHO-

3HA4HOU paspermmmoctu cucteMs! (10.1).

Tak Kak Ak #0, k=1,...,M , To cymecTByeT TaKkoe 50 >0, uro

‘Ak‘ 25, k=1..M. (10.8)
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Hamu npeanonaranock, uto N =2M + Mo +1. Yucno M, kak crap-

1asi cTeneHb GUKCUPOBAHHBIX MHOrOo4IeHOB (1.8),He 3aBucuT oT napamerpa N

— 4KCIIa y3II0B CETOK { S, N} u { t; N} . TTostomy npu Bospactanmu N cremyer

BO3pacTaHUEe MapameTpa M0 =M on - CHENOBATeIbHO, O BETHIHHE 50 >0

MOKHO HalT Homep N (50) takoii, uto g Bcex K =1,...,M BsimonHsoTCA

oo {2

roe &0 (0, 1) — (PMKCHPOBAHHOE YHCIIO.

HCPABCHCTBA

<ed,,  (10.9)

Teopema 10.1. Ilycmo evinonnenst ycnosus meopemuvt 7.1 u coommno-

wenus (10.9) Tozoa ons ecex T OHY cucmema (10.1) umeem eduncmeen-

— a-l
Hoe pewenue X = AN fN U cnpageonuea oyenKa

HAN f ALf

L =o(N‘ In N). (10.10)

2,N

Joxa3zareancTBo Teopemsbl 10.1.Mmeem

ATy =P g AT = AR - AT =

= ,A{ll(db{t;N}A— ANCD{ S;N})A'lf . (10.11)

Iepexons k Hopmam B (10.11),mony4nm

HAN f WA

<

I‘2,N

(10.12)

cD{t;N}A_ANcD{sN}

I‘2,N 2,N

HA‘lf
|'2,N
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Eciu uncio 50 yanosierBopsier ycnosuio (10.8),to

_ 1 b
 <maxdl, —— ,— 1\, 10.13
Al b, +c] 4, (1013)
rae b=max{“Bk’N o :k=1,...M}.

U3 (10.12), (10.13) ouenku amnpoxcumaruu (9.27)BBITEKAET CIpaBe-
nuBocTh orieHkH (10.10).

Teopema 10.1noka3ana.

[puBeném mouIaroBelid anroput™ ObicTporo pemieHus cuctembl (10.1),
ocHoBaHHBIH Ha Mertoat dypbe. Hamomuum, uto [105, 107]ymMHOKEHHE MaTpH-

N -1_ 0
usl @ypve F, kak u ymuokenne obparnoit marpuupt F~=F ' na npous-

N 1
BOJIBHBIH BEKTOP Xy, OCYIIECTBISETCA € 3aTpaToii O(N |ng N) apudmeTn-
qeckux onepaimit ymnoxenns. 3neck N —nopsnox keanparnoi marprust F

1 pa3MCEpHOCTb BCKTOpa XN . I[J'IH yZlO6CTBa HaﬂbHeﬁIHeFO H3JIOKCHUS, TICPBLIC

crpoku matpun T, K 1 K (9.17) — (9.19pGo3naumum kak cTonbup:

lctg {g,_N ] _ kl(f((’_N) | _ kz(gg_})‘) |
N 2 N
q, = : ’ qLn = : 0, = : .
Lot [Kl) |kl
| N 2 . N L N

Ilar 1. BeluuciseM MATpUYHBIC YMHOMXKEHUS F,\?T MW Fl\ll] K yFy 1

O . .
FN KZ,N FN ; ISl 3TOTO JOCTATOYHO BBIYMCIIUTH FN Qy - FN q1’N u FN qZ’N I B

HalleM cjiydac 3THU BBIYUCJIICHUS HE 6y[[yT MPOBCACHDBI, TaK KaK 3TU MaTpHUIbL

BouncieHbl aHamuTdecku B (9.30), (9.47)m (9.55); cymma MaTpui FST N FN ,
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O 0
Fy KLN Fy 1 Fy K2,N F, ompenenser marpuny cucremst (10.3)u Tpebyert BbI-

IIOJIHCHHC 2N onepanru CJI0KCHUA (3,H€CL " BCIOAY HHIKC BCC apI/I(l)MeTI/I‘Ie-

CKHE OIEpalUy IPOBOJATCS HaJl KOMIUICKCHBIMY YHCIIAMH).
Ilar 2. BeruncisgeMm Bexktop J,, = FOf
N NN’

Ilar 3. Pemaem oxuo ypasuenue (10.5)u M o YpaBHCHHii (10.6); moce
4yero OyAyT OmpeelicHbI (yN )0 u (yN )k, k=M+1,...M + MO; pemiaemM
M cucrem Broporo nopsiaka (10.7), onpemenureny KOTOPBIX HE PABHbBI HYIIO;
nocie 4ero OyayT OMpeAeieHbl OCTaIbHbIC HEU3BECTHBIC (yN )k yk=1...M u
k=M +M +1,....M+M,.

Ilar 4. BerunciseM BEKTOp Xy = FN Yy

3arpartbl, TpeOyOIUE A1 OCYIISCTBICHUS YKa3aHHBIX IEHCTBUMN, IPUBO-
UM B ClIeyrolne Tabmure,

Howmep mara KOHI/Iqule)(;I :g:flﬁlﬂﬂqemﬂx
[lar 1 o( N)
Ilar 2 O(NlogzN)
Ilar 3 o(N)
[ar 4 O(NIogZN)
Beero: O(Nlog, N)

10.2.Cayuaii b, +c, =0, A _#0.Tycts

b+c,=0, A #0, k=1..M.

U3 teopemsr 7.2mpu & =0 monyuaem, 4to HEOGXOAUMBIM M JTOCTATOUHBIM yC-
JIOBHEM Pa3pelIMMOCTH CHHIYJIIPHOTO MHTErpajbHOro ypaBHenus (1.1)sBiser-
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cs ycnosue (7.5), 1 it 1060r0 KOMIUIEKCHOTO YKCJIa d0 CYIIECTBYET TOJIEKO

oxHo pemende ypasaenus (1.1), yIoBieTBopsIolee yCIOBHIO
1 V4

274 x(t)dt=d
n

0
Be3 orpaHuucHUs OOITHOCTH MOXHO CUHTAThH, UTO d0 =0. JleiicTBuTeNBHO,

3amavy HaxOXkaeHuUs perenns ypapHerus (1.1)c neomnopoassM ycnoeueM (10.5):
1 Vs
(AX)(t) = £ (t), ZT_I x(t)dt=d, (10.14)
MO>KHO 3aMCHHUTB SKBHBAIICHTHOMH 3a1a4yeil ¢ OAHOPOIHBIM YCIOBHEM

(AY)(t)= (), == y(t)dt=0. (10.15)

Permrenus 3amayu (10.14)u (10.15)cBs3aHbl paBEHCTBOM
x(t)Ey(t)+d0, tD[—IT, IT].

Urak, nmyctb dO =0. 3amauy

(AX)(t) = f (t), 274 x(t)dt=0

3aImaIeM B BUAC OJJTHOT'O OIICPATOPHOT'O YPABHCHUA
(AX)(t) = F (1), (10.16)

rac

(Ax)(t)= 17 : A:HY - HYxC, (10.17)

f(t) :{f (t)] (10.18)
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a a v
Ob6osnauus yepes H L0 H™ —noanpocrpanctso dpynkuuii ¢ HynesbMu

o a
CPeIHMMHM 3HAYEHUSMH, 3aMeThM, 410 omepatop A geiictByer m3 H o B

a
H 0 X{ 0} U SIBISIETCS] OTPaHIMYECHHO OOPaTHMBIM.

Hapsy ¢ (9.12)u (9.13)paccMOTpUM CETOYHBIE OIIEPATOPHI

- CD{SN}X - a N+
CD{S;N}x: 0 : CD{S;N}:H -C", (10.19)

®, X
i{t;N}[j=[ {tc;:N} }; g THOXC = CV (10.20)

Amnmnpoxkcumupyem ypasaerue (10.16)auckpeTHsIM ypaBHECHHEM

Ax =t (10.21)
rIae
_ [AIO 1 1
A = ;i_:LB . a {—N ...—N}DCN, (10.22)
|
Xy L .
X, = - fa=®y (10.23)

mpudeM X - — JOMNOJHUTCILHOE HEH3BECTHOE, BBEICHHOE U. K.JIudanoerm

[52] u Ha3BaHHOE UM PeryJIsIpU3ylIuM GaKTOPOM.
IMokaxeM, uto onpenenennbie papencrBamu (10.17)u (10.22)omnepaTopsr

An 'AN CBSI3aHBI COOTHOILIEHUEM

=o(N‘”|n N) (10.24)

2,N+1

H'ANCD{ s;N}X_cD{t;N}AX L

JUISL BCEX X(t)D Hg.
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JleliCTBUTENBHO, TaK KaK

o
{sN} {t:N} aLCD{ S:N}X )

TO, IEpeX01s K HOPMaM, TOIYIHUM OIEHKY

HA\I&){S;N}X_&){UN}AX

L2,N+l

5\/%%('&}\9{ s;N}X_cD{t;N}AX)i +ﬁ1 gx(sk'\‘)

k=L
1 N
:HANCD{S;N}X_CD{HN}AXL +ﬁéx(§w). (10.25)

Jnst mepBoro ciaraeMoro B mpapoii dacté HepaBencTBa (10.25) mmeer mecto
oueHka (9.27).Tak kak cpelHee 3HaYCHHE (YHKLIUH X(t) O Hoa PaBHO HYIIO,
TO JJIst BTOPOTro ciiaraemMoro mpasoi yactu (10.25)cnpaseyinBa oneHKa

Sl

=1

1

~ =o(N-ﬂ). (10.26)

CrpasemuBocth onenku (10.24)n0ka3ana.
Paspaboraem ObicTpeiii anroput™ peureHusi cuctembl (10.21). Cucrema
(10.21) nepeonpenenennas u, BOOOIIE TOBOPs, HECOBMeCTHass. OTMETUM, 4TO

ypaeuenue (1.1) nns cnysas A=T, K =0, K, =0 paccmorpeno B [52], rae
Il YCTPAHEHHs MePEONpPeJeNeHHOCTH U HECOBMECTHOCTH BBEIECHO JOIOJIHHU-
TENbHOE HEM3BECTHOE, HA3BAHHOE PEryIIpU3YIOIMM (aKTOpPoM, a IpoIecc pe-
ILEHUs STHM CIOCOOOM — METOJOM KBasuperynspusanuu. J[oka3aHo, 4To pery-
JTapH3yIomuii pakTop cTpeMutca K Hymo mpa N — 00, To ecTh HpOMCXOIMT

nporece camoperyisipusanuu. Huxe namu s perrerns cucrems (10.21) uc-
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MOJIB30BaH METO OeCriapaMeTPHOM PEryaspu3alii CIBUTOM, PACCMOTPEHHBIN B
8 7rnassr 1.
HermocpencTBeHHOM POBEPKON MOYKHO YOEIUTLCS B TOM, YTO BEKTOPHI

&, =(0,..,0, 3 OC"*, (10.27)
T
(1 1 N
=|—,..——, 0| OC 10.28
O [m N J (1026)

00pa3yloT HOPMHUpOBaHHbIE 0a3uchl B sApe omeparopa A\‘ U CONPSHKEHHOTO

orneparopa Pﬁ :

A&, =0, A, =0. (10.29)
Ilonaras
B, = 3,8, (10.30)

CNXN = HN ’ (10.31)
rac
Cy=A,*By. h =1 -g,4,f,. (10.32)
MIpU4EM
) | 1]
v N
o (N) )
N b ~ 1 IN
Cau=[a w1 A= :
N a a | ——
N1 NN
T LN At o
|
|

CHpaBeLlHI/IBa cieayromas

294



Merton perynsipuzanuu cABUroM: TeopHs U NPUIOKEHUS I'maa 3. 8§10

Teopema 10.2. Ilycmb evinonnenst yciosus meopemst (.2 u coomuo-

wenusn (10.9) Tozoa ona ecex f~(t) O Hoa X{O} cucmema (10.31) aennemesn

N o _ -1
CO6MeCmHOU, umeem eOuHcmeeHHoe peuwienue X, —CN hN u cnpagednusa

Joka3zateabcTtBo Teopembl 10.2. ®DakT NpUHAAICKHOCTH BEKTOpa

ouenka

- .
Cln, - _ Al

{sN) =O(N‘”In N). (10.33)

|‘2.N+1

(10.32) 06pasy OUCKpPETHOrO OIepaTopa A\‘ 1 00paTUMOCThL OIepaTopa CN

cleayeT u3 TeopeMsl 7.2. Y13 9TOH TEOpEMBI TAKKE MOJIYYAEM, UYTO EUMHCTBEHHOE
pemenre cucteMsl (10.31)coBmnamaer ¢ HOPMAJIBLHBIM TICEBIOPEIIEHUEM CHCTE-
mel (10.21):

C.lh, = A . (10.34)

st pa3paboTku anroputma Obictporo penteHus cuctembl (10.31)mero-

Lo
F,o=|-S-F- |, (10.35)

oM @ypbe BBOIUM MaTPHILY

rae F —wmarpuua @ypse.

IpencraBum cucremy (10.31)B Buze

(FEC\Fy)Fux, = Fuhy. (10.36)
Nmeem
O | g0
£C F = EN_?E'_:N_!_'_:E‘?E | (1037)
aFy 1 0
alF, =(Fla,) =(1 0,..., 9oc, (10.38)
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U3 (9.63),c yuerom (10.37)u (10.38),momyunm

0l ol1
N T
FC\Fy =| 0 1 Du } 0 (10.39)
11010
rae
)| | +
At oL K
I AT
U I ACEY B
() 1 g ()
K3,1 i 0 i/\3,3+K33

U3 npexacranenns (10.39)cnenyer, 4ro mepBas U MOCIEIHAS HEU3BECTHBIE (KO-
OpJIMHATEl BEKTOPA F,\? )~(N) B ypaBHennn (10.36) yxxe Haiigensl. OcranbHBIE

KoopauHATHl HaxoauM u3 ypaBaeHuil (10.6)u (10.7).BeicTpoe pelieHne 3THX
ypaBHEHHIA 00CYX1aI0Ch B JOKa3areiabcTBe Teopemsr 10.1.
JHoxaxem onenky (10.33).Ananornuso onetke (10.13)momyunm

Ho;usmax{L JL}, (0.4
0

/i BEJTMYMHBI 50 u b ynoenersopsor ycnosusm (10.8)u (10.9).M3 npencras-

nenust (10.39)u HepaBencta (10.40)BbiTeKaeT OLCHKA
<-1 -1
c2=moil oan

rac mo — HCKOTOpAas NOCTOSAHHAA, HC 3aBUCAIIAsA OT N .

U3 ouenok anmpokcumanmu (10.24), (10.26) ¢ yuerom (10.41)BeITeKacT
crpaseiuBOCTh otenkn (10.33).

Teopema 10.2noka3zana.

Baeznem 0603HaUCHUS

y,=FX, 2z, =Fh (10.42)
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W3 ompeneneHus BeKTopa ZN (paBencra (10.42), (10.23), (10.20), (10.18)),

MeeM
(ZN)k :(FanN )k' k=1,...N- 1;(2'\‘)0 = 0,(ZN)N = (. (10.43)

OtH 0003HaYEHUS TTO3BOJIAIOT NpeacTaBuTh cucteMy (10.36)Kkak caMoCTOSATENb-
HbIC JIMHEHHBIE YPABHEHUS C OJJHUM U CUCTEMBI C JIBYMSI HCM3BECTHBIMU:

(Y/N)N =(2N)0=0, k=0, (10.44)

(Ao, ) o), e )., =(2),
Cka)k [qu )k +(/1N—k +bk)(k) [qu )N_k = (ZN)N—k . (10.45)

k=1,...M
Ay =(2), k=M1 MM, (10.46)
(yN)o:(zN)Nzo’ k=N. (10.47)

BeicTpelii anroput™ peurexus cuctemsr (10.36).

Ilar 1. IToarocTero moBTOpsieM mar 1 u3 mynkra 10.1.
Hlar 2. [ToxHocThi0 MOBTOpsieM mar 2 u3 nyHkra 10.1.

Ilar 3. Pemaem M cucrem Broporo nopsiaka (10.45), onpenenurenn

KOTOPHIX HE PaBHBI HYJIIO; ONPENEIAIOTCS HEH3BECTHBIE (yN )k, k=1,...M u
k=M + Mo +1,...,2M + MO; MO ypaBuennii (10.46); nocne uwero OymyT

o} 3 YpaBHCHHii (10.44)u (10.47)

orpeieeHbI (yN)k, k=M+1,...M +M
HaXOIUM (yN)O:O " (yN)N =0.

Ilar 4. IToarocTero moBTOpsieM mar 4 u3 mynkra 10.1.

Tabnuna 3aTpaT, TPEOYIOMMXCS UL Pealn3aldd JNAaHHOTO alrOpUTMa,
MOJTHOCTBIO COBITAACT C TAONIHUIICH 3aTpaT, mpuBeacHHO# B myHkTe 10.1.
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10.3. Cayuaii b, +c,#0, A =0. Iyers b, +c #0 u mpu k=1
OTIpeIeTUTENh MATPUIIbI

B = i+b, ¢,
K C -i+b
k k

onpe,ueneHHoﬁ B § 7, PaBCH HYJIIO, a IPU OCTAJIbHBIX 3HAYCHUAX k HC paBCH

HYJIIO:

b0+cO¢O; detBlz 0; deBk z 0,k= 2,.M.

Kak oTMeueHo B § 7, Takomy 3HadeHuo K (mpu HaleM NpenonoxeHuu, mpu

k =1) coorsercryror 10 curyaumii ('Al 1) —(Al ) npu a=0. Heobxomu-

,10,

MBIMH U JOCTaTOYHBIMH YCIOBHSMH Pa3pEHIIMOCTH CHUHTYJISPHOTO HHTETPAIh-
Horo ypaBHeHusi (1.1) B 3THX CHTYaIMsSX, COOTBETCTBEHHO SIBISIOTCS YCIOBHUS

(Bl’l) - ( Bl,lo) npu a=0. Ycnosus (Cl‘ 1) - (Cl,lo) 00eCIIeYnBAOT CAUHCT-

BEHHOCTB peurenust ypaBaenus (1.1). PaccyxaeHnsi, HCIOIb3yeMbIe MPH pelie-
Huu ypaBHenus (1.1) B kaxaom u3 10 curtyauuii, moBTopstoT Apyr apyra. Ilo-

JTOMY IOCTATOYHO PACCMOTPEHUS OJHOTO M3 CIIy4acB ('Al 1) —(Al 10) , Hampu-

Mep, CUTYaIliH (Ai 2) .

B cuiay Teopembl 7.3 HCOOXOMUMBIM M JAOCTATOYHBIM YCIIOBHEM OJIHO-

3HAYHOU Ppa3pCInMOCTH 3aaa9u

(AX)(t)=f(t). (10.48)
1 ( -is +
ZTI x(s)e"*ds=d, (10.49)

JJIA J1I000r0 KOMILIEKCHOT'O YHCIIa dO' SIBJISICTCS BBIITOJTHCHUC YCIIOBUA

1T e
2ﬂ_jﬂf(t)e dt=0.
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+ _ o
be3 orpannueHUs OOMIHOCTH MOXKHO CYHUTATh, UTO d1 =0. JeiicTBu-

TEeNBHO, €CIH K penieHnto ypaBHeHus (10.48)c 0qHOPOIHBIM YCIOBHEM
1 f x(s)e"*ds=0 (10.50)
2m:,

JI00aBUTh CllaraeMoe d1+ €', 1o nonyuum perrenne 3anaun (10.48), (10.49)uis

T060T0 d1+ acC.

Urak, paccMoTpuM 3aiady HaxokaeHus peureHusi ypaBuenus (10.48),
ynoBieTBopsirorero ycnosuro (10.50):

m

(AX)(t)= £ (1), %T [ x(s)e"*ds =0, (1051)

BanmmieM 3agady (10.51)B BuIe 0JHOTO ONEPATOPHOIO YpABHEHHS

(AX)(t) = F (1), (10.52)

rac

A:H? - HYxC, (10.53)

-+

(t){fc()t)}DH”xc.

O6o3HaunM uepes Hla 0 HY — nommpocrpancTBo (ByHKImi X(t), Ta-
KHX, YTO CPEIHEe 3HAYCHUE (DYHKIUU X(t)e_it paBHO HyI0. B cuiy TeopeMbl

7.3 omeparop A nelcTByeET U3 Hla B Hg X{O} U SBJISIETCS OTPAHMYIEHHO 00-

paTHMBIM.
Amnmpoxkcumupyem ypasaerue (10.52)muckpeTHsIM ypaBHEHHEM

Ax =T, (10.54)
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rac

) _ i
A, :F‘-“—L—], bﬁz[ L gt ...ie"sN-N}DcN, (10.55)
|

bl | 0 N N
XNz{ g } f,=d, f. (10.56)

X\ N {tN}
Omnepatopsl A, A\‘, Cb{ SN} u Cb{t;N}, ompenenennsie B (10.53),

(10.55), (10.19) (10.20)cOOTBETCTBEHHO, YAOBIETBOPSIOT COOTHOIIEHHIO

HﬁNdJ{S;N}x—db{t;N}Ax

:O(N"’In N)
I_2,N+1

a
JUISL BCEX X(t) O Hl .
JleficTBUTEILHO, TaK KaK

Ay = A\lq){s:N}X_q){t:N}AX

'5}\1&J S, X_d); AX
{siN} {t:N} bLCD{S;N}x

TO, IEpeX0/1s K HOPMaM, TOIYIHUM OILEHKY

HA\ld){s;N}X_d){t;N}AX

L2,N+l

1 2 1
NZ(WD{ s:N}X‘q’{t:N}AX)k N

kZN:‘ie—isK,Nx(sk’N)

1
+= 10.57
N (10.57)

ge_isk“ X(Sk,N) .
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Jnst mepBoro ciaraeMoro B mpapoii dacté HepaBencTBa (10.57) mmeer mecto
oueHka (9.27).Tak kak cpeaHee 3HauCHUE (HYHKIUH x(t)e"t PaBHO HYINIO, TO

JUIsl BTOporo ciaraeMoro mpasoit wactu (10.57),cnipaBeiiBa orieHka

S (s, -

%ie“swx(sw)—zi ]T x(s)e‘isds{ = O(N‘”) . (10.58)

Bexkrop éN u3 (10.27)o6pasyeT HOPMHUPOBAHHBIM 0a3HC B AAPE OIEPATO-

pa AN . HecnoxHo npoBepsieTcs, 4TO BEKTOP

X N—l/2eisl,N
O { ON}DCNH, by = : ocN
N—1IZeisN.N

. 0.
06pa3yeT HOPMHUPOBAHHBIN Gasuc B AAPE CONPAKCHHOI'O Oreparopa AN .

A&, =0,  AJg, =0. (10.59)

JlanpHelme Hamy ASHCTBHS CBSA3aHBI C METOJOM OecrapaMeTpHOW peryJspH-
3auu caBuroM. [lomoxum

BN :gN

<0
N
PaccmoTpum BmecTo cuctemsl (10.54)perynspu3BaHHyio CHCTEMY

C %, =hy. (10.60)
rIae
C,=A,+B,. h,=f -d,9,f,. (10.61)

puYeM
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) 1 sy ]
a11 alN i\/ﬁe
: [ :
. |
~ |
C. = (N) (N L sy
1 —isllN 1 —|sNNi 0
N UN | |

[IpuBenem GopMyIHPOBKY TEOPEMBI Pa3peIIUMOCTH AUCKPETHOTO ypaB-
HEHUS ¥ CXOJIUMOCTH €0 PelleHUsI.

Teopema 10.3. Ilycmo evinonnenst yciosus meopemuvt 1.3 u cOOMHO-

wenus (10.9) Tozoa ona ecex f ('[ ) OH g X{O} cucmema (10.31)aensemcs

. S —~-1
coemecmHuou, umeem eouHcmeeHHoe peuienue XN _CN hN u cnpasedmma

ouenka

A'f

L =O(N'”In N). (10.62)

2,N+1

Y _q){s;N}

JoxazareancTBo Teopembl 10.3. CnpaBeyInBOCTh BKIIIOYEHUS BEKTOpa

(10.61) ﬁN O R(A\‘) U CYLIECTBOBAaHHE OOPATHON MAaTPHUIIBI C;ll BBITEKAeT U3

TeopeMbl 7.3. 3 3TOH TEOpEMBI TAKKE MOIYyYaeM, YTO €ANHCTBEHHOE pENICHHE
cucrembl (10.60)coBnanaer ¢ HOpMalbHBIM IiceBaopemmerneM cucteMbl (10.54):

S T
Cohy =A
st pa3paboTku anroputma Obictporo penteHus cuctembl (10.60)mero-

oM @ypbe ucnonbzyem Marpuily (10.35).
IpencraBum cucremy (10.60)B Bume

(FYCLFy)Fux, = Fuhy. (10.63)
Nmeem
FUAF, | Fib
FRE F o=|-2-2-Di MR (10.64)
NTN' N 0 ! '
b Fy i 0
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0
Fib, = (') , bﬁFN:[O .. 0 e'isl-N] (10.65)
s

Pui 00
FIGF,=| 01 0 e, (10.66)
| s
0je™™ 0
R I N
| | | ’
| ) | +
0 IAKE o (K
Dy =5 | o TAL 5 . (10.67)
B e e e
o k] oAk

A€ UCTIOJIb30BAHBI CICIYIONIUEC 0003HAYCHHUS:

(+)

13

— I

KH} —u3 Marpunsl K

13 yIAJICH TOCIEHUN CTOIOETI,

1
KH} — Y3 MATPHUIIEI K(+) TaJeHa MOCIeIHSS CTpoKa
31 31 Y poka,

- n
G _ ) 5 .
_/\3'3 + K3’3 W3 MATPHIBI /\3’3 + K3’3 yIOAIEHBI ¥ MOCIIEIHAN CTOI

Oe11, ¥ mocIeqHss CTPOKa.
W3 npencrasienus (10.39)cnenyer, 4ro mnepBas U MOCIEIHAS HEM3BECT-

HBle (KOOpIMHATHI BEKTOPA If,\? )~(N) B ypaBHenuu (10.36)yxe Haiigensr. Oc-

TanbHBIE KOOPAWHATHI HaxoauM u3 ypasuenuit (10.6)u (10.7).BeicTpoe perue-
HHE 3THX YPaBHECHHI 00CYKIaI0Ch B ToKa3areabcTBe Teopembr 10.1.
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Hoxaxem onenky (10.62). Ananoruyno ouenkam (10.13)u (10.40),m0-

JTyduM
W E max{ 1 Flco ,5%} , (10.68)

/1€ BETMYMHBI 50 u b ynosnersopsror yenosuam (10.8)u (10.9).M3 npencras-
nenuit (10.66), (10.67) nepaBenctra (10.68)BbITeKaeT oueHKa
<-1 -1
(Gal=mloz s
TJe MOCTOsHHAs [T}, HE 3aBUCHT OT N .

N3 (10.69),B cuny oneHok ammpokcumarmu (10.57), (10.58)priTekaer
crpaseIUBOCTh oteHkn (10.62).
Teopema 10.3noka3zana.

HUcnonezyem o6osnauenus (10.42). U3 ompexmencHusi BEKTOpa ZN (pa-

BeHctBa (10.42), (10.56), (10.20), (10.18)yeem
(z0), =(Ffy). k=0 N=1(2,) = 0(z,) = C

HUcnone3ys 3t 0603HaueHus, npeactaBum cucremy (10.60)kak camocTosITeNb-
HbIC JINHCITHBIE YPaBHEHUS C OJHUM U IBYMs HEH3BECTHBIMH:

(by*co)(9),=(2),, k=0, (10.70)
(Arox)i) =(2), k=1 (10.72)

(oo 2o +eud ), =(2),
ckwkEQVN)k+(/1N_k+kak)[qu)N_k :(ZN)N—k" (10.72)

k=2,..M
AkE@yN)k:(zN)k, k=M +1,..M +M_, (10.73)
(VN)N—lz(ZN)NZO, k=N-1. (10.74)
(yN)N:(ZN)N_l:O' k=N. (10.75)
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BeicTpelii anroputm peurenus cuctemsr (10.63).

Ilar 1. IToarocTero moBTOpsieMm mar 1 u3 mynkra 10.1.
Hlar 2. [ToxHocThI0 MOBTOpsieM mar 2 u3 myHkra 10.1.

Ilar 3. Pemaem M —1 cucremy Broporo mopsaxa (10.72),onpenenute-

JM KOTOPHIX HE paBHBl HYJI; ONpPEAECIAIOTCS HEH3BECTHBIE (yN )k,
k=2,...M u k=M + l\/|0+1,...,2\/| +M0— 1 Mo ypaBuennii (10.34);
oCiie 4ero OyayT oOmnpejeneHbl (yN )k, k=M+1,...M + MO; (yN )0,
(YN )N_l u (YN )N HaxoauMm u3 ypasaenuii (10.70), (10.75k (10.74).

Ilar 4. IToarocThro moBTOpsieM mar 4 u3 myukra 10.1.

Tabnuma 3aTpaT, TPEOYIOMIMXCS UL Pealu3aldd NAaHHOTO alrOpUTMa,
MIOJTHOCTBIO COBITAACT C TAONIHUIICH 3aTpaT, mpuBeacHHO# B myHkTe 10.1.
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BeicTpelii anroput™ peurenus cuctemsr (10.63).

Ilar 1. IToarocTero moBTOpsieMm mar 1 u3 mynkra 10.1.
Hlar 2. [ToxHocThI0 MOBTOpsieM mar 2 u3 myHkra 10.1.

Ilar 3. Pemaem M —1 cucremy Broporo mopsaxa (10.72),onpenenute-

MM KOTOPHIX HE PABHBl HYJIO, OMNpPEEIAIOTCS HEH3BECTHBIE (yN )k,
k=2,...M u k=M + l\/|0+1,...,2\/| +M0— 1 Mo ypaBuennii (10.34);

oCiie 4ero OyayT oOmnpejeneHbl (yN )k, k=M+1,...M + MO; (yN )0,

(YN )N_l u (YN )N HaxoauMm u3 ypasaenuii (10.70), (10.75k (10.74).
Ilar 4. IToarocThro moBTOpsieM mar 4 u3 myukra 10.1.

Tabnuma 3aTpaT, TPEOYIOMIMXCS UL Pealu3aldd NAaHHOTO alrOpUTMa,
MIOJTHOCTBIO COBITAACT C TAONIHUIICH 3aTpaT, mpuBeacHHO# B myHkTe 10.1.

11. JTMACKPETHBIE AHAJIOT' HHTETPAJILHBIX YPABHEHUI
BTOPOT'O POJA

PaccMoTpuM, HakoHem, 3amady ITUCKPETH3AIlMH CHHTYJISIPHOTO WHTE-
rpaisHOTo ypaBHEHHs BTOporo poaa (1.2)

ax(t)+(Ax)(t)=f(t), f(t)OHT (11.1)

1 pa3pabOTKH OBICTPOTO aNTOPHUTMA €TO PEIICHYS.

OmnpenenuM TUCKPETHBIA aHAJIOT ATOTO YpaBHEHHs, 0003HaUCHHbIH B § 9
B Bue (9.2). 17151 3TOro UCHosib3yeM CeTKH {S; N} u {t; N} , OTIPEICNICHHBIC B
(9.9)u (9.10),n0 nBa pasa.

IMoactaBum B (11.1)BMecTo mepeMeHHO# U y3mbI tk,N CEeTKH {t; N} ,a
unrerpansl (1.4), (1.6)u (1.7) 3aMeHUM MHTErpalbHBIMH CYMMaMH, COCTABIICH-

HBIMH IO Y3J1aM CETKH {S; N} :
1 N
ax(tk N)+— > qkmx(sm N) =f (tk N) , (11.2)
f N 1 y y
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t
rre Om =ctgN 8 +k1(kN m,N)+k2(tk,N+Sm,N)’

a GyHKIMH kl(T) u kz(T) ompexenensl B (1.8).Ilomoxum

Gy - Oy
A =| o, (11.3)
ANy Ann
= = () {tn))
X =@ X:(X(SiN T (SN,N))T’
Xy =@ x:(x(th . x(tN’N))T,

IZIe CETOYHBIE ONEPATOPEI CD{ 5 N) u CD{ 6 N) onpenenens B (9.12)u (9.13).

3ameruM, uro Matpuua (11.3) coBmamaer ¢ matpuueii (9.16).B BBeneHHBIX 060-
3HaueHnx cucremy (11.2)MOKHO 3aIHcaTh B BHIE

ax, + A Xy = fy - (11.4)

Cucrema (11.4) @ passepuyroii popme — (11.2)) coctour uz N ypasne-
auit v comepxut 2N HemsBecTHBIX. [IpUCcOEIMHMM K yPaBHEHUAM 3TOH cUcTe-
mel eme N ypaBHeHMi, comepalMX MMEIOIIMECS HEM3BECTHbIE. [l 5TOro

noacraBuM B ypaBHenue (11.1) BMecro mepemenHoi U y3ibI S N CeTKH

{S; N} , a uarerpans! (1.4), (1.6)u (1.7) 3aMeHUM HHTETPATBHBIMH CYMMaMH,

COCTaBJIEHHBIMHU TIO Y3JIaM CETKHU {t; N} :
18,
ax(q(lN)+Nqumx(tm’N)= f(%N), (11.5)
m=1
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C SN T
rae Om = Ct9 2 +k1(§<,N _tm,N)+k2(Sk,N +tm,N)'
TTonoxum
%1 O
A= ,
Onz AN

-

=0 (1 (50 ) (sun))

B s1ux 0603HaueHnsnx cucteMy (11.5)M0KHO 3amnucarth B BUjIe
AN Faxy = fy

Takum 06pa3oM, HaMH MOJIydeHa cUCTeMa, coctosmas u3 N ypaBHenunit

u comepxkamas 2N HeM3BeCcTHBIX

axy + Ay = fiys
A X, +ax, =

Hccnenyem coBMeCTHOCTh AaHHOW cucTeMbl. Mcnonb3ys matpuiyy Oypbe FN ,

(11.6)

sanumem cuctemy (11.6)B Buze

0 _
ayy +FUAVFu YN = 9 (11.7)
FEA;\IFNy,N +ayy =gy

rac

_ 0 _ =0 _=d 1 _=0gr
Y TR Yn TR O TR O =Ry

Ipencrapnenue Uit MATPULIGI F,E AFy mpuseneno B (9.63). Cpasen-
JIMBOCTH 3TOTO NPEACTaBICHUs ycTaHOBIeHA B lemMax 9.1 — 9.3 Jlokaxkem aHa-

JIOTHYHOE TIPEJCTABJICHHE U I MATPHUIIBI FI\? Aﬁ'\l FN .
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Matpuiia A\ COCTOHT M3 CyMMbI TPEX CIAraeMbIX — IMPKYJISHTHBIX
watpui Ty, K| # neprupkynsutHoit matpuier Ko, . TlepseiMi cTpokamu

MATpHII Tll\l , Ki N K'2 N COOTBETCTBEHHO SABISIOTCS

1, Sn~bUn 1 Sty 1 Syt
—ctg—-n—— —ctg——— ... — ctg——-——|,
[N g 2 N 2 N 2

|:Nk1(sl,N _tl,N) %kl(slN _tZN) leJ(SJN Ty N)} (11.8)

1 1 1
(s tt) mhlsnta) - mkfswtt)] @19
a GyHKIMH kl(t) " k2 (t) ompexeneHsl paeHcTBamu (1.8).

[TycTs X(t) OH?. Asanoruuso onenkam (9.24) — (9.26Jumer0T MecTo

COOTHOLICHUA

‘(q’{ ) (TX))m _(Tl:lq){t;N}X)m =O(NInN), m=1..N,

‘(q’{ s} (le))m ‘(KiNq’{t:N} X)

‘(QJ{S;N}(KZX)) _(K'?'Nq){t:N}X)m

M3 3THX COOTHOLIEHUH CNEAYIOT OLICHKU alMpOKCUMAIUU

‘(q’{ s} (AX))m "(’*'vq’{t:w}x)m

=o(N‘”), m=1,...N,

m

=o(N‘”), m=1,...N.

m

=o(N‘”|n N), m=1,...N, (11.10)

=O(N‘”|n N), (11.11)

N

HCD{ s;N}A_A,\IcD{t;N}

Lo,
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JInst BBIABJIEHHS CTPYKTYPhl MATPUILIbI FEA{\‘ F\ BBIYHCINM mpousBese-
HUAS FST N FE Ki,N Fy o F,E K’2,N F\ - CripaseutiBeI citestyronme yTaep-
xaenns (memmer (11.1) — (11.3)).
Jlemma 11.1,/Ina nwobozo N = 2 cnpaseonueo pasencmeo
FUTLF, =diag( A, A, A ).

20e

(11.12)

Joxka3zareancTBo JemMbl 11.1.TTomoxum

1 Sin b
a =—ctg————————, m:O,... -
m N g 2 N

N-1
W (w)=> aw".
m=0
CornacHo teopeme 1.7 (aBa 1), umeem

FoT Ry =diag(w, (w,) ¢ (W) . 0 (#)).
2T

—1—nN
rie W =e N (n =0,...N- ]) —Bce kopuu N -oii crenenn u3 1.

3aM€TI/IM, YTO MHOT'OYJICH W) cBsI3aH ¢ MHOTOWIECHOM W), a-
N N

CTByIOH.[I/IM B 10Ka3aTCJIIbCTBE JICMMbI 9.1,paBeHCTBOM
t//N(Wn)zwnqu(wn), (n=0,...N-1J.

U3 paBeHcTBa ¢N (Wo) =0 nomyuum
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)= G

Ecmu n=1,...,N — 1, to u3 pasencrsa ¢N (W creyer

n

)= )= el T

Jlemma 11.110ka3ana.
OTMETUM OJIHO TEOMETPHYECKOE CBOMCTBO CIEKTPOB JAMCKPETHBIX OIepa-

Topos Ty, 1 Tl,\l .

CrexTp omepatopa T, COCTOMT M3 Hauana KOODIMHAT M TOYCK JCTCHUSA
IPaBOl TONYOKPYKHOCTH €JMHUYHON OKPYKHOCTH C IIEHTPOM B HAdaie KOop-
manat wa N pasmbix wacteit. Criektp omepatopa Ty, Takke COIEPKHT Hauasa

KOOpJWHAT, @ HEHYJEBbIE TOUKU SIBISIOTCA TOYKAMHU JEJICHHS JEBOH MOIYOK-
PY>KHOCTH €IMHUYIHOM OKPYKHOCTH C IEHTPOM B Havane koopaunar Ha N pas-

HBIX 9acTel. [Ipu 3TOM KpaliHHe TOUKM STHX TIONYOKpYyX)HOCTel | u —i He mpu-

HaJUIeXkAT CIIEKTpaM oneparopos Ty, u T,:l .

Jlemma 11.2. [na mo6ozo N =22M +1, 20e M — cmapwas cmenens
mpuzonomempuueckux nonunomos (1.8), cnpaseonueo pasencmeo

FIK! (Fy :diag(,u’l’O, My My )

20e
bo’ ecatn n=0,
i
b_neN, eciu n=1,...M,
= , 11.13
0 7o, ccmn N=M+1..M+M,, (1119
i(N+n)71

b e N  ecmm n=M+M_+1,.... M +M _.
N-n 0 0

Hokazarenberso gemmbr 11.2.Tlo yenosuto nemmer N = 2M + 1. Tlo-
5TOMY HalIEeTCA TaKOE Mo >0,uro N=2M +1+M o

Ilonaras
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&, =k (St )s M=0. N1

N-1
wl,N (W) = z all,mV\fn !
m=0
cormacHo Teopeme 1.1.7),umeem
Fl\?K:;.,NFN = diag(t//LN (Wo) ! ‘/le (WJ) T ’l/IlN (WN— )) '

MeHorounen

1N (W) CBs3aH ¢ MHOI'O4JICHOM 1IN (W) , Y1aCTBYIOIIUM

B JIOKA3aTEIILCTBE JIeMMBI 9.2, paBeHCTBOM
l//LN(Wn)ZWn¢1’N (Wn), (n=0,...N-1J.

Otcrona u u3 pasenctsa (9.47)monyunm crpaBeaanBocts (11.13).
Jlemma 11.210xa3ana.
Beeném o6o3HaueHUS

b x
2
bx
r(—) _ .
K/ = : » , (11.14)
> ¥
i by, X"
S _
bM X
—M-1
0 bM X
K = , (11.15)
-2
b2 X
i b.x |
i
rie x=eN, a K '2(;) — HyneBas KBaJpaTHas MaTpuia nopanka M 0"
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. Oyt
Tpuseném B oTix 0603HaUeHNsX On0uHOe npeacTasnenue Matpunsl F K F

b, 0 0 0]
(-)
e b o ki o o
N LN N T (=)
o o kY o
0 0 o kO

33 |

AHAIOTHYHOE YTBEP)KICHUE MMEET MECTO W IS MEePUUPKYISTHTHOW MaT-

1
PHILIBI KZ,N .

Jlemma 11.3. /fna arw6oz0 N =2M +1, 20e M — cmapwaa cmenens

mpuzonomempuueckux nonunomos (1.8), cnpaseonueo pasencmeo

PO, Py =PA(ty o0 o ),

20e
Cy» ecatn n=0,
c e, ecit n=1..M,
o=
2n |0, ecn N=M+1..M+M_,
e e n=M+M +1.., M +M
-n 0 0

I[OKEBaTeJ'ILCTBO gemmbr 11.3 coBImamzacT C A0Ka3aTCJIbCTBOM JICMMBI

9.3, Tak kak s mo6oro N crpaBeaIMBO TOKIECTBO K'2 NS K2 N

[MpuBeném OI0YHOE NMPENCTaBIEHUE MAaTPULBl UKEOF

N 2N N
Cy 0 0 0
o o o kU
FDKI - !
N “2,N N (+)
0 0 K2,2 0
(+)
_0 K3’1 0 0 |
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C—l
c &
k() = , (11.16)
C—M +167)NI ?
_C—M E)M _
c, "
c, oM™
ki) = , (11.17)
C, &
_Cla) i
rae w= e' "N , a K '2(;) — HyJIeBas KBaJgpaTHas MaTpuia nopsaka M 0

U3 nokazanubix memm 11.1 — 11.3wiTekaeT cieayromiee yTBepKICHUE.
Teopema 11.1./[na 06020 N2 2M +1, 20¢e M — cmapwas cmenens
mpuzonomempuueckux nonunomos (1.8), cnpaseonueo pasencmeo

b, +c, 0 0 0
' (=) (+)
FONE = 0 A1,1+K1,1 0 K1,3
VAR o 0 N, 0
r(+) ] r(—
| 0 Kai 0 Nya+Kiys|

20e bo’ C, — cpednue snauenus @ynxyui kl(t) u k2 (t) uz (1.18) Ki'(l_),

KO K w KX — onpedenens ¢ (11.14) (11.15) (11.16)u (11.17) co-

OmeemcmeeHHo, a

A, =diag(A, ... A, ),
A, :diag(/],’vm, ,A;MMO) ,
Nys :diag(/],'w+Mo+l, ,/\,’VI+MO+M)

yucna /]r'n, m=1,...,N—1-onpeoenenst ¢ (11.12) N =2M + M0 +1.
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12. PEHIEHUE JAUCKPETHBIX YPABHEHU
BTOPOT'O POJA

B mpenpigyiieM maparpade MONyYeH AWCKPETHBI aHAOT CHHIYISIPHOTO
HHTErPaJbHOTO ypaBHEHHs BToporo poza (1.2)kak cucreMa JIMHEHHBIX anredpande-
ckux ypasuenuii (11.6).Cucrema (11.6)cocrour uz 2N ypasuenwuit u comepxut

2N neusBecTHBIX. MaTpHIlel K03 (GHUIIMEHTOB ITOM CUCTEMBI ABIISIETCS

|
aE

T7ie MaTpHUIlBl HEUTPAJIHHOTO THIIA A\‘ u A'\‘ OTIPEeNIeNAIOTCS. KaK CYyMMBI ITHP-

kymsurbIx Matpun T, Ko T Kl \ » TIEPBBIE CTPOKH KOTOPBIX NPHBE/e-

uel B (9.17), (9.18), (11.8), (11.9) nepuMpKyIsSHTHBIX MATPUII K2 N K2 N
nepBbie CTPOKH KOTOphIX mpuBeneHs! B (9.19), (11.9)Yepes EN o0o3HaueHa

CANMHUYHAsA MaTpulia nopaaka N .

Ucnone3ys matpuiry Dypee FN, cuctemy (11.6) mpuBOIMM K BHIY

(11.7). Cucrema (11.7) pacamaercss Ha CaMOCTOSITENIbHBIC CUCTEMBI BTOPOI'O H

YCTBEPTOT'O MOPAJAKA. KomnuuectBo cucrem BTOPOTO MOpsAAKa paBHO M 0 +1, rae

N=2M+M ot 1. Dtumu cucremamu SABISIOTCS

alfy, )y # (0o +<o) )y =(0u) o
(b°+co)(y;\‘)o+a[qu) ( )

[qu) +A [qu) ( N)n

A dvy) +adyy) =(g).. (12.2)

n=M+1..M+M,.
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KonuuecTBo cucteM yeTBepTOro nopsaka pasio M u atu cuctemsl nme-
IOT BUL

alfyy ), + (o )X ), e @ ), L, = (o),
Al oot e By, 0 )y = (o),

(b_n +i))(n [qu )n +c o E@}/N )N_n +a[QyN)n (g;\l )n, (12.3)

Cﬁaj1 [qy;\l )n -I-(bn _i))_(n |:qy;\l)N—n +a|:qu)N—n (g;\‘ N-n
n=1...M.

XapaKTepUCTHUECKUMH YPaBHEHHAMH MAaTPHUIBI KOX(QQHUINEHTOB 3THX
CUCTEM U UX COOCTBCHHBIMU 3HAYCHUSIMHU SIBIISIOTCSI:

(/1—61)2—(b0+co)2 =0,

A, =a+b +c, (12.4)
A,=a-b,-c,, (12.5)
(cootBerctBytOT cucteme (12.1));
(A1-a)’+1=0,
A, =aki,

(cootBerctBytoT cncremam (12.2)ans Beex N=M +1,...M + M );

(A=) | (b, +1) + (b, =1) +2c ¢, |(A-a)* +

+[ (b, +i)(b, 1) —C_ncn]2 =0,

. A\2
/]1’2 :E(2a+b_n +b t\/(b_n —b, +i 2) + 4c_ncnj , (12.6)

1 2
)I3‘4 —E(Za_b-n _bn i\/(b—n _bn +l 2) +Ac, j ' (12.7)

(cootercTBYIOT crcTemam (12.3) st Beex N=1,...,.M ).
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Ecin cpaBHHUTH 3TH COOCTBEHHBIE 3HAYEHHS ¢ COOCTBEHHBIMH 3HAYEHMS-
mu oneparopa (6.8), 1o MoxkHO 3ameTHTh, uTo (12.5)u (12.7)He sBssroTCs COO-
CTBEHHBIMH 3HAYEHHSIMH 3TOTO ONepaTopa. BO3HUKHOBEHHE COOCTBEHHBIX 3Ha-
yenuit (12.5) u (12.7) cBsi3aHO € TEM, YTO NP IOJYYEHHH IOIMOJHHUTEILHBIX

ypaBHenuit (11.5)HaMut GbUTH 3aMEHEHBI CETKH {S; N} u {t; N} JUIs TIEpEMEH-
HeIX T 1 S. Ha camoMm znene 3To 03Hayano JUCKPETH3AlNIO yPaBHEHUS
ax(s)+(Ax)(s)=f(s),  f(s)OH"

BMecTo ypaBHeHus (11.1).Takum obpasom, cuctema (11.6)cooTBeTcTBYET CHC-
TEMe MHTETPaIbHBIX ypaBHCHUH

ax(t) + (Ax)(t) = (t),
ax(s)+(Ax)(s) = f(s).

CobGcrBennble 3HaueHus cucreMbl (12.3), He ABISIONMECS COOCTBEHHBIMH 3Ha-

(12.8)

yeHusiMu oreparopa (6.8), ABIAIOTCS COOGCTBEHHBIMU 3HAYCHUSIME TUCKPETHOTO
aHajiora BTOporo ypasHenus cucremsl (12.8).

3ameyanue, PUBEICHHOE BBILIE, TOBOPHUT O TOM, YTO TIPH PEIICHUH CHCTE-
MBI (11.6) MBI JOIOHUTENBHO JOJDKHBEI TPEOOBAThH HETPHUBUAIBHOCTH COOCTBEH-
HbIX 3HaueHu# (12.5)u (12.7).Kak yxe ObLIO OTMEUYEHO, 3TO BOHHUKJIIO H3-3a MPH-
COCJIMHEHMUsI BTOpOTro ypasHeHust cuctembl (12.8). OnHako 3T0 HEraTWBHOE CBOM-
CTBO KOMIICHCHPYETCS CJICIYIOIIMM O3UTUBHBIM CBOHcTBOM. COOCTBEHHBIE 3HA-
yenuns Marpunsl cucreM (12.1) — (12.3%e 3apucar or N nmpu N =2M +1, rae
M —crapiuas crenens MHorouneHos (1.8).OTcroaa cieayer, 4To eCiu IS HEKO-

toporo Ny 22M +1 marpuna A sBisercs oOpatumoi, To it 1r060ro
0

N =2M +1 matpuua A | o6paTimas 1 MIMEET MECTO COOTHOLIEHHE

HA&l“ = HA&T} g moboro N =2M +1.

Ecin uucna (12.4) — (12.7)He paBHBI HYNIO, TO CYIIECTBYET YHCIO
C >0, rakoe, uro mst moboro N = 2M +1 cnpaseunBo cooTHOmEHNE

HA&l“ =C s moboro N =2 2M +1. (12.9)
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BBenem 0003HauEeHUA:

F(t,s)=

X(t,s)= X(t)}, X s@“?’“X:[ |

[ax(t)+(AX)(t)
A {ax(s) +<Ax)<s)} '

B atHx 0603HaueHusnx cuctemsl (12.8)u (11.6)3anuckiBaroTcs Tak:
AX =F, (12.10)
ANXN =FN. (12.112)

Teopema 12.1. /[na o0nosnaunoii paspewmumocmu ypasuenusn (12.10)
ona mwoboi gynxyuu f OHL neobxooumo u oocmamouno, umoént uucna

(12.4)—(12.7) 66111 Henynesvimu.

Joxa3zaTeabcTBo Teopemsl 12.1cnenyer u3 reopemsr 7.1.

Hycrs XOHY u f OHY — npoussonsusie gynxuun. Torna us (9.27),
(11.10)u (11.11)BBITEKAIOT OLICHKH

‘(qn{“ W (ax)) ~(a,0/Ex) |=0(N“InN).

{s: N} N {t; N}

t;N s; N
fofeya-2fr

=0(N™InN), (12.12)

|'2,2N

rue (YN) —o6o3Hauenue M-t koopauHaTb! BekTopa Y, .
m
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Teopema 12.2.ITycme uucna (12.4)— (12.7) ne pasnot nyaro. Tozda onn

scex T OH? | ypasnenue (12.11)umeem eduncmeennoe pewrenue

_a-1
X N~ A N FN
U cnpageonuéa oueHKa

-1 _ s Npp -1
‘ANFN ols M A

=0(N™InN), (12.13)

I‘2.2N

JlokazaTeabcTBo Teopemsbl 12.2. Vmeem

e _oplsNbA-IE — A It E _pls Nb A -1 =
AR, CD{tS;N}A F—ANJCD{S;N}F CD{tS;N}A F=

=AY pltN A - {sN}) 4 -1
_AN (cp{s;N}A ANCD{tSN})A F. (12.14)

Iepexos k Hopmawm B (12.14),mony4ynm

-1 _ SN} 4 -1
HANFN ol M A

<

I‘2,2N

<faiflefina-awelylaF

(12.15)

L2,2N

U3 (12.9), (12.12)y (12,15)BeITeKaET crpaBeaanBoOCTh onenku (12.13).
Teopema 12.2 noka3zana.

13.IPUBJINXEHHOE PEHIEHUE ABCTPAKTHOI'O
OIIEPATOPHOI'O YPABHEHUA

Pemenre MUCKPETHBIX ypaBHCHUA, COOTBETCTBYIOIIMX CHHTYJISIPHBIM HHTE-
TpaJibHBIM ypaBHEHMsIM [ MitbOepTa, OCHOBAHO HA CIISIYIOIIUIA TPHUEM, KOTOPBIH Mpo-
JIEMOHCTPUPYEM TS OOIIEr0 HOPMAITBHO Pa3pelMMOro OIepaTOpHOTO YPaBHEHHSL.

13.1.0603Ha4YeHUs ¥ OCHOBHbBIE Pe3yJIbTaThl. [IycTh

A=B-K, A:H-H, (13.1)

A — nuHEHHBIH orpaHuueHHbIN ornepatop, B — numelinbii orpanuuenno oGpa-
TUMBIA omeparop, K — nuHelHBIN BronHe HenpepuIBHBIA omeparop, a H —
THIIEOEPTOBO MPOCTPAHCTRBO.
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PaCCMOTpI/IM BOIIPOC HpI/I6J'II/I)KeHHOFO PpeHICHUA OTICPATOPHOI'0 YpaBHCHUSA

Ax=f, (13.2)

rne f OH 3amannbii neMeHT ¢ MOMOIIBIO CEMEHCTBA anIpPOKCHMUPYIOIIHX

ypaBHEHHM

Ax =f, nON . (13.3)

OmnpenenuM ceMeNCTBO armpoxkcumupyromux ypasuennii (13.3). ITycts
H o N UON —runs6epToBel IpOCTPaHCTBa, a {¢n} , {gl/n} , NON —cemeiictBa

PaBHOMCEPHO OTpaHUYCHHBIX JIMHEHHBIX OIepPaTopoB, TAKUX, YTO

¢n:H -H., noN, (13.4)
¢, H -H, nON. (13.5)

B nanHom maparpade Oymem mpexmojarath, uyTo omeparopsl ciycka (13.4) u
BocrnoaeHus (13.5)y10BAeTBOPSIIOT CIEAYIONIAM YCIOBHUSIM:

pY.y=Y, UyUH, , OnON, (13.6)
Lim“wn¢nx—x“ =0, OxOH , (13.7)
limlg =l  OxOH. (13.8)

Orvernm, uto u3 mpencraenenus (13.1) cnenyer, uto siapa orepatopa A u

conpsbKeHHoro onepatopa A~ KOHEYHOMepHBIC H HX Pa3MEepHOCTH coBIazatot [95]:
dimkerA= dimkerA” =k, (13.9)

rae K =0 —npoussonsHoe Letoe 9ucio.
O003HaYEHH:

el, ... ,ek — opToHOpMUpOBaHHEI 6asuc B KerA;

9,0, OPTOHOPMHPOBAHHBI Gasuc B kerA”™:
An = ¢nAt//n, Bn = ¢nBl/ln ) (13.10)
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By;[eM IpearoaraTh, 4ro it Bcex N ON emmonnsercs PaBEHCTBO
dimkerA = dimkerA’=k. (13.12)
3amMeTHM, YTO JUIS CHHTYJISPHBIX HMHTETPATLHBIX orepaTopoB I minbepTa HEW-

TPaJIbHOTO TUIA M MX JAMCKPeTHBIX onepatopos A u A, aE+A n A'(Va), A

u AN , 13 88 1, 9, 12ootHomenus (13.9)u (13.11)BBIHONHAIOTCS.

TTonoxum:.

Kk

Gx=) (e, x)g, . (13.12)
m=1
k
Gy= (€ m ¥) 00 (13.13)
m=1
. K
Gy= Z(én,m, Y) Ty (13.14)
m=1
e .OkerA, g,  OkerA (13.15)
&m=%8  9nm=9.9, (13.16)

nON, m=1,...k.

CemelicTBO {Cn} munedinbix oneparopos C :H_~— H  nasosem yc-
TOWYHBBIM (IICEBIOYCTOMYMBEHIM), €CJIM HANIYTCS HATYPAIbHOE YUCIIO n, ¥ mo-
noxuTensHoe — M Takue, uTo mpu N = N, CYWECTBYIOT oOpaTHBIC OTIEPaTOPEI

-1 +
C.~ (ncesnooGparuste oneparoper C ) n cipasesnsa ouenka

|el=m. (e,

SM) nzn,.

OCHOBHBEIMU YTBECPKACHUAMU DBTOIO naparpaq)a SABJSIFOTCS  CJIICAYIOINE

TeopeMbl. OniepaTopsl An, Bn, G, Gn W OeMeHTBl € , §  , y4acTByio-
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mue B QopmymupoBke Teopembl 13.1, ompemenensl paBeHctBamu (13.10),
(13.12), (13.13y (13.16).

Teopema 13.1. Ilycmb cemeiicmeo {Bn} A6naemca ncesooycmouyu-
evim u Ker Bn ={0} . Tozoa cywiecmeytom opmonopmupoeantsie 6a3ucsl
& 8 OkerA, g .9, 0ker A, ren (1317)
maxue, umo

lim

N - oo

e e H =0, lim
Hn

n,m n,m Nooo

‘qm' gn,mHHn =0, m=1,..., k (13.18)
u cnpaeewmebl COOmMHOWwIeHuA

lim

n—oo

¢ (A+G) 1 —(An +Gn)_l¢n fH =0,  (13.19)
Hn

ecru T OH ;

LimonA*f -A'g f HH =0, (13.20)

echu f EIR(A).

JokazarenbcTBo Teopembl 13.1npuBeneso B m. 13.4.

ITycTh BMECTO TOUYHBIX JaHHBIX An, Gn, fn M3BECTHBI MX MPHUOIMKESHUS

An, Gn, fn , YIOBJIETBOPSAIOLIHE YCIOBUAM
|A-A|<n,. n,=zo0 (13.21)
|e,-G,|<s, 4,20, (13.22)
n n n n

f

rae /], 2 0, 5n >0, £,2 O — ypoBHHM TIOTpEIIHOCTH ITPUOIHKEHHBIX JAHHBIX.

f—f” <¢
n nllH n

, £ 20, (13.23)
nilH, n
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Teopema 13.2. ITycmo nuneiitnvle onepamopul An, én : Hn - Hn u

1eMeHmbl f~n 0H o Yoosnemeopaiom coomuowenuam (13.21) - (13.23)u

umerm mecmo Hepasencmea

H(A +G )'1 =m < M<oo, (13.24)
n n n
m (n,+8,)=q, < a<1. (13.25)
Toz0a cnpageonuea ouyenka
- ~ -1 = - mie +
H(A +G )T -(A +G ) f <M f (13.26)
n n n n n n n

Hn_ 1_q Hn

onsa ecex N2 no.

JokazarenbpcTBo Teopembl 13.2npuBeaeHo B m. 13.5.

13.2. BecnomorarensHble yTBep:KAeHHsI. B JTaHHOM ITyHKTE OKa)XeM
HEKOTOPBIE JIEMMBI, HCITOJIB3YIOIIHECS B JOKa3arenbcTBax Teopem 13.1u 13.2.

Jlemma 13.1. Onepamop A+G, 20e onepamop G onpedenen pasen-
cmeom (13.12) sennemcesn ozpanuuenno oopamumoin.

JoxkazaTeancTBo JeMMbl 13.1. JlocTaTo4HO MOKa3aTh, YTO SiApa Onepa-

0,0
topa A+ G u conpsokennoro onepatopa A~ + (G~ cocTOAT TONBEKO U3 HyIEBO-
-1
ro sneMeHTa. Toraa OrpaHMYeHHOCTh 0OPATHOTO ONepaTopa (A+ G) Oymer

CIIEIOBATL U3 HOPMAJILHOM paspemumocTy orepartopa A+G.

ITycTp 111 HEKOTOPOTO 3JIEMEHTa X0 [UH Bomonseno cooTHOIEHHE
Ax, +Gx;=0. (13.27)

TTokaxxem, 4To X0 = 0. leiicTBUTENBHO, TAK KaK
k
Gx,=>(e,.%,)9, OkerA”, Ax OR(A)DkerA”, (13.28)

m=1
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To u3 (13.27)cnenytor paBeHCTBA
AX0 =0, Gx. =0. (13.29)

U3 nepsoro pasenctsa (13.29)BbITeKaeT CyIMIECTBOBAHUE YHCET a,...a, Ta-

KHX, 4TO
X,=age+.+a,e. (13.30)
W3 Broporo paserctia (13.29)u cootnomenwuii (13.28)BrITeKalOT paBeHCTBA
a, :(el, xo) =0,...,a, :(ek ,xo) = C. (13.31)
13 (13.30)n (13.31)BbrTekaet pasenctso X, =0.

CoorHolIeHHE ker( A+ GD) :{ q cnenyer u3 teopemsr C. M. Hu-

KoJbcKoro [95]. OHaKO B CIPaBETUBOCTH 3TOTO PABEHCTBA MOXKHO YOCAUTHCS
Y HETIOCPEZICTBEHHO.

Hepr,HHO MPOBEPUTH CIIPABCAIIMBOCTL PABCHCTBA

G :Zk:(gm,u)em. (13.32)

m=1
Ho Torma, kak u BbIlIE, MOKHO IOKa3aTh, YTO €CIIU AEiJO+GDu0 =0, 10
U, = 0.

Jlemma 13.110ka3ana.
Hapsny ¢ (13.2)paccMOoTpuM ypaBHEHHE

Ax+Gx=f . (13.33)

CnpaseuBa
Jlemma 13.2. Hycms | [ R(A) . Tozoa nopmanvhoe pewenue ypashe-

Husn (13.2)coénadaem ¢ eduncmeennvim pewrenuem ypasnenusn (13.33):

ATf=(A+G) 7 f . (13.34)
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HMokasateabcrso. Ecni X, — HopmanbHoe pemenne ypasrenns (13.2),
TO X, OkerA, To ectb (em,xo) =0,m=1,...K u, cnenoBarensHo, GX0 =0.

HostoMy X, SABNACTCS PEUICHHEM YPaBHCHHS (13.33), To ecTh crmpaBemIHUBO
pasencTBo (13.34)

Iycre Teneps X, —pelueHue ypaBHeHHs (13.33):
AX, +Gx, = f. (13.35)

Tax kax GX; U kerA"” u Ax, U R( A) OkerA", to us pasencrsa (13.35)cie-
JyIOT COOTHONIEHHS
Ax =f, Gx_=0. (13.36)

IepBoe u3 paBencts (13.36)03Hauaer, 4TO X, ABIACTCA PCIICHHEM YPABHCHHS

(13.2),a BTOpOE, UTO OHO — HOPMAJILHOE PEIIEHHE 3TOTO YPABHEHUSI.
Jlemma 13.210Ka3aHa.

U3 ompeiesieHns onepaTopoB An u cootHorrenus (13.7)BbITEKaeT crpa-

BCJIMBOCTHL PABCHCTBA

Li[rgo“¢nAx—An¢nx“Hn =0, OxOH. (13.37)

HetictButensHo, B cuny (13.6)u (13.7),ms Beex X[IH umeem
|¢.Ax=Ag A, =l6.Alx-v.2.%

13.3. YcToiYnBOCTh U MCEBIOYCTONYHBOCTh CEMENCTBA ONEPATOPOB.

:‘ —>O,n—>00
H, H

B nanHOM myHKTE HaMU OYJET UCTIONB30BaH CICIYIONINI aHAIOT TeopeMbl JIak-
ca JIsl HEOJIHO3HAYHO pa3pernMbix ypasaenuii [30]:

Teopema Jlakca — JlxkymaeBa. /12 ncesdoycmoiiuueocmu cemeicmea

JIUHENHbIX ONepamopos {Cn} : Cn 'H I H n Heo0X00uMo u 00CmamoyHo,

umoovl 01 6cex X Oker Cn U3 COOMHOWECHUA
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HCanHHn -0 mpu N oo (13.38)

ceooeano.

HXnHH -0 nmpu n-s oo, (13.39)

Jlemma 13.3. Ilycmo {Bn} A6NAEMCA NCEBOOYCMOTIYUBHIM cemelicm -

eoM u

kerB_={0}. (13.40)
Tozoa { An + Gn} —ycmouuugoe cemeiicmeo, a { An} — ncesdoycmoiiuueoe.

Joxka3zatenbcTBo JemMmbl 13.3.Tak kak {en} O kerA — opronopmupo-

BaHHbIH 6a3uc, To u3 cooTHoIeHus (13.8) —ycnoBust coriacoBaHust HOPM, cJie-
AYI0T

Lim”gbnemHHn:HemHH =1 nmpu m=1,...K, (13.41)

lim(¢.e,8,8)=lm(4,p,e ~€,6)=0 mpu lxm#ls<k. (13.42)

U3 (13.41)u (13.42) cnemyeT CyIIeCTBOBAHHWE OPTOHOPMHUPOBAHHBIX 0a3HMCOB
(13.17),ynoBneTBopsirorux ycnousm (13.18).

VYCTaHOBHM yCTOMUMBOCTh CEMENUCTBA {An +Gn} . IIpeanonoxxum mpo-
tuBHOE. [lycTh ceMeHcTBO {An + Gn} He sIBJIsIeTCs ycToMuuBBIM. Torma cyuie-

CTBYCT NMOCJICAOBATCIbHOCTE HOPMUPOBAHHBIX 3JICMCHTOB Xn TaKHX, 4TO

(A, +6,)x,

oo 0, n- oo, (13.43)

U3 (13.18)cnenyeT crpaBeyIMBOCTb COOTHOIIEHHUS

Lifrgo“(Gn —Gn)yHH =0, DOyOH_, (13.44)
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I OIepaTop én ompenener B (13.14), (13.15)Torna u3 (13.43)u (13.44)BsI-

TEKAET, UYTO

n- oo,

(A& )%, <A+ )xl., +l(G-c)xl,

n
OTcroma, B CBOKO OY€pe/lb, CICIYIOT COOTHOIICHHS

||Anxn||H - 0, (én’m,xn) -0, noo,m=1..k. (1345

ITonaras

X =y +z; y, UkerA , z [kerA, (13.46)

u3 (13.45) u mpeacrasnenus (13.46) monyduM CHpaBeIMBOCTD MPEACIBHBIX
COOTHOILIEHUH

A, ” 0, (nm yn)~ 0, n-o,m=1.k. (13.47)

La TaKWue, 4YTo

Taxk kak dJIeMeHT yn O kerAn , TO CYLIECTBYIOT 4uclia & K

N1

Y, = anylen‘l+...+an Ehx . 13 (13.47)cnenyet cOOTHOLICHUE

a.m =(én'm,yn) - 0, n- o, (13.48)

Takum 00pa3oM, U3 MpeacTaBICHHS dJIEMEHTa y, u (13.48)BbITEKaET COOTHO-

IeHHUE HynHH - 0, N - o u, cinemoBaTeIbHO,
n

Torpma mocaen0BaTeNbHOCTE AJIEMEHTOB {wnzn} orpanudeHa. Mcnomns3ys 1mo-

V4
n

L, -l now. (13.49)

HYI HCHIPEPBIBHOCTH OII€paTopa K y 0e3 OTpaHUYCHUA 06H1HOCTI/I, MOXHO I0-

IMMYCTUTH CYIICCTBOBAHUEC DJICMCHTA ZO OH TakKoro, 4ro

Kg[/nzn - 0, n- o, (13.50)
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U3 (13.47), (13.50¥ cootHomenus (13.7)cnenyer:
_ -1
‘q@n¢@ %m%ﬁa N . (13.51)

[oatomy u3 (13.51)B crity nceBAOYCTOHYMBOCTH ceMenCcTBa { Bn} U PaBEHCTBA

kerB, ={ q OyzneM UMeTh

-1
z -¢ B ZOHHn - 0, n- o, (13.52)

Hanee momyuum

‘(bnAB_lZOHHn S”AnZh”Hn +HAn (¢nB_le h Zn)”Hn *

+H¢nA”HB_lZO —l//n¢nB‘lZOHH -0, n- o, (13.53)

U3 cootHowennit (13.8) u (13.53), B cBoro ouepenp, CICAYET PaBEHCTBO
AB_lzo =0, To ecTb B_lzo OkerA. Ionoxum

k
-1, _—
B7z,=) ae. . (13.54)

m=1

IIpumenss onepatop ¢n K paBeHCTBY (13.54),momy4anm

k
¢ Bz =>ae nON. (13.55)

m-n,m’
m=1

U3 (13.18), (13.52) (13.55)cnenyert, uto

k
Z->ae
n m n,m
m=1

.0, noow. (13.56)
Hn

k
Hakonen, B cuiay BKIIOYEHUS Zamén m O kerAn M OpPTOrOHAIBHOCTH
m=1 '

z [ kerAn , 13 (13.56)BBITEKaET COOTHOLICHHE

H%LH*Q no o, (13.57)
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Ionyyennoe cootromenue (13.57)mporuopeunt (13.49).3T10 mpotuBopeure

YCTaHABJIMBAET YCTOMUMBOCTH CEMEWCTBa {An +Gn}. OOHOBpEMEHHO HaMU

YCTaHOBJICHA TICEBIOYCTONYHBOCTh CEMEHCTBA { An} .
Jlemma 13.310ka3ana.

3ameuanne. Ycinosue (13.40) B dopmyamposke seMMbl 13.3 sBiseTcs
00s13aTeNbHBIM. JIA CIEAYIOMEro TpUMepa BBIOJHEHEl BCE YCIOBHUS JIEMMEI
13.3, kpome yciaosus (13.40). OnHako M3 ICEBIOYCTONYMBOCTH CEMEWCTBA

{ Bn} HE CJIeIyEeT HU MCEeBA0YCTOMYNBOCTh CEMEUCTBa {An} , HI yCTOWYHUBOCTD
ceMelicTBa {An + Gn} .

Ipumep. B npoctpanctee H = |2 pPaccMOTpPUM JIMHEWHBIE ONepaTOpbl

B=diag ®B,,8,,....8_,.]. (13.58)
K=diag &, ,&,,...&_ ... (13.59)
rae

0 1

B = ., m=12,.., (13.60)
ml1 0
1o

g = M . m=12,... (13.61)
m 1
0O ——
m

B kauectse ammpokcumupyromux npoctpancts H - pacemorpum
(2n + 1) -MepHble mpoctpanctsa Esxmuza R2™: H L= R>™ nON. On-

penermam ortepatopel @ ¢ . Tlycts
T
x=(&,&,....¢,,..) Ol (13.62)

T n+
y=(n, 1, 1,,) OR™, nON. (13.63)
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JleiicTBHE OMEPaTOPOB ¢n u ¢In Ha astemenTax (13.62)u (13.63)onpenennm Tax:

8, x=(€, &y iEy, ) OH (13.64)

.
wy=(n.ny...1,,.00.) OH, nON. (1365

Jlerko BUIETH, UTO ONEPATOPHI ¢n " l/ln u3 (13.64)u (13.65)acitcTByIOT MO
cxXeme ¢n ‘H-H_,¢ ‘H_ - H uynosrersopsior ycnosusm (13.6) — (13.8).

ANnpoKCUMHPYIOLIUE ONEPaTOPB An u Bn st onepatopos (13.58) —

(13.61)umerot BU:

_ A 1 _
A _duag[ml,mz,...,mn m} A =B -R ,  (13.66)
B, =diag ®,.%,,... 8, .(. (13.67)
U3 (13.60), (13.66} (13.67)nony4qaem, 9To
B' =B, (13.68)
A' :diag[aq 20, LAt n+ 1 (13.69)
11
+ 4 4
AT = , 13.70
171 ( )
4 4
~m m°
2 _ 2_
gt=| M L m =1 m=2. n. (13.71)
m> om
m’-1 m?-1

crnenoBarenbHo, u3 (13.68)monyyaemM paBeHCTBO HB;r “ =1 mns Beex NON, o

€CcThb CeMelCTBO {Bn} nceppoyctoitunBoe, a u3 (13.69) — (13.71)ionyqaem
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+ v
HEPABEHCTBO HAn “ =n+1 ans sBcex NON, To ecTh cemeiicTBo {An} HE TICEeB-
JIOYCTOMYHUBOE.

Crenyrolias ieMMa B HEKOTOPOM CMBICIIE SIBJIICTCS 00paTHO# K temme 13.3.

Jlemma 13.4.ITycmo nociedosamenbHOCHb OREPAmopos {¢E¢n} cxo-

oumcsa cunvho K nexkomopomy onepamopy P . Tozoa uz nceedoycmoiiuueo-

cmu cemeiicmea { An} ciiedyem nceeo0oycmoiiuueocms cemelicmea { Bn} .

Joka3aTeancTBO JeMMbl 13.4. CHauana MOKaXeM CIPaBeIIMBOCTh pa-

senctea ® =E ,rne E:H - H —enunununsiii oneparop.
JleicTBUTEIBHO, U3 CHIIBHOM CXOAUMOCTH ITOCJICIOBATEILHOCTH {¢E¢n}
k oneparopy P (ycnosue nemmbr), mst mo6oro XH |, umeem
0
(¢n¢nx, x) - (Px,x), n-oo. (13.72)
C npyroii croponsl, u3 ycnosus (13.8),m11s mo6oro XL H umeem
O
(¢n¢nx, x) -(x,x), noo. (13.73)

U3 (13.72), (13.73} eaMHCTBEHHOCTH MMpeeia MOJTydlM CIPaBeNIHBOCTh pa-
BCHCTB

(ox, x)=(x,x) u "=, (13.74)

U3 cootnomennii (13.73), (13.74) yrBepxaenus [6, c. 121] cnenyer paBeHCT-
Bo P=E.

VYcTaHOBHM NICEBAOYCTOMYHBOCTh CEMECTBa { Bn} . Ilpeanonoxum mpo-
TtuBHOE. IlycTh cemeiicTBO {Bn} .He SIBJIsIeTCsl TCEeBIOYCTOMUMBEIM. Torna Haii-

ACTCA MOCJICA0BATCIbHOCTD HOPMHUPOBAHHLIX 3JICMCHTOB { Xn} TaKuX, 4TO

x,0kerB,  u B x

—»O, n - oo,
H,
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B cuny monuoii menpepsiBHocTH oneparopa K, 6e3 orpannuenust oG-
HOCTH, MOKHO CUUTATh, UTO

Ky x, - %X, UH, n- o, (13.75)

Torna u3 (13.75)umeem
H¢n('°‘/’nxn +Xo)HHn -0, n-oo. (13.76)

O
Tax Kak rmocjie10BaTeILHOCTh {¢n¢n} CXOIUTCS CHUIBHO K €IMHUIHOMY OTiepa-

Topy, 1o A Becex X[ H 6ynem nmers

(X’ Mnxn + XO) = (¢nx’¢n (Mnxn + XO)) *

+(x—¢nD¢nx, AY X +x0) -0, nNnoo. (13.77)

Crenosarenbho, u3 (13.77) cnenyer ciadas CXOIUMOCTh MOCIIEN0BATENLHOCTH
{A{/lnxn + Xo} K HyJi0 IpH N — 00, OTcroa moyyyaeM MpUHAIIEKHOCTD dJIe-
MeHTa X cnabomy 3aMbIkaHuIo obpasza omeparopa A. Ho mo ycnosuio o6pas

oneparopa A ABISETCS 3aMKHYTBIM M BBIIYKJIBIM MHOKECTBOM. I109TOMY OH
COBIAJIa€T CO CBOMM 3aMBIKAaHUEM.

Takum 06pasoMm, dJIeMEHT X MPUHAICKUT 00pasy oneparopa A. Jlanee

HNMCEM

+
o ~0. 208 A0S x|, 0 noe. @379
U3 (13.76)u (13.78)BbITCKACT, YUTO

Hcnonb3ys mceBaoyCTOMYUBOCTh CEMENHCTBA {An} , u3 Teopemsl Jlakca — JIxy-

maeBa u cootHorrenni (13.38), (13.39), (13.79Monyunm

A (x, +¢nA+x0)HH -0, Nnoo. (13.79)

X +@ A'X + ynHHn -0, n-oo, (13.80)
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rac

y, OkerA , x +¢ A'x +y OkerA . (13.81)

3aMeTuM, YTO M3 HOPMHUPOBAHHOCTH MOCIIEA0BATEILHOCTH {Xn} U paBHOMEDP-
HOW OTPaHMYCHHOCTH IOCJICIOBATEIILHOCTH OTIEPaTOpOB {¢n} u3 (13.80)BbITe-

KaeT OIrpaHUYCHHOCTD IMOCIICA0BATCILHOCTHU { yn} . [Tonoxxum

yn =an’1en'l+an'2en'2+...+ O’n ken K- (13.82)
Torma

‘an m‘sazconst@o, m=1..k ,n- o, (13.83)

U3 (13.83),6e3 orpaHuyeHust OOMIHOCTH, MOKHO CYMTATh, YTO

a,.—-a, mpu N oo, m=1...k. (13.84)

ITonoxum

y,=agtag, . +ae. (13.85)
Torma u3 (13.81), (13.82), (13.84) (13.85)cnenyer
l¢.v,-v. ], -0 ~n-e. (13.86)

U3 (13.80)u (13.86)BbITEKACT COOTHOLICHHE

Hxn +, (A%, +yO)HHn -0, noo. (13.87)

H

W3 COOTHOIIEHUS HBanHH — 0 mpu N - o u ycnosus (13.8)6ymem umeTh
n

B(A+X0 +y o) =0. Ho omeparop OrpaHU4eHHO OOGPATUMBIH, IOITOMY
A+XO +Y,=0. Orcrona ans seex NUN caenyer ¢n (AJrX0 + yo) =0. Toraa
u3 cootHowenus (13.87)nomy4aem, uto HXnHH - 0 mpu N - o . Do mporu-

BOPEYHUT HOPMHUPOBAHHOCTH DIEMCHTOB X .

Jlemma 13.410Kka3aHa.
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13.4. loka3areabcTBo Teopembl 13.1. CyriecTBOBaHHE OPTOHOPMHPO-

BaHHBIX 0A3UCOB
= = = e = |
€1 & o Bk O kerA_, On Tn o0 O kerA

n,1’ n,

HaMH YCTaHOBJIEHO B JoKa3aTenbcTBe JieMMbl 13.3. TIokakeM CIpaBeIHBOCTE
cootnorrenus (13.19).Tak kak

‘¢nxf _(An +Gn)_1¢nf

<[(n, el w6, )ox -0, (n, r,)x, ],

<
Hn

-1
rae X, = (An + Gn) f , To B cuny (13.37),n0cTaTouHo MoKasaTh CIpaBeIn-

BOCTb COOTHOIICHUA

‘(Gngbn _¢nG)XfHHn .0, noo. (13.88)
HNmeem

k
(6,4,-9.G)x, = Z(¢S¢nem —e X )gn’m : (13.89)
1

B cuny yenosus (13.8)nocieoBaTensHOCTh OIEPATOPOB {¢r?¢n} cnabo cxo-

JHUTCS K eAMHUYHOMY omepatopy. [loatomy u3 (13.89)cnenyer cripaBeyiMBOCTh
(13.88).Coornomenue (13.19)n0kazano.

CnpageanuocTtb (13.20)cnenyer u3 (13.19)u nemmsr 13.2.

Teopema 13.1n0ka3ana.

13.5. Toka3zareascTBo Teopembl 13.2.TlokaxeM 00paTUMOCTh OIIEpaToO-

pa An + Gn M CTIPaBEeIIMBOCTD OIIEHKH

<M (13.90)

H(A” +é”)_1 H, 1-q

I[J'IH KOMITAKTHOCTH 3aIIMCU BBCIACM 0003HAYCHUS:

D=A+G, D =A+G.. (13.91)
n n n n

n n
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Nmeem

S _ R -1
D, =[E,-(D,-D,)D;*]D, . (13.92)
rae En — eqMHUYHEI oneparop B H I o6o3HaveHuit (13.91)u HepaBeHCTB
(13.24), (13.25)0ayunm

D—l

n

|(b,-5,)p;"

sHDn—Iin

<(n,+4,)m <q<1, (13.93)

-1
rae M :H(A“ +Gn) H Torma w3 (13.93) cneayer oOpaTuMOCTh ONEpaTopa

E (Dn - |5n) Dr:l U CIIPaBEIMBOCTD OLIEHKH [42]

[€,-(v,-5,)0;1]"

U3 pasenctia (13.92)u ouenku (13.94)cnenyer 06paTHMOCTB omepaTopa Dn "

1
<—. 13.94
= (13.94)

crpaBeIUBOCTH cooTHomeHus (13.90).
VMeeM crieayroliee 04eBUIHOE HEPABESHCTBO

|67, -0 <ol - £l + oy o] asss)

OneHuM Hf);l - D;lu . Tak kak

b,'-b,"=b,%(p,-D,)p,"

n n
to B city (13.90)cnpaBensnBa oneHka

mg
1-q°

|5, -0 <

n

Ortcrona u u3 (13.95)cnenyer ouenka (13.26).
Teopema 13.2noka3ana.
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I'JIABA 4

§ 1.Peryasipu3auusi CIBUIOM B PeryJIsSIDHOM ciIydae

B naHHOI T7aBe MPHUIOKUM METOJ PETYISPU3AIUN CABUTOM I HAX0XK-
JICHUS TePUOIIMYSCKUX PEIICHNH CHCTeM JIMHEHHBIX Au()(epeHIHaNBFHBIX ypaB-
HEHHH TIEPBOTO MOPSAKA C TIOCTOSHHBIMH KOA(PUITHEHTAMU:

%=Ax+f(t), O<t< 2rm, (1.1)

rae A — mocrosiHHas kBajapartHas marpuna mopsinka N, f (t) DCN — 3ajaH-

Hasi BEKTOP-(QYHKIIHS, CN =C_:N [0,271] — NPOCTPAHCTBO HEMPEPHIBHBIX 27T -

MEePHONYECKUX BEKTOP-(DYHKIIHI.

M3yuuM 3amauy HaxOXKIEHHS HEIPEPBIBHOrO 27T -EPUOAUYECKOTO pPe-
LIEHHUsT CHCTEMBI JTMHEHHBIX nuddepeHimanbupix ypapaennii (1.1) B Tak Ha3bI-
BaeMbIX PETYJSPHOM U PE30HAHCHOM CITydasX.

JlaHHyro 3a1a4y Ha30BEM PEryJsIPHOI, €CIIM y MaTpUllbl A HE UMEITCS
leJble YUCTO MHUMbIE COOCTBEHHBIE 3HAYEHHUS, TO €CTh I JI0ObIX lenbix K
BBITOJTHACTCS YCIIOBHE

det(A-ikE)# 0, kOZ. (1.2)

Ecimu xe y matpunsl A uMeeTcs X0Ts ObI OJHO LIENOE YUCTO MHMMOE COOCTBEH-
HOE 3HAYCHUE, TO JaHHYIO 33]]a4y HA30BCM PE30HAHCHOM.

Hapsiny ¢ cuctemotii (1.1) paccMoTpuM perynsipu3oBaHHYIO CABUTOM CHC-
TeMy nudepeHITMaIbHBIX ypaBHEHUH

dx
E=(A+aB)x+f(t), Osts<2rm, (1.3)
rne B — nocrosunas ksagparnas matpuna mopsaka N, a @ — npoussonbHoe
KOMILIEKCHOE YHCIIO — IApaMeTPp peryasipu3auuu.
W3ydnM 3amady HAXOXIEHUsS 27T -IEPUOJUYECKOTO PEIICHUS X(t)
ypaBHenus (1.1).
Oobee pemenue ypasaenus (1.1) npencrapnsiercs Gpopmynoi
t
x(t)=eC +eptje‘psf (s)ds,
0

rac C — OPpOU3BOJIbHAA IMOCTOSAHHAS.
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B cnenyromeM yTBep:KICHUU NPUBOJAUTCS KPUTEPUN OJHO3HAUHOW pas-

pemmmocty cuctems (1.1) nyist mro6oit Bektop-pynkimu | (t) O CN .

Teopema [28]. s oonosuaunoit paspemumocmu cucmemot (1.1) ¢

npocmpancmee CN ona noboit eexmop-pynkuyuu f (t) DCN Heobx00umo u

00CmMamouHoO OMCYMCmaue Yeablx YUCIO MHUMBIX COOCHIBEHHbIX 3HAYEHUIL Y
mampuyvr A. Ilpu ysmom eduncmeennoe pewenue cucmemot (1.1) npeocmas-
aaemcs Gopmynoi

2 t
xo(t)ze“*(E—eZ”A)_1 [ e®7 97 (s)ds+ [e*f (s)ds |.  (1.4)
t 0

JeticTBuTenbHO, mycTh cuctema (1.1) nst kaxnoi Qpynxiuu | (t) DCN

HMCCT CAUHCTBCHHOC 27T-nepno,u1/1qea<oe peuicHnue X(t) . IToxaxxem OTCYTCT-

BHE IICJIBIX YHCTO MHAMBIX COOCTBEHHBIX 3HAYCHHU y MATPHIBI A.
O6wuM pemienueM cuctemsl (1.1) sBnsercs

t
x(t) :etAC+etA.|'e‘SAf (s)ds, (1.5)
0

rne C — mpousBONBHBIA MOCTOSHHBIA BEKTOp. YCnoBue 27T -NEPUOIUYHOCTH

peaICHUA 3aIMChIBACTCA COOTHOICHUEM

(E—ez”A)x(o) :eZ”AZ_[”e‘SAf (s)ds. (1.6)
0

Kaxnoe HayaabHOE 3HAUEHHE X(O), yaosierBopsitoniee yeiaosuio (1.6), onpe-
JEISET OJHO HCKOMOE PELIEHHUE X(t) DEN cucremsr (1.1).

3aMeTI/IM, €CJIn /‘ SIBJISICTCSL COOCTBEHHBIM 3HAUEHHEM MaTpulbL A, TO

27 27TA
YHUCJIO 1-e SIBJISICTCSL COOCTBECHHEIM 3HAUYEHHEM MaTpulbl E-e .
Ecmm npeanojgaratb CymeCTBOBaHHUE 1EJI0r0 YUCTO MHHUMOTO COOCTBEH-

HOTO 3HAYCHUS (/\ =ik, k DZ) y matpunsl A, To 1 sBnsieTcs coOCTBEHHBIM
27TA <
3HauenneM maTpunsl €7 . Torma coorHomenue (1.6), kak cucTeMa JMHEHHBIX
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anreOpanvyecKux YpaBHCHUH OTHOCHUTEIBHO HEU3BECTHOH BEKTOP-()YHKIMH
X(O) , IN0O HECOBMECTHO, MO0 MMeeT OECUNCICHHO MHOTO perieHuit. O6a BbI-
BOZIa NPOTHBOPEYAT CYLIECTBOBAHMIO M €IUHCTBEHHOCTH HENPEPBLIBHOIO 27T -
nepuoauueckoro pemenus cuctemsl (1.1). [Tostomy y matpuisr A He cymiect-

BYCT LICJIOC YNCTO MHUMOC CcOOCTBEHHOE 3HaYEHUE. HCO6XOL[I/IMOCTI> JOKa3aHa.

Ecnu y Marpunsl A OTCYTCTBYIOT IEJIbIE YMCTO MHHUMBIE COOCTBEHHBIE

snauenus, T0 1 He ABIsETCA COGCTBEHHBIM 3HaueHHeM MaTpuusl €2 . Torma
CHCTEeMa JIMHEWHBIX anrebpandeckux ypaBHeHui (1.6) MMeeT eqMHCTBEHHOE
pellcHHE IS KaXIOHW HENpephIBHON 27T -NIepHOAMYECKON BEKTOP-()yHKIIUH
f (t) Orcrofa CiaefyeT eIUHCTBEHHOCTh 27T -NIEPHOANYECKOTrO PEIIEHHS CHC-
tembl (1.1). JIocTaTOYHOCTD J0Ka3aHa.

Hwxke 3aliMeMcs M3y4eHHEM PETYISPHOM 3aJadyM, TO €CTh KOTJa MMEET
Mmecto ycnoue (1.2).

IMokaskeM, 4TO OJHO3HAYHAS pa3pemuMocTh cucteMsl (1.3)3KkBuBaneHTHA
OTCYTCTBHIO LIEJIBIX YUCTO MHMMBIX COOCTBEHHBIX 3HAUEHUH y MaTpuiibl A.

ITycts cucrema (1.3) ogHO3HAUHO paspemmma s ar060i mMaTpunsl B.

Torna, nonaras B =0, nonydum oxxo3Haunyio paspemmmocts cuctemsl (1.1)

JUISL JTI000TO CBOOOMHOTO WwieHa f (t) DCN . Torma u3 Teopemsr 2.1 BrITEKaeT

OTCYTCTBHE IIEJIBIX YHCTO MHAMBIX COOCTBEHHBIX 3HAYCHHUI y MATPHLBI A.
ITycts y MaTpuusl A He UMEIOTCS IIeJble YHCTO MHHUMBIE COOCTBCHHBIE
3HaueHus. AHanornyto (1.5)3amuceiBaetes obuiee perienue cuctemsl (1.3):

t
X (t) — et(A+aB)C + et(A+aB).[e‘S(A+”B) f (S) ds. 1.7)

a
0
I[J'IS[ OIIPEACJICHUA HAaYaJIbHOT'O 3HAUCHUA MMOJTydYacM COOTHOIICHUEC

2
(E _ e2n(A+aB) ) X(O) — eZn(A+0/B) J‘ e—s(A+aB) f (S) ds. (1.8)
0

TMokaxeM, 4uro mis mo6oit Matpusl B cymectsyer umncno P, >0 rakoe, 4TO

g Beex a 0< |a| < ,00 BBIMIOJTHACTCS YCIIOBHE

det( E- ez”(’“"B)) 0. (1.9)
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CootHomenue (1.9)9KBHBAIICHTHO YCIOBHIO

det(A+aB-ikE)#z 0, [kOZ.

Tak Kax det(A—ikE)¢ O mis Bcex KOZ, To amsd mOCTATOYHO MABIX

a:0<|a|< p, nmeem
A+aB-ikE =(A-ikE)(E+a(A-ikE)"B).
Iycts P, >0 ynosneTBopsiet ycnosuio
pO“(A—ikE)‘1 BH <1, OKkOZ. (1.10)

Torma mist Bcex

a:0<|a|<p, (1.11)

matpuna A+aB—iKE sasnserca o6patumoit ans mo6oro K[JZ wu mostomy
umeet Mecto (2.7). CnienioatensHo, Hynesoe 3nauenmne X(0) onpemensercs us

cootHomeHus (1.8) ogHosnauno. OTciona, B CBOIO O4epelb, MOJIYyIHM CYIIECT-
BOBaHUE U €UHCTBEHHOCTL 27T -MEPUOIUIECKOT0 pernenust cuctemsl (1.3).

ITokakeM Teneps CIPaBeAIMBOCTD OICHKH
Hxﬂ - XO“ <la|M, (1.12)

rae pemwennst X, u X onpezenensl B (1.4)n (1.7),a M >0 — nexoropas no-

CTOSIHHAs, HE 3aBUCAIIAACS OT O .

JlefCTBUTENBHO, W3 TOrO, YTO Marpuma A He MMEET LENbIX YUCTO
MHHUMBIX COOCTBEHHBIX 3HaueHHit, To u cuctema (1.1)u cuctema (1.3) npu moc-

TATOYHO MAJIBIX |a| >0 oxHO3HaYHO pa3pemMMbl. ExuHcTBEHHBIMU 27T -

MNEPUOANICCKUMHU PCUHICHUAMU 3TUX CUCTEM, COOTBETCTBCHHO, ABJIAIOTCA (14) nu

(1.7).B paBenctse (1.7) mpenmnonaraercs, 4To mapaMerp & | 4YHCIO P, ynos-

aetBopsitot yenosus (1.10)u (1.11).
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|

Ipexnae yem mpucTynuTh K onenke (1.12), pernenus X, (t) n X, (t) 3a-

% (1) =(a1)(a2)[(ag)+(aq].  x,(t)=(b1)(b2)[(b3)+(b4)].
(al) — etA' (bl) — et(A+0/B) ,

(a2)=(E-€™)", (b2)=(E-e™*®)7,

2 2
(a3) = [e?™*f (s)ds, (b3)= [ ePTIAE)f (s)ds,
0 0

(ad) = je‘mf (s)ds, (b4)= je_S(A+”B) f (s)ds,

0 0

Wcronesyst BBeICHHBIC 0003HAYCHHS, NMPEACTABUM PAsHOCTh X (t) =X, (t) B

BHJIE:

X, (t) =%, (t) =[(b1) - (a1)] (a2)[ (a3 +(a 4] +
+(a1)[(b2)-(a2)][(ad +(a 4] +
+(a1)(a2){[(b3 - (a3] +[(b4-(a 4]} +
+[(b1 ~(a)][(b2) -(a2][(a3 +(a 9]+
+[ (b ] 2{[(03-(a3]+[(b4-(a 9]} +
+(al [ al{[(b3~(ag]+[(b4-(a 4]} +
+[(bn) - al][ (b2) —(aZ)]{[ 3-(ag]+[(b3-(ad]}-

U3 ycnouit (1.10), (1.11)u onpeneneHusi SKCIIOHEHTBI OT MATPHIBI BbI-
TEKAIOT OLICHKH
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{Il(bl) ~(a))=M,lal, |(b2~(ad<Mlal,
[(b3) - (a3)| < M;[al, [(b4)-(ad<M,la,

rac

M1 = 4771“3”@2”W , M 2= mlsz 1’ MS =2m 1” f ”6N '

- " -1
m :H(E _GZITA) 1 . om = 0<‘Sal"|<5)]0 (E _eZIT(A aB))
”f”éN = max fk“c : kaHc = omax fk(t)"

Taxum 06pa30M, HaMH JIOKA3aHbI CICAYIOIINE TCOPEMBI:

Teopema 1.1. /[na mozo umoowt pezynapuzosannasn cucmema (1.3) ona
npouseonvroit mampuynt B, npaeoit wacmu f (t) DEN u napamempa pezy-
aspuzayuu, yoosnemeopaioueii ycnosuio (1.11),umena eduncmeennoe peuwe-

HUe 6 npocmpancmee CN y HeooxXo0uMo u 00CMamouHo omcymcmeue yeblx

YUCMO MHUMbBIX COOCMBCHHBIX 3HAUECHUTL y mampuyol A.

Teopema 1.2. [Tycmv mampuua A ne umeem uenvlx 4UCHO MHUMBIX
cobcmeennbix 3nauenuii. Tozoa eduncmeennoe 27T -nepuoduueckoe pewienue
pezynapusosannoi cucmemst cxooumesa npu @ — 0 k eduncmeennomy 27T -
nEpUOOUYECKOMY PEUIeHUI0 UCXOOHOIU CUCMEMDbL, U CHPABEONUEA OUEHKA

Hxa _XOHS ('81+ y1|a|)(182+ y2|a|)(,83+ V:Ja'|) “BB P

20e

B =max|(@yf. y=M,,

Ost<2r

B,=max|(ad], y,=M

o<t< 27 2

183:4w1"f”5N’ y3:2M3'
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2. PETYJISIPU3ALIAA NEPUOUYECKOM 3ATAYM JIJIA
CKAJISIPHBIX TU®®EPEHIIUAJIBHBIX YPABHEHUI

B npenpinymem naparpade paccMOTpeH peryssipHbIi ciaydail. B Tpéx mo-
CIenyromux naparpagax Oynem paccMaTpuBaTh U PETYISPHBIA CIydai, u pe3o-
HaHCHBIN. Byzier npensoxken Metox BeIGopa Matpuisl B, 1o xotopoit ocymect-
BisieTcss caBur. CoOCTBeHHBIE 3HAYCHUS JIIOOOW MaTpHIBl MOXKHO pa3OHTh Ha
TPH 9acTH:

1) cobcTBeHHBIE 3HAUCHUs, anrebpandeckas KPaTHOCTh KOTOPBIX paBHA
eNHUIIC;

2) coOcTBEeHHBIC 3HAYCHHMS, Yy KOTOPBIX airedpandyeckas U reoMeTpude-
CKasi KpaTHOCTH COBMAJAIOT U OOJIBIIE €AUHUIIH,

3) cobcTBeHHBIE 3HAYCHUS, Y KOTOPBIX anredpanyeckas KpaTHOCTb 60Jib-
TIe eAWHUIIBI, 2 TEOMETPHUYECKast KpaTHOCTh paBHA €IMHHIIC.

CornacHO 3TOMY 3aMEYaHHWIO, JOCTATOYHO paccMaTpuBaTh B KadyecTBE
marpunsl A TONBKO KOPIAHOBEI O10KHM. B Hactosimem maparpade Oymem pac-
cMaTpuBath ciyvail 1). Cyuan 2) u 3) paccmatpusatorest B § 3u § 4, cootser-
CTBEHHO.

[Tone3HpIM B M3yYEHHMH TNEPUOJMYECKON 3aJaud IS CHCTEM JIMHEHHBIX
mudhepeHIMATbHBIX YPAaBHEHUH C MOCTOSHHBIMH KO3(PQPUITUCHTAMH SBISICTCS
paccMOTpeHHe aHAJIOTHYHOM 3a1a4H I HanboJIee MPOCTHIX CITy4aes.

PaccMoTpuM ckanspHoe TMHeHHOe Aud depeHInaIb-Hoe ypaBHEHNE

%:px+f(t), O<t< 2m, (2.1)

rie p=const,a f(t) —sanannas nenpepeisras 277 -nepuoandeckas GpyHKims
f(2m) =1 (0). (2.2)
PaccMOTpuM 3aj1ady HaxokaeHHs 277 -eproamdeckoro pemenns X(t)
ypasHenus (2.1) and 3anannoil 27T -nepuoandeckoil GpyHkuu (2.2):
x(2m) = x(0). (2.3)

OO01ee pemenne ypapuenus (2.1) umeer By
t
x(t) =Ce” +eptje'psf (s)ds, (2.4)
0

rac C — IPOU3BOJIbHAA ITOCTOSAHHAA.
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Jlnst Toro utobsl pernenue (2.4) sBusuiocs 277 -MEPUOMIECKOH (yHKIH-

eif, He0OX0AUMO M JOCTaTO4HO, uT0oObI mocTosHHas C YIOBJIETBOPsiIa YCIOBUIO
2

(1-e*™)c =e”™ [ e ™f (s)ds. (2.5)
0

JecTBUTENBHO, €CIU X(t) ABnseTcs 27T -NepUOANYECcKOi QyHKIMEH, TO

nonaras B (2.4)t =0 u t = 277, 3aTeM y4uTsIBas ycIoBUE NEPHOIUYHOCTH
(2.3),monyunm crnpaBeTUBOCTL paBeHCTBa (2.5).
O6paTHO, mycTh UMeeT MecTo yeioBue (2.5). Torna uz (2.4) BEITEKAET, YTO

x(0) -x(2m) = (1— ez”p)c —ez”"zjne' Pof (s)ds = C.

IMony4yeHHOE paBEeHCTBO O3HAYACT BBITONHEHNE paBeHcTBa (2.3). CrenoBarens-

HO, X(t) — 27T -nie NoauYEeCKas HKIWA.
p Y

Ecm 1-€%*™ # 0, To cooTHOMmIEHN IO (2.5) ynoByieTBOpsiET TONBKO OTHO

3Hayenue C :

S Lo ()
C=——|ePf(s)ds=0
1-e?™ {

¥ €JIMHCTBEHHBIM 27T -TIEPUOMIECKUM pelieHneM ypasaenus (2.1) ssnstercs

ep(t+2n) 2 t
%, (t) :1—2”pje'p5f (s)ds+eptje‘p5f (s)ds. (2.6)
€% 0

2mp —
Ecmn 1_ e b= 0, TO H€06XOILI/IMLIM 1 JOCTAaTOYHBIM YCJIOBUEM BBIIIOJI-

HeHus ycnoBus (2.5) sBiseTcsi paBeHCTBO
2
Ie‘psf (s)ds=0. (2.7)
0
[Tpu BeIMONHEHUK ycnoBus (2.7) nuddeperunansHoe ypapHenue (2.1)
MMeeT GEeCUHCIIEHHO MHOTO 27T -TIepHOANYECKUX PELICHHH W BCE PEIICHHS Oll-

penensrorcs Gopmyinoit (2.4),rne C —npousBonbHas MOCTOSHHAS.
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OtMeTuM, uto HepaseHcTBo 1— €% # 0 SKBUBANEHTHO YCIOBUIO
pzik, OKOZ, 2.8)

2 —
P = 0 OKBUBAJICHTHO CYILIECTBOBAHUIO k Oz y AJI1 KOTOPO-

a paBeHcTBo 1—€

ro p=ik:
p=ik, (kOZ. (2.9)

Takum o6pazom, 27T -iepuoauuecKoe penienne ypasuenus (2.1) senser-
Csl eIMHCTBEHHBIM, €CITM UMEET MeCTO ycioBue (2.8), 1 GecurciIeHHOe MHOKECT-
BO, €CIT IMEET MEeCTO paBeHCTBO (2.9).

Hapsiny ¢ ypaBuenuwem (2.1) paccMOTpUM pEryIsSpU30BaHHOE CIABHUTOM
ypaBHEHHE

= (prayx+ (1), (2.10)

rie @ #0 — mpousBoIbHOE KOMILIEKCHOE YHCIIO, HAa3bIBAEMOE MApPaMeTpOM
peryiaspu3amnuu.

Od4eBHIHO, YTO IS JIIOOOTO YKcia [ HaWZeTCs YUCIo ,0( p) >0 Ta-

KO€, 4TO ITPU BCCX a, YAOBJICTBOPAONIUX YCIIOBUIO
a:0<|a|<p(p), (2.11)

BBITIOJIHACTCSA HEPABCHCTBO

p+a#ik, OkOZ. 2.12)

VYenosue (2.12) siensieTcst aHanorom ycioBusi (2.8) s eqMHCTBEHHOCTH
27T -nieproguuecKoro peimenns ypasaenns (2.1).
[Tycts mapaMeTp peryispusalivd yaoBieTBopseT ycnopuio (2.11). Torma

ypasHenue (2.10)umeeT equHCcTBEHHOE 27T -TIEPHOMUECKOE PEIICHHE

(pra)t+2m) 27

_€ —(p+a)s
X (t) - 1_eZIT(p+0/) J(; € f (S)dS+
t
+el p*”)tje‘( PrasE (s)ds. (2.13)
0
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Uccnenyem Bompoc cymiectBoBauusi npu & — 0 mpenena ¢yukuuu
X, (t) npH Kaxaon u3 cutyauuit (2.8)u (2.9).
ITycts umeer Mecto ycnosue (2.8). Torga pemenue (2.13) sBisietcs He-

npepeiBHON (PyHKIMENR OT nepemennoil @ B Touke @ =0 u, cnenosarensHo,
Hxa —XOH - 0, a - 0,

riae GyHkums X, (t) omperencHa paBeHCTBOM (2.6) U sIBISETCS €AWHCTBEHHBIM

2T -nieproJMUECKUM pelieHueM ypasHenus (2.1).

ITycts umeer mecto ycnoBue (2.9) nms mexoroporo K[Z . Tak xak
uccnenyercs 27T -iepuoaudecKas 3ajada, CBszanHas ¢ ypasHennmeM (2.1), To
€CTECTBEHHBIM ABIAETCS BBINOAHEHHE yenoBus (2.7).Ilonoxus

pt 27 t
X5 (1) =2 [sePf (s) ds+ept.|'e‘psf (s)ds, (2.14)
21 v, 0

IMOKAXEM CIIPABCIIIMBOCTD MPCIACITIBbHOTO COOTHOMICHUA

Hxﬂ —xOOH -0, a - 0. (2.15)

HeiictButenbHO, U3 (2.9) BITEKaeT paBEHCTBO e?™ =1, IMostomy mpu @ — O

HNMCEM

2 -sa _
p+a)t 2mr 1 se P e 1f (S) ds+

0= el 1
%, (t)=e e =12y -sa

t
+elPral _[ e (Prasf (s)ds. (2.16)
0

W3 mpencrasnennii (2.16) u (2.14) BeITEKaeT CHpaBeUINBOCTD IPEIEIhb-
HOTo cooTHouIeHus (2.15).

[okaxem, 4To QyHKIHS X, (t) ABISIETCS 27T -NIEPUOJIUYECKUM PEIICHH-

eM ypaBHeHus (2.1).
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JleficTBUTENBHO, B CHIIy paBeHCTBa (2.7), IMeeM

27Tp 27T 2
[ se7™f (s)ds+e™™ [ e ™f (s)ds=
0 0

e

X0 (277) =

1 2
— —ps —
—ZTJ(;se P*f (s)ds=x,,(0).

ITosyyeHHOE pAaBEHCTBO JOKa3bIBaeT 277 -NEPUOAUYHOCTh  (PYHKIIHUH

X50 (t) - Iokaxem, 4ro X, (t) YIOOBIETBOPSICT ypaBHEeHHO (2.1):

ept 2 t
X ()= p—j se P°f (s)ds+ peptje'psf (s)ds+
21 v, 0

+eP [@P f (t) = px, (1) + f (t).

Takum 00pa3oM, CIPaBeUTHBO MPENeTbHOE COOTHOUICHHE (B CMBICIE
PaBHOMEPHOMN CXOJMUMOCTH):

Xo(t), eciu  pzik, OkOZ,

limx (t)=
-1 Xyo(t), ecmm p=ik, (kOZ.

a-0

[IpencraBnsier HHTEPEC OIEHKA CKOPOCTH CXOAUMOCTHU PETYISIPH30BAHHO-

IO CIBUTOM peIIeHust X (t) K cBoeMy npegeny npu @ — 0. Hemocpencteenno

M3 HCPABCHCTBA TPCYTOJbHUKA BBITCKAIOT CICAYIOIINE OLICHKHU!

Hxa - XO”(:[O,ZH] < m0|a| , (2.17)

ecii uMeeT MecTo yeiosue (2.8);

- <
[, XOOHC[O,an =Moo

|al, (2.18)
eciu umeeT Mecto yciosue (2.9).3aech

2

m, =(mm, +1)(mym,+1) [|g(s)|ds,

0
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|

2

My =(877+2) [a(s)|ds.

-1
m, = ezn?p\’ m, :‘(1_ eznp) ‘

-1 B
m3: sup (1_e277(|3+a’)) ‘ , m4 = sup e(t s)(p+a) )
0<al<p, 0<al<p,
Oss,t<2mr

Htak, HAMH JIOKa3aHBI CIIEAYIONINE YTBEPKICHHS:
Teopema 2.1.a) /[na oonosnaunoii paspewiumocmu ypasuenusn (2.1) ¢
npocmpancmee C[O,ZIT] ona nwobon gynxyuu | (t) DC[O,ZIT] , Heobxo-

ouMo u docmamouno evinonenue ycaosus (2.8).
0) IIycmv umeem mecmo ycnosue (2.9). Tozoa ona paspewumocmu

ypasnenua (2.1) e C[O, 27'[] onsa oannoi gynkyuu f (t) DC[O, 27'[] Heobxo-

oumo u docmamouno evinoanenue ycnosus (2.9).
Teopema 2.2. Ilycmo napamemp pezyaapusayuu y0061emeopsen yciio-
euio (2.11).Tozoa:

a) ona uoboit Gynkyuu f(t)DC[O,Z]T] ypasnenue (2.10) umeem

eduncmeennoe 27T -nepuoduueckoe pewenue (2.13), u cnpaseonusa ouyenka

ckopocmu cxooumocmu (2.17) ecnu umeem mecmo ycnogue (2.8),

) ona noboi pynkyuu | (t) 0 C[O, 277] , Y0061emE0pAIo eIl YC106UIO

(2.7), ypasnenue (2.10) umeem eouncmeennoe 27T -nepuoduueckoe peuienue
(2.13), u cnpaseonuea ouenxa ckopocmu cxooumocmu (2.18) eciu umeem
mecmo ycrosue (2.9).
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3. PETYJISIPU3ALIAA NEPUOUYECKOM 3ATAYM JIJISA
CUCTEM C JUATOHAJIBHBIMU MATPUILIAMHU

PaccmoTpum cucreMy TUHEHHBIX TUddepeHInanbHbIX ypaBHEHUH

%=Ax+f(t), O<t< 2w, (3.1)
re t(t)=(f,t), ... f (1)) OC_

— 3aJ]aHHas HETMpephIBHas 27T -IEPUOUUECKAs BEKTOP-(yHKIHS,

T —
x(t)=(x1(t),...,xm(t)) oc,
— MCKOMasi HeTIPEPhIBHAA 27T -IEPHOAMIECKas BEKTOP-PyHKLHS,

p 0
A= , p=const; A ﬁm - C_:m (3.2)
0 p

— 3a/laHHAs TUArOHAJbHAs MaTpHIa, a Cm — IIPOCTPAHCTBO [M-MEpHBIX Hempe-

PBIBHBIX BEKTOP-()yHKIIHIA.

Ilpu M=1 cucrema (3.1) obpamaercs B ckanspHoe ypasuenue (2.1),
KOTOPOE MOJHOCTBIO MCCICAOBAHO B MpeaplayieM maparpade. [loatomy Gynem
paccMarpuBarh cirydaidi m>1.

Cucremy (3.1) ¢ marpureii (3.2) MOXKHO paccMaTpuBaTh Kak M camo-

CTOATENLHBIX CKAAPHBIX ypaBHeHuit Buna (2.1):
p 0
A= , p=const; AC - C_ (3.3)
0 p
CornacHo pe3ylbTaTaM HpeAbLIyIIero naparpada, ycnosre (2.8) 5KBHBaIeHTHO
OJIHO3HAYHOM paspemumMocTu ypasHeHus (3.3) B mpocrpanctee C = C[O, 27T]

st Bcex K=1,...m.
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Ilycte wumeer wmecto yciosue (2.8). Torma uckomeiMu 277 -

HEPHOJAUYECKUMH pereHusIMH (3.3) ABIAIOTCS

ep(t+2n) 2 . tt B
xkvo(t):mj‘e 1 (s)ds+e” _[e P*f, (s)ds. (3.9
0 0

Eciu sxe He umeeT MecTo ycnoBue (2.8),To umeer mecto ycnosue (2.9) st He-
xoToporo nenoro K. Torga o paspemmMocty ypasHenus (3.3) s 5Toro 3Ha-

YCHUA k H€06XOI[I/IMO 1 JO0CTAaTOYHO BBITIOJITHCHUE YCIIOBUSA
2
Ie‘psfk(s)dszo. (3.5)
0

Eciu BBINOJHEHO 3TO ycioBUE, TO cucTeMa (3.3) uMeeT OECYUCIEHHO MHOTO
27T -nIeprOJMYECKUX PEILEHHIA.

3aiiMeMcst BONPOCOM peryisipusaiuu capurom cucremsl (3.1). C aroi
EJBI0 PACCMOTPUM CHCTEMY

%:(A+aE)x+f(t), O<t< 2m. (3.6)

IokoopauHaTHas 3amich cucTeMbl (3.6) 1aéT M caMOCTOSATENBHBIX CKaISIPHBIX
ypaBHenuii Buza (2.10):

dx
d_tk:(p"'a)xk + fk(t)' Ost<2m, k=1,..m.

CymiecTByeT 9HCIIO0 p( p) >0 rakoe, uto s Beex @ :0< |0’| < p( p) cUcTEMa

(3.6) nis kaxnoi | (t) O C_Zm MMEET €IUHCTBEHHOE 27T -IEPUOUUECKOE Pelie-

HHE:
T —
X, (1) =%, (1), %, , (1)) OC,, (37)
(p+a)(t+2m) 2 t
Ivi(S Xk,a t :% I e_(p+a)s fk (S) dS+e( p+n)tje_( p+n)sfk (S) ds.
0

0
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HanoMHMM, 4TO HOpPMAa B TMPOCTPAHCTBE HEMPEPLIBHBIX 27T -MEPUOTUUECKHX

BEKTOP-(QYHKIMH Cm OMpeneNsIeTcss paBEeHCTBOM

e, zlm?;”xkud e [x . = o???%‘,,‘xk (1))

TTonoxxum

%0 (0) = (1) % o1)) 0 H0(0) = (X, 0)s 2 o))
riae GyHKIuu xl,O(t)’ ’Xm,o(t) ompenenens B (3.4),a

pt 217 t
Xk,oo(t):%_[Se_psfk(S)ds"'ept_[e_psfk(s)ds, k=1,...m.
0 0

U3 TCOPEMbI 22, Ipyu COOTBETCTBYIOIUX MPCANOJIOKCHUAX, MMOTYUYUM

OLICHKH CKOPOCTH CXOAHUMOCTH PCLICHUS Xa (t) ompu a - 0:
- <
Hxa XOHém <M |al, (3.8)
€CIIi UMeeT MecTo ycioBue (2.8);
- <
Hxa XOOHém <M Jal. (3.9)
€CIli UMeeT MecTo yciosue (2.9).

IlocTostHHEBIE MO n MOO B DTUX OLCHKaX OMNPECACIAOTCA aHAJIOTHYHO

KOHCTaHTaM My u M, u3 (2.17)u (2.18),c00TBETCTBEHHO.

TakuM 00pa3oM, J0OKa3aHbl YTBEPHKACHUs, aHAIOTHYHBIE Teopeme 2.1 u
Teopeme 2.2:

Teopema 3.1.a) s oonosuaunoi paspemumocmu cucmemst (3.1) ¢
npocmpancmee C_:m ona noboit eexmop-gynkuyuu f (t) D(_Zm Heobxo00umo u

docmamouno evinonnenue ycuoeus (2.8).

349



Merton perynspuzanuu caBurom: Teopus U NpUII0KEeHUs ImaBa 4. 84

6) Ilycmv umeem mecmo ycnosue (2.9). Toz0a ons paspewumocmu

cucmemnt (3.1) 6 npocmpancmee C_:m 0 OAHHOU 6eKMOp-PyHKuuu

f (t) 0 ém Heo0X00umMo u docmamouno evinoanenue yciosus (3.5).

Teopema 3.2. Ilycmo napamemp pezynapusauuu y0061emeopsaent yciio-
suio (2.11).Tozoa:

a) ona 000N eeKkmop-pynKyuu f(t)DCm cucmema (3.6) umeem

eduncmeennoe 27T -nepuoduueckoe pewenue (3.7), u cnpasednusa ouenka
ckopocmu cxooumocmu (3.8), ecnu umeem mecmo ycnogue (2.8),

0) ona n10boi eexmop-dynxyuu | (t) Dém , yooeiemeopawuell ycio

euio (3.5), cucmema (3.6) umeem eouncmeennoe 27T -nepuoduueckoe peuie-
nue (3.9), u cnpaseonusa ouenxa cxkopocmu cxooumocmu (3.9), eciu umeem
mecmo ycrosue (2.9).

4. PET'YJISIPU3ALIUSA TEPHOIUYECKOM 3AJTAYHA IS
CUCTEM C HUKHUM KOPJAHOBBIM BJIOKOM

JKopaaHoBbl OIOKH JIF000W KBaJAPaTHOW MATPHIBI UMEIOT OAWH W3 Clie-
JYIOIIUX TPEX BHJIOB:

1) G1IoKH, MOPSIAKA KOTOPBIX PaBHBI €IUHUIIE; 3TH OJOKH COOTBETCTBYIOT
COOCTBEHHBIM 3HAYCHHSAM C aireOpamvecKoil KpaTHOCTBIO, PaBHOM eIUHHMILE
(mpocThie COOCTBEHHBIE 3HAUCHHA);

2) GJI0KH, MIOPAAKA KOTOPBHIX PaBHbl M= 2 1 COOTBETCTBYIONIME MM COO-
CTBEHHBIE MOAMPOCTPAHCTBA ABIAIOTCS M -MEPHBIMH; 3TH OJIOKH COOTBETCTBY-
10T COOCTBEHHBIM 3HAUCHHAM, anreOpamdecKhe W TeOMETPHYECKHE KPaTHOCTH
KOTOPBIX COBITANAIOT U PaBHbI M (IOIYIPOCTEIE COOCTBEHHBIC 3HAUCHHS);

3) 6JI0KH, MOPAAKA KOTOPHIX PaBHbl M= 2 1 COOTBETCTBYIONIME MM COO-
CTBEHHBIE MOAMPOCTPAHCTBA SBJISIOTCA OJHOMEPHBIMHU; 3TH OJOKH COOTBETCT-
BYIOT COOCTBCHHBIM 3HAUCHUAM C alre0panveckoil KpaTHOCTBI0 M © ¢ reoMmer-
pudecKoi kpaTHOCThIO 1.

B 8§ 2u 8§ 3usyyeHs! cirydau IPOCTHIX M HOMYMPOCTHIX COOCTBEHHBIX 3HAUE-
Huii. OHM [TEpEeYrCIIEHsI BINIE B MyHKTax 1) 1 2). OcTanock u3ydeHue ciydas 3).
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B nannoM naparpadge paccMOTPUM CHCTEMY

%=Ax+f(t), O<t< 2w, (4.1)
MaTpuna KOTOpOﬁ HUMEECT BU
p 0
1 .
A= . , p=const. (4.2)
0 1 p

Martpuua (4.2) Ha3sIBacTCS HUKHHM KOPIAHOBBIM 6J10K0OM [25].
Heo6x0oauMbIM U OCTATOYHBIM YCIOBHEM OIHO3HAYHON Pa3peIiMMOCTH

cuctemsl (4.1) nna mo6Goii BexkTop-pynkimuu | (t) Dém B npoctpancrse C

sBsgercs yenosue (2.8).I1pu 5TOM eMHCTBEHHOE PEIIEHAE ONPEIETAETCS TaK:
T

% (1) = (%o (t)s % (1))

(t+2m) 2 2

_ep -ps pt -ps
_[e g, (s)ds+e je g, (s)ds.

rue X (t)——
k,0 1_62np . g

Oyuxunn g, (t) OIPE/ICNSFOTCS € MOMOIIBIO CIEAYIOMIEr0 PEKYPPEHTHOTO CO-

OTHOIICHUA

f (t) ecnn k=1,
g, (t)=1 " :
k fk(t)+Xk_l’0(t), ectm k=2,...m.

Ecnu He umeeT mMecto ycnoBue (2.8), To umeer mecto ycnopue (2.9). To-
rja HeoOXOJWMBIM M JIOCTATOYHBIM YCIOBHEM paspermmMmocTu cuctemsl (4.1)

I JaHHOM BekTop-GyHKkuun f (t) 0 Cm SIBIISIETCSI YCIIOBUE
2
. _
_[e *f,(s)ds=0. (4.3)
0

IIpu BemonueHun pasencTBa (4.3) cuctema (4.1) umeer GeCUMCIIEHHO MHOTO

peIIeHn B IPOCTPAHCTBE Cm . OmHUM W3 TaKWX PEeIIeHUH SBISACTCS

X0 ()= (¥, oal): - X, o)
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k k-1
>(1,)+>3(,), eomn k=1,..m-1
1,=0 i,=0
rue Xk,oo(t) = ‘ -
—ZI (|1)+ ‘](Iz)’ ecan k=m,
1,=1 ,=0

s)ds.

k+1—|2 (

PaccMOTpHM peryssipu3alfio CIBUTOM peleHHs cucTeMsl (4.1)

%:(A+a8)x+f(t), Ost<2m, (4.4)

rne B —mnekotopas kBasparHas Matpuiia nopsaka M.
ITycts

T
f(t)=(1,(t). ..., (t)) OC,..
Torma cucrema (4.4) UMeeT €AMHCTBEHHOE HENPEPLIBHOE 27T -IEPHOIUIECKOE

pemieHne. Y CTaHOBUM CHPaBEUINBOCTD 3TOTO (aKTa.
KBaznparHyto Matpuily nopsiika m

1 1 1
e w & w . & W
o = L] ° ! T (4.5)
¢ Jm : : :
-m+1,, m-1 -m+ m-1 -m+ m-1
L A S VA,

Ha30BEM 00001IeHHoil MaTpuueil Pypbe. 3ametnM, uto npu € =1 martpuna
(4.5) coBmanaert ¢ marpuieit @ypne

1 1 .. 1
F- 1 W0 W1 ... Wm— 1
Jm| : :
m-1 m-1 m-1
WO Wl Wm—l
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HpI/IBO,HﬂHIeﬁ BCC HUPKYJIAHTHBIC MAaTPUIIbI ITOPAAKaA m x JAUaroHajJibHOMY BUOY.

Marpuna (4.5) o6patuma st Beex € # 0, u cipaBeyIuBO PaBEHCTBO

o m-1=m-17]
1 &w, . ¢ ]WO
Y m-1—m-1
olo 1 1 W, ... "W
¢ Jml: :
1 &w .. g™yt
L m-1 m-1_|
JlefcTBUTENLHO, MoIaras
1 0
E_l
D, = , (4.6)
0 £—m+1
060011IeHHYI0 MaTpuily Pypbe MOKHO TPEICTABUTD B BUIE
® =DF. 4.7)
£ £

Takkak F '=F"u D, obparuma qs € # 0, To u3 (4.7) nonyunm
-1 _ 0n-1
© =FD,".
BriGepem Teneps Matpuiy B, rapantupyromyro onnosnadmyro paspe-
muMocTh cucteMsl (4.4) mis Beex  f (t)Dém U mapamerpa Q. 0<|O’| <Py

rac ,00 — HEKOTOPOC IMOJOXKUTCIBHOC JOCTATOYHO MaJIOC YUCIO, U CXOOAUMOCTDH

pemenus cucteMsl (4.4)mpu @ — 0.

B kauecTBe KpuTepus BRIOOpa MAaTPHIIBI B0 MIPUMEM MPOCTOTY ITOH MaT-

pHIBI, TO €CTh, YTOOBI y He€ ObLTO KaKk MOKHO MHOTO Hy’neit. [Tokaxkem, dTo
MAaTpHIIa, UIMEIOIIas TOIBLKO OJWH HEHYJICBOW JJIEMEHT, paBHBIN 1

0 ..01
0 .. 010
BO:, . :. 1 (4'8)
M
|
0 ..0]0

YIOBJIETBOPSIET HAIIUM TPEOOBAHUSM.
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PaCCMOTpI/IM TaKXKE MaTpuny

0 .. 00
1 010
A, = | (4.9)
|
0 1i0

koTopast nonydaercs u3 (4.2)nmpu p=0.

ﬂOKa)KeM npeaABaApUTCIbHO HECKOJIBKO BCIIOMOTaTCIIbHBIX JICMM.

Jlemma 4.1. Iycmv a #0 — npouseonvroe uucio u € = a*'™. Toz0a
Cnpaseeougo pageHcmeo

rae
0 ol1
1 010
p= '
|
0 110

—Mampuya nepecmano6ok nopaoka M.

CHpaBe,HJ'H/IBOCTL JICMMBbI 4.1Hp0B€p${€TCH MPOCTBIM YMHOXXCHUEM MATpPULI.

Jlemma 4.2. ITyemv a #0 — npouseonvroe uucio u € = a'™. Tozoa
Cnpaseougo pageHcmeo

o '(A +B,)®, =diag(ew, . eW,, ... £W__ ), (4.10)
20e mampuywt A, u B, onpeoenensi ¢ (4.8)u (4.9).

JlefcTBUTENbHO, U3 PAaBEHCTBA
0 T — .
F-PF —dlag(w0 W ,wm_l)

u neMmel 4.1 BeITekaeT cnpaBeuBocTh (4.10).
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HpI/IBG,HéHHLIG JIEMMBI ITOKa3bIBAOT BO3MOKHOCTb TPUMCHCHUA 0606HICHHOI71

Matpuipl Dypbe U s MaTpunsl A+ g B0 ,Tie Matpuna A npusenena B (4.2).

Jlemma 4.3. Ilycms @ £ 0 — npouseonvnoe uucno u e=a"¥™. Toz0a
Cnpaseonueo pageHcmeo

CD;l(A+aBO)fD£ =diag( PHew,, ... ,p+£\Tvm_1), (4.11)
20e mampuyvt A u B onpeoenenu ¢ (4.2)u (4.8).

JleliCTBUTENBHO, TaK KaK

A+aB =(A+aB)+pE u ®'(pE)®,=pE, (4.12)

&
T0 u3 (4.10)BBITEKAET cripaBeIUBOCTH (4.11).

3anuiem cucteMy (4.4)B Buzae

do'x . .
=0, (AraB )0, X+ (1) (4.13)
O0603Ha4KB
- T
y=0'%  y=(y,....y,) . (4.14)
-1 T
g(t)=of(t),  g(t)=(g,(t),-.g, (1)) (4.15)
u yuutbiBas (4.12),nmpencraBum (4.13)B koopauHaTax:
dy _
—E=(prem )y, +g, (), k=1..m. (4.16)

Il mo6oro PLC cymectByer uncito ,0( p) >0 Takoe, 9To pn

O<lal<p(p) = 0<[" <p(p) (4.17)

BBITIOJIHAKOTCSA HEPABCHCTBA
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p+ew, _, #0, k=1...m.

Torma u3 TeopeMsl 2.1.a) cieayeT 0JHO3HAYHAS Pa3pEIIMMOCTh cUcTeMBI (4.16)

B ITPOCTPAHCTBE Cm It 10001 BekTop-pyHKIN ¢ (t) 0 ém :

2 t
y (t)= j,Bk (t,s)gk(s)ds+.[,8k (t.s)y, (s)ds, (4.18)
0 0
rIe
( p+£\7vk_l)(2n+t—s) B
_€ — o(Prem)(t-9) -
,Bk(t,s)— 1_ez’f(p+fwk-1) , yk(t,s)—e . k=1..m.

Cornacuo (4.14),6y1eM UMETH

X(t) = _y(t)=(x,(t), ..., (1))

Ortcrona, u3 (4.15)u onpenenenus Matpuipl (4.5), moaydanm

m

x (t) :ing‘”ﬂw?:llyj (t), n=1..m, (4.19)
=L
Za'“w'k*ifl k=1,...m. (4.20)

Ioacrasum (4.18)B (4.19)1/1, npuauMas Bo BuuManue (4.20),mony4uM eauHCT-

BeHHOE 27T -NIEPUOMUECKOe pernenue cuctemsl (4.4):

2T'm m
%IZZU (n-1=2)/m,y w28, (ts) f (s)ds+
0 j=LI=1
12” = (n1=2) I -1 -2
—j dYa oy, (Ls)f(s)ds, n=1..m. (4.21)
msy ==

AMaJOTMYHBIME BBIKJIJKaMH, HCIIOJB30BAHHBIMU TIPH J0Ka3aTEIbLCTBE
HepaBeHCTB (2.17)u (2.18),M0KHO 10Ka3aTh CIAEAYIOIINE OLIEHKH
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%, - XoHém <M, (4.22)
€CIIi UMeeT MecTo ycioBue (2.8);
Hxa B Xoouém =M oo|a| , (4.23)

€CII UMEIOT MecTo ycioBus (2.9)u (4.3).

3nece M o ! M 0o — HEKOTODBIE MOCTOSHHBIE, HE 3aBACSLIAE OT O .

CdopmynupyeM B BUAE TEOPEM MOIYICHHBIE PE3YIbTATHI.

Teopema 4.1.a) s oonosnaunoi paspewmumocmu cucmemnt (4.1) ¢

npocmpancmee C_:m ona noboit eexmop-pynkuyuu f (t) Dém Heobx00umo u
docmamouno evinonnenue ycioeus (2.8).
0) Ilycmo umeem mecmo ycaosue (2.9). Tozda ons paspewumocmu

cucmemnt (4.1) 6 npocmpancmee C_:m 0 OAHHOU 6eKMOp-QyHKuuu

f (t) 0 ém Heo0x00umo u docmamouno evinoanenue yciosus (4.3).

Teopema 4.2. Ilycms napamemp pezyaspusayuu yoosiemeopaem ycio-
euto (4.17).Tozoa:

a) ona 000N eeKkmop-gynKyuu f(t)DCm cucmema (4.4) umeem

eduncmeennoe 27T -nepuoduneckoe pewenue (4.21), u cnpasednusa oyenka
ckopocmu cxooumocmu (4.22) ecnu umeem mecmo ycnogue (2.8),

0) 0na 110601l sexmop-Ppynxyuu | (t) Dém , yoosiemeopaiouieil ycio-

suio (4.3), cucmema (4.4) umeem eouncmeennoe 27T -nepuoduueckoe peuie-
nue (4.21),u cnpaseonusa oyenka ckopocmu cxooumocmu (4.23) eciu ume-
em mecmo ycnogue (2.9).
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SAK/TIOYEHUE

OO01ast Teopusi HEKOPPEKTHBIX (HEYCTOWYMBBIX) 338144 U METOJIBI UX pellie-
HUS SABJISIETCS. OTHOCUTENILHO MOJIOZIOM OTpAciiblo MaTeMaTUKHU. Pa3BUTHIO ATOM
TEOPUH CHOCOOCTBOBAIM MOTPEOHOCTH Pa3IUYHBIX 00JacTeil eCTeCTBO3HAHU,
TEXHUKH, MEIUIIMHBI U pEIIeHHe HapOIHOXO3SMCTBEHHBIX 3amad. OHO mpero-
MPeAessUIOCh MHUPOKUM MPUMEHEHHEM BBIYUCIUTENILHON TEXHUKU B MaTeMaTH-
YECKHE UCCIIEA0BAHNS U HAPOJHOE XO3SHCTBO.

DTO pa3BUTHE MCXOIUT U3 OCHOBOIIOJIATAIONINX PAa0OT BBIJAIONIMXCS PyC-
ckux-coBeTckux marematukoB A. H. TuxonoBa, M. M. JlaBpentbeBa, B. K.
HBanoBa, a TakXe CO3JaHHOW HMMH MaTEMaTHYECKOW IIKOIbI. Paboramm mx
MHOTOYHCIICHHBIX YYCHHKOB M HCCIEIOBATENCH co3/laHa IIyOoKas Teopus,
AMEIOIas TPOMAJIHOE KOJMIECTBO MPHIIOKESHUN TIPH PEIICHUN 3a]1a4 TUHAMUKH
U KAHCTHKH, ONTUMAIBLHOTO YIPABICHUS, MAaTEMAaTHYCCKONW YKOHOMHUKH, Treo(pu-
3UKH U aCTPOPU3UKH, ONITHIECKOW, aTOMHOU U SIEPHON CIIEKTPOCKOTINH, JHAr-
HOCTHUKH IUIa3MbI, TCOPHH PACCESHUS M TCOPUH PACIIO3HABAHMH 00pa3oB, MpoO-
€KTHPOBAHMSI CIOXHBIX (PU3UUECKHX CHCTEM, IIPH CO3JAHUH aBTOMATH3WPOBaH-
HBIX CHCTEM IIOJIHOW MaTeMaTHYeCKON 0OpabOTKU M MHTEPIPETAIlMH SKCICPH-
MECHTOB.

I'myGoxue Teopernueckue pa3pabOTKH B TEOPUH HEKOPPEKTHBIX 3a1ad I0-
3BOJIIIOT pa3pabaThiBaTh AITOPUTMBI pelIeHHs, KOTOpble I psiga Hambolee
YacTO BO3HMKAIOIIMX B MPAKTHKE HEKOPPEKTHBIX 3a7ady Majlo OTIMYAroTCs IO
TPYJOEMKOCTH OT COOTBETCTBYIOIIUX AITOPUTMOB PELICHHs OXHOTHIHBIX KOp-
PEeKTHBIX 3a1ad. Kpyr HEKOpPpEeKTHBIX 3aaad, 0OeCIeUYeHHBIX AKOHOMHYHBIMU
BBIYHCIIUTEIBHBIME JITOPUTMAMH MPUOIMKCHHOTO pelIeHys, 10 Mepe yriyo-
JICHUSI TEOPETHYECKUX MCCIIEAO0BaHUI Oy/leT MOCTENeHHO paciuupsiThes. Pa3su-
THE B TOM HANpPaBICHHH TCOPHHM M METOJIOB pEIICHHS HEKOPPEKTHBHIX 3amad
MOCIYXUT JaNbHEHIIEMY YCKOPEHHIO HAyYHO-TEXHHYECKOTo Tmporpecca (CM.
Hamp. 0630p: [O. A. JIuckosen. HekoppekTHble 3anaun. HeKOppeKTHBIE 3a1auu
U uX perynspusauun. Mtoru Hayku u Texauku. 1982.T. 20. —C. 117 — 178].
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